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Multicollinearity Refresher
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Motivating Example

Learning Curve with Rate Effect Key Properties

• Learning Curve Slope (LCS) = 2ᵇ

• Typically, 70–100%

• Rate Effect = 2ᶜ

• Typically, 70–100%

• By definition, LCS and Rate Effect ≤ 100%
• Lot midpoint highly correlated with lot 

quantity as production ramps up

May 2026 3Small Data, Big Problems

Presented at the ICEAA 2026 Professional Development & Training Workshop - www.iceaaonline.com/nfk2026



Example: OLS
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OLSTrue 
ParameterMetric

114100T₁

100.8%95.0%Learning Rate

82.5%90.0%Rate Effect

0.91—R²

36.7—F-statistic

Observed costLot MidpointLot Quantity

$44.8211.6930

$43.9644.5930

$42.1779.6040

$39.04129.2560

$38.23226.61140

$26.35414.71241

$22.45713.35360

$21.461,076.10360

$24.391,437.46360

$24.921,812.74390

High R2

LCS of 100.8% violates the definition 

LCS must be ≤ 100%
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Existing Approaches

Regularization

• Ridge Regression
• Lasso Regression
• Elastic Net: Combines Ridge and Lasso

Stabilizes coefficient estimates

Does NOT guarantee plausible coefficients

Constrained Optimization

• Enforces domain knowledge on coefficients
• Bounds slopes within known ranges
• E.g., LCS between 70–100%

May not stabilize coefficient estimates
Guarantees plausible coefficients
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PCReg Framework

Objective Function Model Specification

• Functional Form
• Loss function
• Coefficient bounds
• Cross Validation
• Penalty exclusion
• Optimization Method
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Maximizes flexibility and collapses to known regression techniques
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Model Diagnostics
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In-Sample Fit 
Statistics

Standard measures 
remain valid including 
R², SSE, RMSE, MAE, 
MAPE, and residual 

diagnostics

Optimization 
Diagnostics

Convergence status, 
number of iterations, 

and whether a 
parameter is at a 

bound

GDF-Adjusted Fit 
Statistics

Generalized Degrees of 
Freedom (GDF)

accounts for 
constraints and model 

complexity

Applies GDF to 
estimate Adjusted R², 

SEE, SPE

Bootstrap 
Confidence Intervals

Constrained: 
Stability under bounds 

and regularization

Unconstrained: 
Baseline OLS 

variability

Divergence reveals 
constraint impact on 

solution
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Example: OLS vs PCReg

Bias-Variance Tradeoff:
• PCReg has slightly lower Train R² because constraints and penalties add bias
• However, PCReg has better Test MAPE, demonstrating its predictions are closer to the true 

underlying costs on out-of-sample data
• Traditional remedy (dropping rate term) results in an OLS LearnOnly that is also biased
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PCRegOLS-
LearnOnlyOLSTrueMetric

10079114100T₁

97.4%89.2%100.8%95.0%Learning Curve Slope

87.3%—82.5%90.0%Rate Effect

0.9070.7960.912—Train R²

3.9%8.4%9.8%—Test MAPE (vs True)
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Monte Carlo Simulation Study
Factorial Design

81 Factor Combinations * 100 Replications

8,100 Scenarios
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LevelsFactor

5, 10, 30Training Lots

0.01, 0.1, 0.2CoV Error (Noise)

85%, 90%, 95%True Learning Rate

80%, 85%, 90%True Rate Effect

Approach
1. Randomly selected a quantity profile from 

the SAR database
2. Generated simulated average unit costs 

using the scenario’s true parameters
3. Added multiplicative lognormal noise with 

the specified CoV
4. Split data with first 𝑛 training lots used for 

model fitting and remaining lots for testing
5. Fit models to the training data using OLS,

OLS-LearnOnly, and PCReg
6. Evaluated Models measuring coefficient 

recovery and out-of-sample prediction 
accuracy
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Simulation Results
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Across 8,100 scenarios, OLS produced unreasonable coefficients in 
1,355 scenarios

% of ScenariosScenariosOLS Coefficient Validity

83.3%6,745Reasonable (70%-100%)

16.7%1,355Unreasonable (<70% or >100%)
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Key Finding 1: OLS vs PCReg
PCReg outperforms OLS when OLS coefficients are unreasonable
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PCReg MeanOLS MeanMetric

14.56%28.62%Test MAPE

51.08%6,656.58%T₁ Abs % Error

5.35%13.04%LC Abs % Error

14.39%41.69%RE Abs % Error

78.7%
PCReg Win Rate
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Key Finding 2: OLS vs PCReg
PCReg performs comparably when OLS coefficients are reasonable
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PCReg MeanOLS MeanMetric

6.1%5.49%Test MAPE

15.62%16.28%T₁ Abs % Error

1.72%1.74%LC Abs % Error

4.20%3.58%RE Abs % Error

66.3%
OLS Win Rate

But… Performance 
differences are 

negligible
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Practical Guidance
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Use PCRegWhen OLS produces 
unreasonable coefficients

Use PCRegWhen using small (n ≤ 10) and 
noisy samples

Use OLSWhen using large (n ≥ 30) 
samples

Use either PCReg or OLSWhen using intermediate 
(n > 10, n < 30) samples

The difference between OLS and PCReg is typically small and can be controlled by defining loose 
constraints and small penalties. PCReg is an effective insurance when uncertainty is high.
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Software Tools

Python Package

penalized_constrained
• Full PCReg implementation
• scikit-learn compatible API
• GCV and K-Fold CV
• GDF-adjusted diagnostics
• Bootstrap confidence intervals
• HTML diagnostic reports

Excel Template

PCReg_Template.xlsx
• Simplified PCReg implementation
• No programming required
• Intuitive interface
• Accessible for all practitioners
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github.com/frankij11/Penalized-Constrained-Regressiongithub.com/frankij11/Penalized-Constrained-Regression
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Summary
• PCReg provides meaningful advantages in small-sample, high-noise 

scenarios
• The constraints introduce beneficial bias that reduces prediction 

variance
• This is a classic bias-variance tradeoff that works in the analyst’s favor when 

data are limited

• GCV enables hyperparameter selection with as few as 5 observations
• Match the method to the sample size and data quality, with PCReg

serving as effective insurance when uncertainty is high
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