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e Background/Problem Statement: Why probability questions matter (“odds of winning”
— solitaire)

e Origin + intuition: Monte Carlo history + the Galton Board mental model
* Set the estimate context: scenario + risk vs uncertainty

e Key concepts: PDFs - CDF/S-curve = percentiles (how to read them)

e Simulation mechanics: combine inputs + apply correlation

* Interpretation & pitfalls: convergence + impacts of leaving risk out

* Live demo + decision framing: Galton Board Distribution Lab tour
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You have played through
many games, and you start
to wonder....

What are my odds
of winnin% this
game:
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* Created when Stan Ulam was extremely ill and stuck in the hospital
with nothing else to do but wonder about our introductory question.

* What are the odds of winning solitaire?

d

* He contended that the theoretical math was too complex to be
completed and taking samples of game outcomes would be a good
approximation of the expected results.

* Ulam linked up with John Von Neumann to utilize his state-of-the-art
computer, the ENIAC, to simulate solitaire results to figure out the
answer to his query.

* Thus, Monte Carlo was born.

CUANTSCH.
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* A Galton Board (also called a quincunx) is an
analog predecessor of the Monte Carlo method.
It is a physical device used to demonstrate the
central limit theorem invented by Sir Francis
Galton.

* The Galton board does this by utilizing the
principles of binomial distributions at each peg.

* As balls bounce, they have a 50-50 shot of bouncing
left or right off a peg.

* The insight comes from the distribution of many
outcomes, not one ball.

e After enough simulations, the Galton Histogram
approximates a normal curve.
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Understand the scenario: The only way to understand a problem is to layout the required inputs
and make a mathematical model of the system.

Assign PDFs to input variables: We apply probability distributions to our input variables based on
historical information, subject matter expertise, or statistical analysis of cost estimating
relationships.

Run Simulations: Using a random number generator, random samples are taken from the
probability distributions.

Analyze the results: Review the results of the simulations and make inferences about the cost. Use
statistic methods and measures of center to understand the behavior of the overall cost outcome.

The following slides cover these steps in greater detail; each ‘ Zl ANTZCH
slide indicates which step it corresponds to (via a green box). {The sum o Qualty)
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Our cost estimates predict what a program will cost, but real execution is
across technical scope, schedule, and external factors.

The point estimate is our best
“ ” baseline: what we
expect if things generally go to plan.

To make the estimate

we identify and quantify the key r|sks
and uncertainties that could move
cost away from that baseline.

We roll that uncertainty into an
budget decisions.

Process for Generating a Prchlam Life-Cycle Cost Estimate

Cost
edule F DO

, Which shows cost versus confidence and supports

CUANTSCH.
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The Scenario: Risk and Uncertainty ‘E .

* JA CSRUH defines Risk as “the probability of loss
or injury” and Uncertainty as “the indefiniteness
about the outcome of a situation.”

e Uncertainty can come in many forms: CERs utilized
as cost methodologies, schedule uncertainty,
elements identified in the risk register, and other
known cost drivers

point estimate where ever feasitle

* Risk Consaguence and Opportunity Savinge

* Probability of Gccumrance

Run the Simulation

* There are many plausible futures, so how do we
Aonly Siborh comekation os reired. account fo rt h em ?

: CUANTSCH.
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CDFs: Definition & Examples

* A function that graphs the aggregate view of the
probabilities along a continuous timeframe.

* These graphs have a y-axis that runs from 0 to 1
(probability); the x-axis is cost (or the variable).

 When we look at one point on a CDF, that point

represents the probability that the variable will be at
or below a given value.

]

Figure 14: A Cumulative Distribution Function, or S Curve

Probability of underrun

70™ percentile = 1,096

The point estimate = 825,
or 40" percentile

0

0 200 400 800 1,000 1,200 1,400 1,600 1,800
Dollars in thousands

Fig.5 : CDF of a NASA program (From GAO-20-195G)
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* A function that showcases the probability that a particular continuous
random variable will fall into a certain range of values.

* Based on Expert Opinion, historical data of previous analogous efforts,
Cost estimate relationship (CER) equations that model the input
space, etc...

Workshop - www.iceaaonline.com/nfk2026

countgy]

503

336

168

U i
36.26 100.87 1654t

Cost {3M)

Fig.6 : Normal Curve Galton
Board and PDF (Analyst created)
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Input Variables: Common Distributions

Table 2-2 Recommended Uncertainty Distributions

NUMBER OF
PARAMETERS
REQUIRED

Lognormal Defaultwhen no befterinfo. Medlnn, high
Probability skewed right. . . L
Replicate another model result. | Mean or median <nown (scme fools havea ¥ pamm.‘ L‘?.cat'm °
Power OLS CER uncertainty. | better than the mode By dofault. 18 2or0. Used to "side’ the
W | lognormal left or right (even into negative region)

Covtwrer <oamapms | |5 | puu ougressot Frestom

Expert opinion. Finite min/mex.
Probability reduces fowards
Triangular endpoints. Skew possidle. Good idea Low, mode, and high
Labor rates, labor rate
adjustments, factor methods

|_|ke manguler, but mode is 4 times .
BemPerl more important than min or max. Very good idea _ Low, mode, and high =

Like triangular, but min/max
- region knovn beterhen moce. _ i fow i, andmax S
Equal chance lowihigh. Qood idea, but Mean/Median/Mode
Unbounded in either direction unbounced in either and high value 136
Linear OLS CER uncertainty. direction
Student's-t twhen <30datapoints | 00| 3 @ | Add Degrees of Freedom

Equal chance over uncertainty No Idea Low and High
range. Finite minjmax. (some tools requ re min and max)

Note: Low/high are defined with an assoclated percentlle
Min/Masx are the absolute lower/upper bound (also known as the 0/100)

DISTRIBUTION|  TYPICAL APPLICATION e e

Fig.8 : Various Distributions (Analyst Created)

* These distributions determine the risk bounds applied to your input variable and describe
the landscape of what is probabilistically expected to happen.

* Lognormal distributions, per JA CSRUH, are often used for right-skewed cost outcomes.

u CUANTSCH.
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How to pick your PDF

* Assessing which distribution is right for your
specific input case is done on a case-by-case

b a S i S Table 2-9 Table of Last Resort Bounds for Subjective Distributions

Point Pt i
Distribution Estimate | ToLmate cv* | 15% | 85% Estimate
Position g i and
MO | b obability

Cogromar o[ Wedan | 10 6o%) [10713[0 1508 085001 687

‘
‘
* For Costs that are estimated using Cost Estimate s e o]
Relationships (CERs), the analyst is advised to
. I . h . . d Weibull Low 1.0 (25%) i i
t t tatist t [Weibutves | ode | 10.00% | form High | Mode | 1.0 (60%
utilize the summary statistiCs (cen er + spreaad + 7060
° ’ I I
error) that accompany the equation to bound its =R T
. 0 o)
likely outputs Tronpenmater | weie | Toron | e
y -
e Low gt | o | 10 5%
e verion | wome | 10 [0
o
I R R I A R
. Trange e Lo | Vo | 10 75%) 07453
* Inth t- JA CSRUH [Trango Erign | Wodo | 10 60%) | Boarigh | Wode | 10(60%
n the WOorst-Case scenarios, s Engnrn] ioss [ Toesi i ok igr g ioss | 0651

recommends viewing the ‘table of last resort’, to
bound an input.

2 CUANTSCH.
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The Simulation: Overall RISK Distribution D '

Combined Cost
Modeling
Uncertainty and | CER Upper
Technical Risk Bound

simates

£ ~N{u,o2)

,_
E
=

a and P are parameters

-
<
O
:2!
&

Cost Driver Point Estimate Input (mode)

Fig.10 : Overall Estimate CDF (From JA CSRUH)
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The Simulation: Correlation . A D .

* JA CSRUH mentions that there are two kinds of
correlation: correlation and
correlation

Change to the Program Estimate

e Tt . ) Erreeo Comparelmpact of Adding Correlations

Estimate Includes 31 Distributions and 115 Correlations

e Correlation changes dispersion and tail behavior
(often widening outputs when key drivers move
together) depending on sign/structure (+ vs -).

—EMD
Production
Total
* Add 71 Correlations -
— —Add Another 278 Correlations

%
$50,000 $150,000 $250,000 $350,000 $450,000 $550,000
TY $K

Figure 3-6 Impact of Adding Additional Correlations e When we add CorrEIatlon tO va rlab|eS, the
correlated variables behave in rather

than accidentally counteracting one another.

u CUANTSCH.
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Cost PDF (Histogram + Theory)

u-samples: 600 Cost 5-Curve (CDF)

count 40 prob gos,

30

5%
20 50%
10 25%
.?Et 24 99.62 163.0¢ Gsfibﬁ 24 99.62 163.0(

Cost (sM)

Budget is shown as a vertical line. Changing distribution/params/base/apply mode

P10 $69.49 « P50 $09.21 « PE0 $118.75 « P20 $130.04
remaps instanthy.

Fig.12 : Normal Curve PDF & CDF (Analyst created)
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Workshop - www.iceaaonline.com/nfk2026

* A normal distribution has probability spread
around the center, so the CDF rises most

steeply near the mean and flattens in the
tails.

Cost PDF (Histogram + Theory) u-samples: 21,600 Cost S-Curve (CDF)

Interactive
coutgsE Prof oo%
BE92 Fi S B R
5928 . 50%
'
2964 5 25%
1
0 J ' 0%
82.84 208.23 33362 B2.84 208.23 333.6:
Cost ($M]

Cost (3M)

Budget is shown as a vertical line. Changing distribution/paramss/base/apply mode

P10 $100.71 « P50 $105.24 « P30 $115.86 « PA0 $138.60
remaps instanthy.

Fig.13 : Lognormal Curve PDF & CDF (Analyst created)
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Cost PDF (Histogram + Theory) u-samples: 100

count g

0
32.46 101.00 169.5:
Cost (5M)

Budget i shown as a vertical line. Changing distribution/params,base/apply mode
remaps instanthy.

Cost 5-Curve (CDF) Interactive

Prok oo%

50%

25%

0%
32.48 101.00 169.5:
Cost [SM})

P10 $74.47 « P50 $103.06 « P30 $130.28 « POD $14073

16 Fig.14 : Galton Boards PDF & CDFs [for n = 100, 1000, 10,000 balls] (Analyst created)

Presented at the ICEAA 2026 Professional Development & Training

Cost PDF (Histogram + Theory) u-samples: 1,000

count g7

65

44

22

a - E=
35.57 101.20 166.8:

Caost ($M)

Budget is shown ac a vertical line. Changing distribution/params/basefapply mode
remaps instanthy.

Cost 5-Curve (CDF) Interactive

prob og%

50%

25%

0%
35.57 101.20 166.8:
Cost (SM)

P10 $67.33 « P50 §98.9 » P20 $119.14 « PO0 $13135

Workshop - www.iceaaonline.com/nfk2026

Cost PDF (Histogram + Theory) u-samples: 10,000
countggy

522

o -
36.49 10049 164.4¢
Cost ($M)

Budget is shown as a vertical line. Changing distribution/params/base/apply mode
remnaps. instanthy.

Cost S-Curve (CDF) Interactive

prob oo

0% &,
36.49 100.49 164.4¢
Cost (M)

P10 $69.57 « P50 §89.65 « PE0 $119.78 « P20 $130.44
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Percentiles B T I .

show the value below which a given percentage
of outcomes fall (an at-a-glance view of confidence).

Figure 14: A Cumulative Distribution Function, or § Curve

Probability of underrun
100

* Example: budgeting at the (P70) means you
have a 70% chance actual cost will be at or below that
amount.

&0

90" parcantlle = S0OE o

The paint eslimale = 25 o
or 407 parcentibe

40 -
* |[n many cost distributions (common in

programs), the mean is often greater than P50 (the
median).

|

]
o 200 400 i 1,000 1,200 1,400 1,600 1,800
Dodlars in thousands

Eources: GAD and NAES. | Ga0-20-18505

* Leaders typically compare options like to
balance overrun risk against extra funding.

7 CUANTSCH.
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Impacts Of Leaving Risk Out | o & —I .

* |f risk/uncertainty is not included, the estimate becomes a
Missile Sysh 5
Calculated with 10000 iterations that can mask the range of plausible
CV (1. CISM Program Estimate) = 0.216
O outcomes.

’
08—yt
[

S . * Risk registers are often incomplete early, so skipping risk
Y/ analysis can tail risk and create false
' confidence.

i

* Without correlation (and other dependency assumptions),
—_ CISM Progiam Eslimale . .
—e—2 No Sched Uncer models can , either overstating or
3 NoSehed or RR Uncert understating the true spread.

- 4. Mo Sched, RR or Comelaticn

i
w
Q
2
o
o
2
20
o
o
=
=
3
E
O

=
ha

0.1
- = =f Mo Sched, RR, CER Uncert, or Comr

0.0

e sapemgeall © BOttom line: ignoring risk increases the chance leadership
TY SK . . .
funds to the , driving either cost
overruns or

t CUANTSCH.
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Interactive lab that links a Galton board to a Monte
Carlo cost-risk simulation

You “drop balls” to build a Galton histogram (binomial
— =normal as rows increase)

Each ball (or simulation run) produces a uniform
sample u~U(0,1)

The lab maps u=>Q(u) (inverse CDF / quantile) to
generate random draws from a chosen risk
distribution

Outputs update live: Cost PDF, S-curve (CDF), and key
metrics (mean, exceedance vs budget, skew, tail ratio)

Presented at the ICEAA 2026 Professional Development & Training Workshop - www.iceaaonline.com/nfk2026

Galton Board PIT « rows 14

Tap/dick to drop a ball. "Last Path” highlights the most recent routa.

Cost PDF (Histogram + Theory)

u-samples: 0

Galton) or simulate via Monte Carlo (MC) / Latin Hypercube Sampling (LHS) to se

Budget is shown as a vertical line. Changing distribution/params,/base/apply mode
remaps instanthy.

Galton Histogram Bins: 15

count

o

o
o 7 1
bin k

Binindex k on X-ads (0_..rows). This is the binomial shape (normal-ish when rows are
larger).

Cost 5-Curve (CDF) Interactive

Drop balls or simulate u-samples to see cost CDF.

P10 §76.16 « P50 §85.3 « P30 $117.43 + PO $123.01

Fig.17 : Galton Board Dashboard (Analyst created)

CUANTSCH.
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https://pcasey5216.github.io/Galton_Board_Distribution_Lab.html

Presented at the ICEAA 2026 Professional Development & Training Workshop - www.iceaaonline.com/nfk2026

Step 1: Build randomness

* Choose Galton rows (bins = rows + 1) and Galton skew, then drop 1 ball or a batch

Step 2: Choose sampling method

* Generate u from: Monte Carlo, Latin Hypercube Sampling (LHS), or from Galton

Step 3: Choose risk distribution
* Normal, Lognormal, Triangular, Uniform, Weibull, Exponential

Step 4: Map uncertainty into cost

* Apply as Direct cost, Delta on base, or Multiplier, then set Base cost + Budget threshold

e Step 5: Read the story on the charts
e Cost PDF + budget exceedance and S-curve (CDF) percentiles (P10/P50/P80/P90) + summary stats

. CUANTSCH.
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® Monte Carlo ® S-cunve fCDOF ® Tour + Tooltips

Galton Board Distribution Lab

Build distribution intuition using a Galton-board lab that connects
sampling to cost-risk outputs (PDF and COF "S-curve”).

* Sampling modes (e.g., Monte Carlo / Latin Hypercube)
* Distnbution options and u—Q(u) quantile mapping

* (Cost PDF + Cost CODF (5-curve) views with percentiles

Launch Galton Lab (7 |

https:f/pcaseys5216.github.io/Galton Board Distribution Lab.himl

Share [ cite

Use the "Copy link” buttons above, or share the URLs directly. The pages run fully
in the browser and do not require account access.

Fig.18 : Galton Board Distribution Lab description (Analyst

created)
21
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We will now open the Galton Board
Distribution Lab and take the site Tour

Site can be accessed via mobile (QR Code), or
desktop utilizing the link in this slide deck
(below).

Where available we will also post the link in
chat (Teams, Google Meet, Whova, etc.).

https://pcasey5216.github.io/Galton Board

Distribution Lab.html

CUANTSCH.
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* When briefing a cost estimate, the worst mistake
is ignoring risk altogether.

e Risk matters because it changes real decisions:
staffing (FTEs), materials, schedule, and funding.

* Risk can feel abstract because of the myriad
statistical concepts behind it.

* Remember: Models don’t create risk — they
simulate the uncertainty ranges we define.

&A N Tzc Hsevvices,inc
{The Sum of Quality}
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Discussions with Leadership _ .

* Ultimately, this analysis serves one purpose: To provide
leadership with the ability to make an informed decision about
the level of funding appropriate for an effort.

o

* Avoid Math Jargon and center the verbiage around program
specific effects of the estimate.

"\ 80% Probability
Level

o

o

o

—
i
[=]
e
=)
a
[
2
©
S
o
@
2
S
Lt
3
IS
3
o

o
w

* Instead of saying, “the CDF has the mean value at this probability
level...” say “if we budget SX, we are Y% confident.”

<
)

o
=

00 TYO $M

° EmphaSize the difference in COSt When moving from one —Point Estimate (cdf) Point Estimate ===Mean ===80% Probability Level

confidence level to another: “The difference between P50 to P80
is S1I00M.”

. CUANTSCH.
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* Monte Carlo turns input uncertainty (PDFs) into an outcome story: Cost PDF + S-
curve (CDF).

* The Galton Board provides an intuitive mental model for sampling and why
distributions emerge.

* Correlation, convergence, and percentiles (P50/P80/P90) are what make results
credible and usable.

* The deliverable is decision-ready: funding at SX buys Y% confidence (clear trade:
risk vs extra funding).

. CUANTSCH. .
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THE END

Questions?

s CUANTSCH.
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* Smith, A., & McDowell, J. (2013). Joint Agency Cost Schedule Risk and
Uncertainty Handbook. Department of Defense and the National
Aeronautics and Space Administration.

e Government Accountability Office. (2020). Cost Estimating and Assessment
Guide: Best Practices for Developing and Managing Program Costs.
Government Accountability Office. https://www.gao.gov/products/gao-20-
195g

e Chrisman, L. (2024, July 8). Latin hypercube vs. Monte Carlo sampling.
Lumina Analytic. Retrieved January 21, 2026, from
https://analytica.com/blog/latin-hypercube-vs-monte-carlo-sampling/

* Pierce, R. (2017). Quincunx. MathlsFun.
https://www.mathsisfun.com/data/quincunx.html
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Appendix B: Latin Hypercube

27

Presented at the ICEAA 2026 Professional Development & Training Workshop - www.iceaaonline.com/nfk2026

Monte Carlo has variants that are more commonly used in the
real world to simulate scenarios: Latin Hypercube (LHS).

Latin square: a sampling method where samples are taken
from a square grid, only from a row and column that has not
had a sample taken from it already. A LHS is a multidimensional
version of this sampling method

This essentially runs Monte Carlo simulations, but partitions the
sample space into equally probable sections that then get
sampled from

Variants of LHS
* Median LHS — uses the median value of each equiprobable interval
* Random LHS — selects a random point within each interval

Why would we use this over a simple Monte Carlo?

\
\

SN

2
SN
o

/
S
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* The Latin Hypercube (LHS) method of sampling still randomly selects
inputs, but it tries to ensure that the entire sample space has been
sampled relatively evenly. This also leads LHS to converge faster than
the traditional Monte Carlo method when we compare each
method’s standard error across many trials.

* LHS has also been found to be a more efficient method of sampling
when looking at the computational time notation as compared to

simple Monte Carlo sampling.

28 QUANTZCH
services, inc
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