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Prediction Interval
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» A Prediction Interval is used to measure the quality of a regression (or CER) for a future
observation

« Point Estimate is almost never the actual value of the next observation
* Provides a set of boundaries within which the next observation will fall between, 95% of the time
(confidence level dependent)

» Takes into account the sample size and location of the independent variable in the range of the
data

« Calculated based on:
« Standard error (SE) of the CER (usually SE, SEE, or SPE)
« CER Sample Size
» Desired Confidence Level (e.g. 95% Confidence Level)
« Average and Standard Deviation of Independent Variables
« Future Observation

et - Standard Error of the £ General Form: Estimated variable + Confidence Level * Adjusted SE
= Standard Error of the Estimate

SPE = Standard Percent Error
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Prediction Interval vs. Confidence Interval
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Prediction Interval vs. Confidence Interval

____/
Ordinary Least Squares (OLS) with 1 independent variable
j}: rr,r ! 2n-2 ?E \/l i l_ * (I'H - I); j}i 'ru | 2 n—zj::' l + (IH - )2_
\ 7 (n—1)s; - n (n-1)s:
\ nol
Used to estimate the value of Used to estimate the mean
one value of y (at given x) value of y (at given x)

The confidence interval estimate of the expected value of y will be narrower than

the prediction interval for the same given value of x and confidence level. This is
because there is less error in estimating a mean value as opposed to predicting an

individual value.
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Background
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The Unmanned Space Cost Model (USCM) is a database and repository of Space System Cost
Estimating Relationships (CERs) funded and managed out of Space Systems Command (55C)

« Uses the Multiplicative Unbiased Percentage Error (MUPE) Regression Technique to model its CERs

2015 Unmanned Space Cost Model Version 10 (USCM10) released
* Only addressed univariate methods at the time
» Received numerous questions about what uncertainty distribution to use for USCM CERs
» General feedback: Apply Normal Distribution and Standard Percent Error (SPE)

2019 Began efforts to define uncertainty for typical regressions and forms
» Defined Solutions for Ordinary Least Squares (OLS), OLS in Log Space (LOLS), Linear MUPE
« Began Exploration of Nonlinear MUPE

2021 USCM11 in development phase

« An opportunity to improve on prior uncertainty recommendations arose

» Goal to develop uncertainty recommendations for all methodologies and provide clear direction on the
database
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Challenges
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Using a Statistical Tool:
* Plug in new observation, run CER, export Prediction Interval (Pl)
« Cumbersome to update 60+ CERs

Heuristics approaches can over/underestimate the uncertainty

Needs to be dynamic closed form solutions to enable analysts to
effective run their models

* A closed-form equation is a mathematical expression that uses a finite number of
standard operations

No closed form equation for Nonlinear MUPE Prediction Intervals exist
« 57 out of the 64 MUPE CERs are Nonlinear
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Typical Nonlinear Forms in USCM11
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MUPE Type CER Form ID
Linear MUPE bX Form1 Already defined - see Joint
Linear MUPE abX Form? ey Cost Shecule Rl o
Log-linear MUPE X1"b Form3 CSRUH)
Log-linear MUPE a*X1"b Form4
Log-linear MUPE a*X1*b*c"X2 Form5
Log-linear MUPE a*X1*b*c"X2*d"X3 Formé
Log-linear MUPE a*X1"b*X2"c Form7
Nonlinear MUPE a*X1*X2"b Form38
Nonlinear MUPE a*X1*b"* X2 Form9
Nonlinear MUPE aX1*b”"X2*c"X3*d"X4*e"X5 Form10
Nonlinear MUPE a+(b X1)(c"X2) Form11
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Nonlinear Prediction Interval Equation
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Typical Nonlinear Equation

For a nonlinear CER, Y = f{X,8) + £, where 0 is the vector of unknown parameters, a (1-0:)100% PI
for a future observation ¥, when X is at xg, is given by

Adjusted for MUPE to
account weighting variable

PI=3,%t_ ., *SEX{ 1+2,(Z'L) 'z,' N 1 _ '
Vottannp @ » Pl =y, £ t(a ) * SPE \/— + (2,)(Z'WZ71)(2y)
it WO
where: 2

Zo = a vector of partial derivatives of f{X,8) with respect to 8, evaluated at the
estimated parameter vector, B‘”, and xo where:
5 SPE = Standard Percent Error

Z = > (an n x p matrix of partial derivatives of f{X,8) with respect to 8, wo = weight variable at x_0

8¢ W = Identity Matrix based on weighting variable for the ith data point

evaluated at 6° and each data point)

p = the total number of estimated parameters
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Calculating the Closed Form Solution
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Step Description Details

1 Partial Derivatives » Calculate the partial derivatives of the equation with respect to the
estimated coefficients
* Measures the rate of change (~slope) of the coefficients

2 Calculate (Z’'W2)~1 « Set up the Design Matrix
« Z: Calculate the partial derivatives based on x;
*  W: Weighted variables for MUPE = 1/(Predicted Y "2)

3 Calculate zy(Z'WZ)~ 1z, » z,. Calculate the partial derivatives based on new observation, x,

4 Calculate Adjusted Standard Error » Uses the adjustment factor from Step 3 to account for location of
SPE * /92 + 2o(Z'WZ) 1z, new observation, x,

5 Calculate Margin or Error (ME) » Based on Student’s t Distribution and assuming alpha = 0.05 for a 95%
(t-value * Adj SPE) Prediction Interval

6 Calculate the 95% Prediction Interval » Calculates the Upper and Lower 95% Prediction Intervals based on

(¥ £ ME) the new observation, x,
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Q Calculating the Closed Form Solution (Form4)
S

Step 1: calculate partial derivative of the regression equation (y = a *
X1 "b) with respect to a and b

da
¥ _ yb
dy X1
db ,
@z ax (InX; *X{)
Step 2: calculate (Z’WZ)1
da db | 1 |
— (1) o= (%) — 0 0
ay . ay y 1 , N = [Zq Z3
7 — : W=[0 =~ 0|-(ZWI)"-1 [z z]
da () b () 0 o S
ay " oy _ V2
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Calculating the Closed Form Solution
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Step 3: calculate z, (Z’WZ) 1z This approach would have N\

worked for any nonlinear CER
zo = [x§ ax (Inx, * x§)] with 2 estimated coefficients,
but calculating the partial
zo @WZ) 1z = (x0)” * [21 + (2, + z3)alnx, + z4(alnx,)?] derivates for ax”b at x,,
zo (Z’WZ) 1z} = x20 x [z, + (2, + z3)alnx, + z,(alnx,)?] makes this a unique solution
for this CER form

Step 4: calculate
» Adjusted Standard Error = SPE = \/1/wy + z, (Z’WZ)™1 z]

Adj. SE = (SPE) * \J1/wy + x2P % [z, + (2, + z3)alnx, + z,(alnx,)?]

Step 5: calculate Margin of Error for Upper 95% Prediction Interval Bound

t0.025n-p) * (SPE) * \/1/W0 + x2P % [z, + (2, + z3)alnx, + z4(alnx,)?]
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Calculating the Closed Form Solution
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Step 6: calculate Upper Bound PI

Yo + t(0.025n-p) * (SPE) * \/Wi + x2P [z + (2 + z3)alnx, + z4(alnx,)?] = 1 2
0

Yo + t(0.025n-p) * (SPE) * \/372 + x50 % [z + (25 + z3)alnx, + z4(alnx,)?]

Model friendly equations (if needed):
« Adjusted SE:

« SPE*(yhat"2 + x1_var”(2*b) * (z1 + (z2 +z3) *a * In(x1_var) + z4 * (a * In(x1_var ))"2))"0.5
« 95% Upper Bound:
* yhat + tvalue*SPE*(yhat"2 + x1_var”®(2*b) * (z1 + (z2 +z3) *a * In(x1_var) + z4 * (a * In(x1_var ))"2))"0.5

* 95% Upper Bound (as % of PE):

. (10£)/yt(1)a§) * (yhat+t-value*SPE* (yhat”"2 + x1_var”®(2*b) * (z1 + (z2 +z3) *a * In(x1_var) + z4 * (a * In(x1_var
))"2))"0.5)
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Closed Form Solution for Typical CER Forms
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MUPE Type CER Form ID High (% of PE)
Linear bX Form1 100*(1+t-value*SPE*(1+(1/n))"0.5)
Linear a+bX Form2 100*(1+ t-value*SPE*(1 + (1/(y_yar?2*wi_tot)) + ( (x1_var - xbar_w)"2/(y_var*2*SSwxx) ))*0.5)
Log-linear MUPE X1"b Form3 (100/yhat)* (yhat+tvalue*SPE * ((yhat*2 + (In(x1var) * x1vartb) A2 * z1)) A 0.5)
Log-linear MUPE a*X1"b Form4 (100/yhat) * (yhat+tvalue*SPE* (yhat”2 + x1_var®(2*b) * (z1 + (z2 +z3) * a * In(x1_var) + z4 * (a * In(x1_var ))*2))"0.5)
Log-linear MUPE a*X1"b*c"X2 Form5 (100/yhat) * (yhat+tvalue*SPE * (yhat”2 + x1var®(2*b) * cA(2*x2var) * (z1 + a * (z2 + z4) * In(x1var) + (a/c) * (z3 + z7) * x2var
+(a”2)/c * (z6 + z8) * In(x1var) * x2var + a2 * z5 * In(x1var)”*2 + (a*2)/(c”2) * z9 * x2var”2))*0.5)
Log-linear MUPE a*X1"b*c"X2*d" X3 Formé (100/yhat)*(yhat+tvalue*SPE*(yhat"2+x1_var~2b * cA(2*x2_var) * dA(2*x3_var) * (z1+a*(z2+z5 )*In(x1_var) + (a/c)*(z3+29

)* x2_var + (a/d)*(z4+z13 )*x3_var + a2 *z6 * In(x1_var )A2 + (a*2/c)*(z7+z10 )*In(x1_var)*x2_var + (a”2/d)*(z8+z14 )*
In(x1_var)*x3_var+ (a?2/c”2)*z11*x2_var”2 + (a”2/cd)* (z12+z15)* x2_var*x3_var + (a*2/d"2)*z16* x3_var”2))"0.5)

Log-linear MUPE a*X1"b*X2"c Form?7 (100/yhat)*(yhat+tvalue*SPE*(yhat"2+(X12(2*b) * X22(2*c) * (z_1+a * ((z_2 + z_4) * LN(X1) + (z_3 + z_7) * LN(X2)) + a2 *(
(z_6+2z_8)* LN(X1) * LN(X2) + z_5 * LN(X1)"2 + z_9 * LN(X2)"2))))*0.5)

Nonlinear MUPE a*X1*X2"b Form8 (100/yhat)*(yhat+tvalue*SPE * (yhat"2 + (X1A2*X2A(2*b) * (z1 + a*(z2+23)*In(X2) + a*2*z4*In(X2)"2)))"0.5)

Nonlinear MUPE a*X1*b"X2 Form9 (100/yhat)*(yhat+tvalue*SPE * ( yhat"2 + x1_var?2 * bA(2*x2_var) * (z1 + (a/b)*(z2+23)*x2_var +

(a/b)A2*24*x2_var’2))A0.5)

Nonlinear MUPE axX1*b*X2*c"X3*d"X4*e”X5 Form10  (100/yhat)*(yhat+tvalue*SPE * (yhatA2+(x1*bAx2*cAx3*d A x4*e”x5 * (z1 + (a/b)*(z2+26)*x2 + (a/c)*(z3+211)*x3 +
(a/d)*(z4+216)*x4 + (a/e)*(z5+221)*x5 + (a/b)A2*27*x272 + (a”2/bc)*(z8+212)*x2*x3 + (a”2/bd)*(29+217)*x2*x4 +
(an2/be)*(z10+222)*x2*x5 + (a/c)A2*z13*x3/2 + (a”2/cd)*(214+218)*x3*x4 + (a*2/ce)*(z15+223)*x3*x5 + (a/d)*2*219*x4"2
+ (a*2/de)*(z20+224)*x4*x5 * (a/e)*2*z25*x5/2))"0.5)

Nonlinear MUPE a+(b X1)(c"X2) Form11  (100/yhat)*(yhat+tvalue*SPE*(yhatA2+ (z1 + X1*cAX2 * ((z2+24)+(z3+27)*(b/c)*X2) + X1A2*cA(2*¥X2)*(z5 + (26+28)*(b/c) * X2
+29*(b/c)A2*X2/2)))*0.5)
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Comparison to Other Approaches

_____f 1 3 1 B ' 11 1 J1 }]
Approaches Description
Closed Form » Based on weighted Nonlinear Pl equation unique to CER Form
Statistical Tool » Allows user to plug in new value, update Pl value, import into model
Heuristic o2
()
. Il ap=dp ==t
n n
» User relies on high level statistics based on the independent variable to adjust the
SE
Fitted Residuals . (%) et Py — S

» Uses percentage error to model the uncertainty’s distribution
» Nonlinear Forms relies on Heuristic Equation for Location adjustment

« Compare against statistical tool generated PI
« Compare against Heuristic Technique
« Compare against Residual Fitting approach
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Notional Data

—) " — 1 7T 1T 1 [ T T IIT
. . Obs Y X1 Obs Y x1
Fitted Line Obs1 | 190] 402 Obs 17| 10009] 3066
60000 | Obs2 | 655 428 Obs 18| 4999 3800 Calculate the upper
Obs 3 648 368 Obs 19 | 12641| 3889 95% at various points in
I Obs4 | 3290| 888 Obs 20| 5791] 4756 data set
. Obs5 | 1779] 798 Obs 21| 9064] 7140
40000 « e S Obs6 | 1883 978 Obs 22| 19607| 7673
Obs7 | 1699 968 Obs 23 | 15347 7695
> 30000 S Ay e Obs8 | 4447) 1211 Obs 24| 11219| 7987
Obs9 | 4832] 1191 Obs 25 | 29802 9766
Obs 10| 2082] 1373 Obs 26 | 29161/ 10420
20000 - B —
. 4 Obs 11| 2282] 1335 Obs 27| 30652|13740
e« /. Obs 12| 3940| 1513 Obs 28 28131/15270
10000 e s g™ Obs 13| 3748| 2034 Obs 29 | 29703| 15680
”g-"' Obs 14| 3683| 2196 Obs 30| 31897/15780
0 Obs 15| 15397| 3067 Obs 31 45100|21160
0 5000 10000 15000 20000 25000 ' |op 16l sesa 3063

X1

Predicted e Actual

Y |Y=1.319 * X1~ 1.055
1.3195 df 29
1.0550 [Pl Percentile 0.95
SPE 0.5039 t-value 2.0452
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Closed Form PI for Notional CER

All Data Shown is Notional

_ 7 . 1 °Fr 1 & 0L 31!
| C (Z'WZ)r-1
Y X1 W = 1/Pred(Y)A2 |fa = x"b fb=a * Inx * xAb
496 300 7.32288E-08|  8,933.33 21,077.64 0.467550435!| -0.172191985
1636 173 4.23968E-07|  3,712.69 7,914.41
1756 161 5.33243E-07| 3,310.49 6,958.59 -0.172191985| 0.064173417
6725 442 2.12716E-08| 16,575.02 41,764.78
3799 399 2.94846E-08| 14,078.53 34,878.21
4087 378 3.50348E-08| 12,915.31 31,707.59 hd . d
e i aews oo o * Using the closed form solution, plug in the
9261 321 5.9013€-08|  9,951.32 23,758.03 . . .
10003 286 8.52886E-08  8,277.69 19,367.04 a p p ro p r] a te Va l u eS & S] m p l'l fy
4514 556 1.02308E-08|  23,900.12 62,490.69
4666 276 9.5543E-08|  7,820.87 18,183.10 . .
8247 616 7.37794E-09| 28,144.08 74,780.29 [ ) Res u lt'l n g eq u at'l O n :
7648 362 4.02178E-08| 12,054.40 29,378.35
64| 523 1.24359E08 21,677.84 56,131.50 100/yhat * (yhat + tvalue*SPE* (yhat"2 + x1_var”(2*b) * (z1 + (z2 +z3) *
30980 740 4.11006E-09| 37,707.75 103,052.22 B . B N N
11584 613 7.49374E-09| 27,925.78 74,143.85 a*ln (X1 _var) +z4 (a ln (X 1 _var )) 2 )) 0. 5) -
20156 730 4.29237E-09| 36,898.27 100,632.30
10404 581 8.89151E-09| 25,636.97 67,498.41
ﬁizz Zig 2'221%5‘82 zi'gg':z 1223:2?? (1 OO/yhat) * (yhat+1 .0306* (yhat“Z +x1_var*2.1099 * (266871 06676 + -
18422 830 2.84995E-09 45:283_05 125:904,86 0.652790835291621 * ln(X1_Var) + 0.0407778175 * ln(X1_Var)A2))AO.5)
39491 1143 1.0269E-09] 75,438.00 219,733.01
31156] 1102 1.15382E-09] 71,168.21 206,220.71
22795 1179 9.3018E-10] 79,263.09 231,891.35
59926] 1260 7.52513E-10] 88,124.68 260,238.92
58719) 1525 4.09322E-10] 119,487.40 362,290.25
61758 1632 3.297€-10] 133,135.97 407,407.86
56603 1760 2.59125E-10] 150,175.66 464,241.47
59719] 1894 2.05047E-10] 168,821.58 527,006.35
64025 1904 2.01631E-10] 170,245.52 531,822.26
90339] 2249 1.18536E-10] 222,039.50 708,914.69
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Pl from Statistical Tool

All Data Shown is Notional
1 1 Fr & ! ®°L 22!
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Run CER and Copy & Paste Or export for single use PI

Prediction Interval

# Prediction Int ik Coef of Variation based on Std Error (SE/Avg Act) 3351%
B C D | e RIS E VAP Coef of Variation based on MAD Res (MAD Res/Avg Act) 24 28%
_-- Pearsen's Correlation Caefficient between Act & Pred 9551%
Adjusted R-Squared in Unit Space 89.46% A @ case
Adjusted R-Squared for MUPE 81.78% 5 ]
Variable 1D % X1 Name | Confidence Laval | Y X1 out of Varition based on Sud Enf  LiNEBT L0G Livear NonLinear Leamming Beta  Urivariate Distibution Finder Analyss Summary
Obs 1 180 402 X1=256 95 276 IV. Prediction Intervals Coefof i MAD R|
Obs 2 855 428 X2=368 95 368 Pearson's Correlation Coefficient | % Click here o add filler critena
Obs 3 648 368 X3=1201 95 1200 Estimate Inputs Adjusted R-Squared in Unit Space
|obs 4 3200 888 X4=3068 s 3086 Adiusted R-Saquarea for MUPE__
Obs 5 1779 798 ::—;i::ao g: 2:‘:’;‘} Input X1=256 X2=368 Xa=1201 X4=3066 X5=7841 X6=21160 X7=26450 V. Pradiction Intervals Name | Staus | MU | Depende [intrc] waighiin Eifer Ridgo | %i
Obs B 1883 978 il i ki x1 276.0000 368.0000 1201.0000 30660000 7841.0000 21160.0000 264500000 T e o Tlupe g TS
Obs 7 1699 968 2 c Level (%) 95.00% 95.00% 95.00% 95.00% 9 00% 95.00% 9500% Eotias bipets
gbs g i‘;;; :f;: Input 0 Exportto ACE/Librarian
bs Prediction Results x1
Obs 10 2082 1373 Confidence Level (%) premar
n: ata Definitions
Obs 11 2282 1335 Result X1=256 X2=368 X3=1201 Xd=3066 X5=7841 X6=21160 X7=26450 S—
Obs 12 3840 1513 Lower Bound 16.4342 321875 202 3334 5820162 1335.8212 22238160 2220 5568 B Cost [Ainclude RISK Distibutions
Obs 13 o748 2034 Estimate 6008308 8040422 2663 8082 6881 8516 178108712 4BBTS6223  |61017.3328 Result Fiscal Yoar Distibubon Form: |Studentsd -
Obs 14 83 21% Upper Bound 1185.2274 1575 8870 51252830 121816670 (342861212 95127.4285 1198051080 Lower Bound
Obs 15 15387 3067 Estmate vy B . —
Obs 16 5658 3063 Upper Bound .
Delta(%) -
gg: 1; 12323 gggg Lower Bound 97 2648 95 9968 92 4044 915427 92 6000 95.4314 96 3460 Delta(’) Units J || e Do
. Lower Bound elative similarity o
Obs 19 12641 3889 Upper Bound 97.2648 959968 92 4044 91,5427 92 5000 854314 96 3460 Upper Bound :?:: y:a’v o ‘J\;HE-P" Simia
Obs 20 5791 4756
Obs 21 9084 7140 plier RISK(%) Multiplier [ Featnmiisied (®) Prediction Interval Bounds
Obs 22 19607 7673 Lower Bound 27352 40032 7.5056 84573 7.5000 45608 38540 Lswsr Botmg
Obs 55 15347 7835 =) &l = ¢ Bound 197.2648 185.9968 162 4044 191 5427 182 5000 185.4314 1963460 e Bom £G4 A ek Famate: DS =
g:: g; ;;g;g gggg v Cras V. Charts (] Overhead Included () User Quantification Distribuion
3 Interpretation
Obs 26 29161 10420 Actual vs. Predicte =~ i i i
Obs 27 30652 13740 . . 60,000.00 = Low i
Obs 28 28131 15270 Actual vs. Predicted (Unit Space) Percent Error o i
Obs 29 29703 15680 0,000.00 100.00 50,000.00
Obs 30 31897 15780 "
Obs 31 45100 21160
50,000.00 - 5000 - §‘°-°°" a i oK Cancel Help
"
ad £ 30,000.00 2 5 = s
= 40,000.00 TN y g o a
13 FT L 000 & A
b= o .
£ 30,000.00 | Y = . a
B 30, w i
-4 -
£ [ = 5000 |-
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Heuristic Approach
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. » Modified for Multiplicative Error CER:
* |f not all CER statistics are known, the

Adjusted Standard Error can be calculated
with the following equation based on a 1
distance assessment of the primary Pl =9,+\1 %+ t(gn_z) *SPE |1+ +

independent variable. 2’ \ n
. ( Distance )2
* AdjSE=SE* |1+—+ Sa'mp: > xbar 5,472.10
sdx 5,608.47
« From Air Force Cost Risk and Uncertainty
Handbook (A.8.3) X  HeuristicAdj  Adj*SE 1+ tvalue * Adj SE Upper 95% PI
276 1.0295 0.5188 2.0610 1022.2883
368 1.0291 0.5185 2.0605 1384.4509
1201 1.0252 0.5166 2.0565 4812.4163
3066 1.0189 0.5134 2.0501 12894.5174
7841 1.0188 0.5134 2.0500 34721.7692
21160 1.1334 0.5711 2.1681 104657.8357
26450 1.2180 0.6137 2.2552 137762.1735
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Q Fit a Distribution to the Residuals
e
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« Based on Dr. Shu-Ping Hu’s paper “Fit Rather Than Assume a
CER Error Distribution

 Analysis takes percent error of CER, adjust for Sample,
Degrees of Freedom (DF) and Location, and fits to distribution
* Net Factor =Sample Factor * DF Factor * Location Factor

: — | = |-Y
Sample Factor = \/:f ,DF Factor = Ty

* Location Factor = Use Heuristic for Nonlinear
» Shift = Net Factor -1

. (%) * Net Factor — Shift
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Results of Fitted Error

All Data Shown is Notional
1 1 Fr & ! ®°L 22!

<>

STEyg goMMAND

X=276 X=368 X=1201
10.0 10.0
. | + 4 more
8.0 L] o [
o distributions
) . o
5 6.0 - g 5
s ] S 50 -
g_ 5.0 g g
@ = L 40 +-—---mm--
w 4.0
a0 3.0 ommmmmmmmmmemmo o
2.07 20
0] I /-
0.0 — 1
0.0 1 006 048 042 066 091 115 139 163 187 211 235 260 284 006 018 042 066 091 115 139 163 187 211 235 260 284 006 018 043 067 091 115 139 163 18 211 235 259 283
LogNormal (1) Logt(2) — -Beta(3) — - BetaPERT (4) Triangular (5) ——LogNomal (1)  ——Logt(2) — -Beta(3) — - BetaPERT (4) ——Triangular (5) Loghomal (1) togte) =Bl (@ - BoWPERT() Triengutar (5)
Step 2: Run Risk Model based on each distribution
WES/CES Description 0% 5% 40% 45% 50% 5% BO% B5% 0% 75% 80% 85% 90% 95%
*My Program Estimate
| CER Result for X1 348.420 371816 395,145 418,483 444 7h1 472 081 E00 440 532097 5G8.140 £09.148 B5H.110 722158 B07 396 BEE 427
_ CER: Fiesult for x2 472132 503,905 535,598 EB8.671 B02.596 B39.629 E78.238 721.088 770,031 525,331 BY2.858 976,628 1,095,271 1,296.866
| CER Resultfor X3 1,648,491 1,767 710 1,866,481 1,983.049 2.100.457 2227188 2,360,813 25611819 2 680 646 2,876,957 3102574 3,396 586 3,808.020 4,606,410
_ CER: Fiesult for x4 4,439,307 4,729,649 5,028.874 5,334.564 5,658,223 5,993,754 5,355,364 B.753.666 7,210,153 7.720.152 B,337.128 9,124,188 10,223,768 12,113.993
| CER Resultfor x5 11,850,760 12,741.237 13,540,005 14,362.432 15,218,747 16,147.773 17,118,553 18,144,879 19,403.936 20,812.912 22 458,107 24 606 917 27,486.182 32,492.383
_ CER Riesult for X6 32,683,967 35,067 866 37.489.789 39,955.386 42 551.091 45,321 878 48,309.027 51.621.024 5F.384.999 E8,709.723 B5.036.554 71.689.453 81.123.971 96.525.173
_ CER: Fiesult for %7 40,226,705 43,319,154 45,441,803 49,618.194 53,121.023 56,710.940 B0.719.666 B5.115.895 70,114,400 75,940,672 52,932,364 91,566.136 104813518 126,730,560
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[ N 1 1 7 *r 1 & L1111
Pl Com pa rison Pred Y Closed Form PI Stat Tool Heuristic  Fitted Residuals Do Nothing
60000 276 496 1,048 1,031 1,022 955 1,007
' DATA 368 672 1,410 1,391 1,384 1,297 1,364
RANGE 1201 2,340 4,813 4,795 4,812 4,505 4,752
140,000 3066 6,290 12,876 12,888 12,895 12,114 12,772
Stat Tool 7841 16,938 34,858 34,964 34,722 32,492 34,393

»7Closed Form

120,000 5 21160 48,273 100,964 101,183 104,658 96,828 98,020
»7Fitted Errors 26450 61,085 128,401 128,603 137,762 126,731 124,037

100,000

80,000

60,000

40,000

20,000

Consolidated Comparison

5000 10000 15000 20000

e
#
&

25000

30000

% Delta to
Closed Form PI

Stat Tool
-2%

Heuristic
-2%

Fitted Residuals
-9%

Do Nothing
-4%

-1%

-2%

-8%

-3%

0%

0%

-6%

-1%

0%

0%

-6%

-1%

0%

0%

-7%

-1%

0%

4%

-4%

-3%

0%

7%

-1%

-3%

e Closed Form Solution almost exact match to Statistical Tool
* Heuristic tends to overestimate
e Fitted Residuals tend to underestimate
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Approach

Closed Form

Statistical Tool

Heuristic

Fitted Residuals

Describe different comparison

Pro

Dynamic Equation - 1 time setup effort
» Automatically Updates

Model Friendly

Theoretical Approach

Defined for 9 common Forms

Theoretical Approach

Good for when source data is unavailable to
apply theoretical application
Automatically Updates

Helpful in identifying issues with underlying
error assumptions

Explicitly takes into account impact sample
and DF has on the data set

Con

Potentially longer model setup time
Additional effort for new Forms

New Inputs requires updates
Cumbersome for models with large # of CERs

Tends to under/over estimate the Pls
Does not take into account MUPE weighted
variables

Currently relying on Heuristic adjustment for
nonlinear forms
» Potential to leverage current efforts to
modify location factor
Tends to under/over estimate the Pls
New Inputs requires updates
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USCM11 Implementation

All Data Shown is Notional
Y 7  Fr rFr B °¥ B °L 22!
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Approach

« Continue to address uncertainty in the official
model release.

 Incorporate uncertainty/prediction interval
research efforts.

Copy Paste-level simplicity for SSC estimators Informative Prediction Interval distribution bounds

(USCM Database) for non-SSC estimators (USCM Online)
CER 1: Uncertainty Beta

CER 2: Quick Calculation

Risk Inputs (quick calc): Risk Inputs (closed-form solution):
Formatted for Copy and Pasting directly into ACE Formateed for Copy and Pasting directly into ACE This quick calculation function produces a point estimate based
ACE column Input ACE column  Input on the associated CER.
PE Position Mode X variable aplace ‘ Bus Weight (Ibs)
Distribution Student's T name :;
High (Percentile) 7.5 X variable 5 o ‘ S
name
Degrees of Freedom 92 m
High (% of PE) Enter values in quick calc sbove to get appropriste value PEPosition  Mode
Distribution  Student's T
High 75 CER Results: ’ bs
(Percentile)
Point Estimate: Please enter values above!
Degreesof 93
Freedom Lower PI*: $0 $K FY16 The shaded area indicates the Prediction Interval (Pl). The color of
High (% of - Upper PI*: $0 $K FY16 each Pl is a lighter shade of the corresponding regression line.
PE) 2
“1.6085e-11 * In(x1_var) #2 + (14562
A2)* 8.09551e-12 * x2_var #2)) A0.5)
Copy to Model
UNCLASSIFIED. DISTRIBUTION STATEMENT A. Approved for public release; distribution is unlimited. Copyright 2022 Tecolote Research, Inc, All Rights Reserved 24

Presented at the ICEAA 2026 Professional Development & Training Workshop - www.iceaaonline.com/nfk2026



Conclusion
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« Comparison between different methods for calculating the Pl shows that the Closed
Form Solution is consistent with other Statistical Tool

« Impact of Heuristic, while not drastic can under/over estimate

The Closed Form Solution for the 9 CER Forms are:
» Consistent - to other tools
« Dynamic - Pl changes as input variable changes
« Easy to Use - Already set up for quick implementation for user

Allows the cost analyst to build a model that accurately represents the uncertainty
around their CER

Way Ahead:
» Other Cost Models at SSC that may need Pl defined
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Backup

<>
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Prediction Interval Terminology

__ 1 7 1 P 1 1 1 11!
Gorcy « & = Error term
T .« 7 = the CER estimated value at X = x,
* X = the value of the independent variable used to calculate the estimate
°n = the number of data points
* D = the number of estimated parameters
* «a E thel)significance level of the PI, usually 0.05 (i.e. 95% Confidence
eve
* tla/zn-p) = the upper a cutoff point of Student’s t-dist with (n-2) degrees of
freedom
« SE = CER’s standard error of estimate (also referred to as SEE or SPE)
o Yix; = the summation of the independent variable of the data set
* X = the mean of the independent variable of the data set
 SS, =" . (x; — X)?; sum of squares of the independent variable about its mean
. S, = Sﬁﬁ; standard deviation of the independent variable of the data set
« X = the design matrix of the independent variables
* X, = a row vector of given driver values with 1 as the intercept
° W = the weighting factor for the it" data point
. Ry _ Xit (wixy)
i, wi
* SSwx = ?=1Wi(xi - fw)z
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