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Background, Motivation, & BLUF
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 MITRE is developing the Investment Value Management Framework (IVMF) to
automate many commonly performed cost/benefit estimating tasks in comparative
analyses
 IVMF development gives rise to a desire for "home-grown" cost risk and uncertainty

analysis tool, "self-contained" in Excel, without need for external software, but with
Monte Carlo functionality
 Challenge is correlating random variates in a way that preserves their original

distributions
 This is simple with only two random variates, but complex when dozens (or hundreds) of

cost elements are involved
 MITRE developed an innovative technique that does this!
Our technique, more or less faithfully, replicates results from Crystal Ball1, with more 
mathematical rigor, comparable (or faster) run-times, and no software to install.

1. Crystal Ball is a product of the Oracle Corporation.
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Investment Value Management Framework (IVMF)
 Excel, VBA-based tool that automates and provides structure for comparative 

analyses (EA, AoA, BCA, CBA, etc.) factoring in costs, non-monetizable benefits 
and risks
 IVMF Cost Module - somewhat akin to ACEIT1, but focused on comparative 

analyses vice LCCEs
 Includes: 
 Automated population of Work Breakdown Structure (WBS) by Course Of Action2

 Calculation of measures of merit (ROI, NPV, IRR, DPP, etc.)
 Ongoing investment monitoring

 Provides mathematically rigorous treatment of risk and uncertainty
 Not available for external distribution

© 2025 THE MITRE CORPORATION. ALL RIGHTS RESERVED.
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1. ACEIT is a product of Tecolote Research, Inc.
2. In other words, once the user defines a WBS, the model automatically "propagates" that structure to each COA. The user need not manually enter it. 
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IVMF Overview
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Supports informed and evidence-
based investment decisions

Answers the question as to which 
Investment scenario is the most 

effective and affordable relative to 
the status quo

Considers the cost, benefit, and 
risk of proposed investments 

scenario(s) and reports results

Supports lifecycle management, 
initially using the same metrics 

applied to inform initial investment 
selection 

Includes process guidelines to 
better manage programs and 

investments 

COST

BENEFIT

INVESTMENT
MONITOR

• Standardization of financial
and non-monetary analysis

• Automation of many
commonly used AoA/BCA
techniques

• Integration of cost risk and
uncertainty simulation

• Identification and tracking
of critical variables and
metrics that drive overall
value

RISKINVESTMENT
SELECT

The IVMF model is an Excel-
based workbook that guides the 
user through calculations 
supporting both the initial 
investment and post-
implementation reviews
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Importance of Risk & Uncertainty in Comparative Analysis

© 2025 THE MITRE CORPORATION. ALL RIGHTS RESERVED.
6

 Comparative analyses must perform cost risk and uncertainty analysis (CRUA)—
just like applied estimates!
 Consequences of failing to properly consider CRUA:
 Risk of improper alternative selection
 Risk of under-funding
 Increased execution risks
 Systemic bias toward selection of higher-risk1, higher-reward alternatives2

1. In this context, for consistency, with standard "risk-reward" terminology, we are using term "risk" to refer to variance in possible outcomes, 
which CEBoK defines as "uncertainty." In general, our techniques address both risk (shift in central tendency) and uncertainty (dispersion).

2. In this example, returns are assumed to be normally distributed and independent, A=65%, B=35%, and the risk-free rate of return is 
assumed to be 3.0%. The Risk-Adjusted Return (RAR) is calculated based on the Sharpe Ratio.
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Summary of Literature Review
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Author(s) and Year(s) Organization and/or 
Journal

Paper Title Significance & 
Comments

Cholesky (1918; published  posthumously 
in 1924)

Procédé du Commandant Cholesky), 
Bulletin Géodésique

Note sur une méthode de résolution des 
équations normales provenant de 
l'application de la méthode des moindres 
carrés à un système d'équations linéaires 
en nombre inférieur à celui des inconnues

Created Cholesky decomposition

Li & Hammond (1975) Navy Electronics Laboratories & Georgia 
Tech (published in IEEE)

Generation of Pseudorandom Numbers 
with Specified Univariate Distributions and 
Correlation Coefficients

First breakthrough, cited by NORTA 
authors

Cairo & Nelson (1997) Delphi Packard & Northwestern University Modeling and Generating Random 
Vectors with Arbitrary Marginal 
Distributions and Correlation Matrix

Introduced NORTA

Lurie & Goldberg (1998) (L&G) IDA (presented at DoDCAS in 1999) An Approximate Method for Simulating 
Correlated Random Variables from 
Partially Specified Distributions

Seminal work in cost community (also 
cited Li and Hammond but appeared 
unaware of NORTA)

Hu & Smith (2003) Tecolote Impact of Correlating CER Risk 
Distributions

Written as part of ACEIT documentation. 
Adaptation of L&G using "Group Strength" 
heuristic.

Braxton, Coleman, Druker, Hughes (2008) Northrup Grumman (presented at SCEA) A Non-Simulation-Based Method for 
Inducing Pearson's Correlation Between 
Input Random Variables

Refers to L&G as "landmark" and "the only 
method for inducing correlation the 
authors are aware of." Uses custom VBA 
Cholesky package from "The Foxes Team 
in Italy." Inputs only. Uses non-linear 
optimization to adjust L matrix. No full 
implementation.

Smart (2015) MDA (presented at ICEAA) Beyond Correlation: Don't Use the 
Formula that Broke Wall Street

Refers to copulas as "beyond correlation" 
and writes equations to define non-linear 
copulas for normal and lognormal 
distributions. Limited Implementation in 
joint cost/schedule risk analysis tool.
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Correlation Matters (but isn't enough)
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 In the prior example, we assumed independent investments
 But costs within an estimate (and their inputs) are typically positively correlated with each other
 Most cost estimates contain insufficient correlation
 Various default correlation coefficients have been proposed, generally ranging from 20% to 60%1

 The "correct" amount depends upon the context of the estimate, and the amount of functional 
correlation already in the model
 But even extremely high correlation by itself is often not enough—copulas are needed2 because 

(untransformed) correlation captures only linear dependence (discussion in Speaker Notes)
 Our method doesn't use (non-linear) copulas directly but can be built upon to include them3

1. Prominent recommendations include 0.2 (Steve Book), 0.3 (DoD Joint Cost and Schedule Risk and Uncertainty Handbook) and 0.6 (Christian Smart).
2. Smart, Christian. Beyond Correlation: Don't Use the Formula That Killed Wall Street (ICEAA 2015). In this context, copulas are multivariate CDFs in 

the interval (0,1). They are used to model conditional dependence—for example, with bivariate normal or bivariate lognormal distributions.   
3. Wang, Tianyang and Dyer, James. A Copula-Based Approach to Modeling Dependence in Decision Trees. Operations Research , January-February 

2012, Vol. 60, No. 1, pp. 225-242. The use of standard injected correlation, strictly speaking, also involves copulas. We are using the term as Smart 
did in footnote 2, to refer to non-linear copulas. Non-linear copulas correspond to relational correlation in CEBoK.

Presented at the ICEAA 2025 Professional Development & Training Workshop - www.iceaaonline.com/atl2025



Correlation Matters: The "Portfolio Effect"
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Correlation Matters:
Creating Correlated Random Variates
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 It's easy to generate a pair of correlated random variables…with some assumptions
 Let X1 & X2 be independent, normally distributed random variates with a constant 

variance: X1~N(µ1,σ) & X2 ~ N(µ2,σ)
We want to preserve the distribution of X2, but correlate it to degree ρ with X1

 Set X3 to be a linear combination of X1 & X2 , with "weights" influenced by ρ: 
X3 = ρX1 + √(1- ρ2) X2

 Then X3 will also be normally distributed with standard deviation σ and will be 
correlated with X1 to degree ρ
 But its mean will be µ3 = ρµ1 + √(1- ρ2) µ2, which could be greater (or less) than µ2

 Let X4 = X3 – µ3 + µ2, to correct the mean. Then X4 ~ N(µ2,σ) and has correlation ρ with X1

Our paper generalizes this to the three-variable case. But if any variable is non-normal or has a 
non-constant variance, or there are more than three of them---matrix algebra is needed!
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Correlation Matters: Example Graph
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Correlation Matters:
A Subjective Rank Ordering of Correlation Techniques
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1. Functionally specify all correlation (generally impossible due to external dependencies)
2. Functional & injected correlation, with (non-linear) copulas (future envisioned IVMF)
3. Functional & injected Pearson1 correlation (IVMF) 
4. Injected Pearson correlation ("Outputs Only" tool)
5. Functional & injected "Pearson-like" correlation (ACEIT)
6. Functional & injected rank-order (Spearman2) correlation (CB, @Risk, Argo)3

7. Functional correlation only (as typically implemented in cost models)
8. Ignoring correlation altogether
9. Artificially injecting negative correlation & unwitting correlation due to "convenience"

1. Pearson (or Pearson Product Moment) correlation measures the strength of a linear relationship between two variables and is given by the formula above
2. Spearman (or rank-order) correlation measures only the strength of monotonicity and is the Pearson correlation of the ranks of the variables. 
3. @Risk is a product of the Palisades Corporation. Argo is an open-source tool developed by Booz Allen Hamilton.

Pearson formula:

Presented at the ICEAA 2025 Professional Development & Training Workshop - www.iceaaonline.com/atl2025



What is Cholesky Decomposition?
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 Technique1 that decomposes a positive definite matrix into the product of a lower 
triangular matrix and its transpose
 Used to generate correlated random variates based on fundamental equation:

[U] * [Ch] = [Corr]

Where [U] is the matrix of uncorrelated, normally distributed numbers, [Ch] is the 
Cholesky decomposition2 of the matrix of target correlations, and [Corr] is a matrix 
of correlated normal random numbers whose pairwise correlations reasonably 
approximate the target correlations

1. Invented by French mathematician André-Louis Cholesky (1875-1918). Cholesky was killed in action in World War I; the work was published posthumously.
2. We can use either the lower triangle or its transpose (an upper triangle), depending on the dimensionality of the original matrix of uncorrelated numbers.
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What is Normal to Anything (NORTA)?
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 Technique1 used to generate correlated random numbers that follow any specified 
distribution(s)
 Starts with correlated, normal random numbers 
 Uses CDFs and their inverses to transform the normally distributed numbers to 

target distributions, preserving correlations
Why does it work?
 Mathematical foundation of simulation in general: Transformation Theory2 (an inverse exists for 

any CDF, and CDF is a map into [0,1])

 NORTA: If I can create correlated [0,1] variables, I can map them back to any 𝑓𝑓 𝑥𝑥 = 𝐹𝐹−1 𝑔𝑔 𝑥𝑥

 When mapping them back, the correlations are preserved. In other words, the correlations of the 
CDF values (percentiles) approximately match the correlations of the underlying numbers

1. First published by Cario and Nelson (1997).
2. “Probability”, Alan F. Karr, p.60
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Our Approach: Overview
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1. Use Cholesky decomposition to transform uncorrelated normal variates into 
correlated normal variates

2. Use NORTA to transform correlated normal variates into the desired distributions, 
preserving their correlations

3. When applying "outputs only" risk/uncertainty (injected correlation only), store the 
starting points ("seeds") so that results are generated instantaneously

4. "Budget" each cost element at the percentile such that total cost matches the 
user-desired percentile

5. Graph total cost at each whole number percentile to instantaneously generate the 
S-Curve and related statistics

6. Time-phase risk-adjusted estimate using same proportions as point estimate (not 
shown in example)
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Our Approach: Ingredients 
(Three-Element, Four-Trial Example)
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Point Estimates (3x1) Matrix of independent standard 

normal "random seeds" (4x3) Matrix of target correlations (3x3)

Assigned distributions to each cost element. The order of columns is (µ,σ) for Normal; (Lower 
Bound, Most Likely, Upper Bound) for Triangular; and (unit-space) (median, σ) for Lognormal. The 

IVMF makes use of benchmark CVs found in the JCSRUH to automate this process.  
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Our Approach: Intermediate Calculations
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Cholesky decomposition of 

matrix of target correlations (3x3) 
[Ch]

Matrix of correlated standard 
normals (4x3) [Corr] 

Matrix of independent standard 
normal "random seeds" (4x3) 

[U]

END OF CHOLESKY DECOMPOSITION ; BEGINNING OF NORTA

CDFs (Percentiles) of [Corr] (4x3)

Inverse CDFs, evaluated at these percentiles, for our specified 
distributions. These are our Monte Carlo "runs." (4x3)

$558.94 is the 66.3% 
percentile of a 
lognormal distribution 
with median $500 and 
standard deviation $135
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Our Results: Example Case
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 Our results have all the desired properties of a Monte Carlo run, with no need for 
simulation or external software—and instantaneous results
When run with many trials (n=1,000), all target distributions and pairwise 

correlations are accurately replicated
 In this example, Correl(WBS 1.1, WBS 1.2) = 0.954 (target = 0.900)

Our results Target correlations
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Our Results: Screenshot from "Outputs Only" Tool
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Screenshot from our tool showing selected variables. Means, standard 
deviations, CVs, and target correlations are faithfully replicated over 1,000 trials.

Original 
distribution 
specifications

Our results

Targets implied by 
original distributions
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Our Results: S-Curve from "Outputs Only" Tool
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It's easy to generate S-Curves and other cost risk statistics from our trials. Moreover, risk dollars can be 
automatically allocated based on a desired percentile. Here, each element is budgeted to the 77th 
percentile, so that total cost lies at the 80th percentile.
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Our Results: Numerical Experiments
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 We saw some evidence that our method captures the tails (in tail-heavy distributions) better than 
Crystal Ball
 This makes sense because it's using actual (not rank-order) correlation
 The below results are from a representative test case (notional data)
 Target correlations were also better captured: 1.87% vs. 3.43% SEE (discussion in Notes)
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Numerical Experiments: Element-Level Inverse CDFs
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Numerical Experiments: NORTA vs. Rank-Order Correlation
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Rank-order correlation and NORTA correlation performed comparably. Generally, NORTA 
outperformed only for linearly independent matrices. However, only the final test contained real-
world data. In that (linearly dependent) test, NORTA also outperformed.
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Numerical Experiments: Percentile Optimization vs. 
Book's1 Method

1. Book, Stephen. Allocating Risk Dollars Back to WBS Element, Department of the Navy Cost Analysis Symposium (2007)

Our method implicitly includes a method of allocating risk dollars. Comparing it to Steve Book's seminal method 
reveals fewer likely overruns, due to a wider/more proportionate spread of risk dollars.

© 2025 THE MITRE CORPORATION. ALL RIGHTS RESERVED.
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Application of Our Method
 Output-Only Version
 Perform Monte Carlo simulation on cost model outputs

 User builds cost model within the file and specifies distribution 
parameters and correlations between cost elements

 Model maintains desired cost element distributions and 
correlations instantaneously produces S-curves and cost model 
distribution statics

 IVMF (All In One) Version
 Allows the user to perform cost risk uncertainty analysis on both 

inputs and/or outputs

 User builds cost model within the file and specifies distribution 
parameters and correlations between cost inputs and/or cost 
elements

 Allows for comparative analysis between different COAs (factors 
in non-monetary assessments)

 IVMF is highly automated to simplify customization model setup 
and analysis

S-Curve Generation from IVMF Model

© 2025 THE MITRE CORPORATION. ALL RIGHTS RESERVED. 25
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Summary / Conclusions / Next Steps
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 MITRE's IVMF automates many commonly performed comparative analysis cost estimating tasks
 Failure to perform CRUA systematically favors high risk alternatives
 CRUAs must consider correlation
 The "right" way to capture correlation is via non-linear copulas—but our Cholesky/NORTA method is 

a step in the right direction!
 Method is more mathematically rigorous—and appears slightly better "at the tails"—than Crystal Ball
 In Output-Only mode, generates S-Curves and all related statistics instantaneously
 Anyone can do this—using only Excel, with no external software to "run"!
 Potential next steps:
 Conduct more robust numerical experiments

 Add non-linear copula-based & enhanced risk dollar allocation capabilities

 Create standalone IVMF Excel product/Add-In
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Questions?
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Acronyms
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