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Purpose
• Calculus

• More Than a Merrit Badge

• Tools of the Trade
• Pencil & Paper
• Calculator
• MATLAB

• Cautionary Reminder
• Cross Checks

Next Slide
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Phasing & Problem Origin
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Phasing

• Spread Estimate Across Time 
• Inflation & Escalation

• Align Funding with Needs

• Minimize Forward Financing 

Next Slide
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Phasing Calculator

• Flat Level of Effort (LOE)

• Front Loaded Phasing Distributions 
• Beta
• Raleigh
• Weibull 

• Outsource the Math
• Input

• BY$M Input
• Start Date (Calendar Year)
• Duration (Months)
• Phasing profile shape parameters 

• Output
• TY$M or percentages
• Costs Bucketed into Fiscal Years

Next Slide
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Problem Origin

• Colleague asked for a feature

• Instead of a Flat Uniform Level of Effort (LoE)

• Ramp up to a LoE across a number of years

• EZ PZ

Next Slide
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The Math

Quick Pass & Cross Check
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1st Step

100%100%

?
?

?

• Sketch out the problem
• Constraints:

• Start month = 0
• Ramping period = 36 months
• Full Level of Effort @ Month 37

• Writing the equations
• Variables

• Independent (y) Months
• Dependent (x) % of LOE

• Ramp :  

• 𝑦𝑦 = 1
36
∗ 𝑥𝑥

• LOE:
• 𝑦𝑦 = 1

𝑥𝑥

𝑦𝑦

Next Slide
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�
𝑛𝑛=1

36
1
36 ∗ 𝑥𝑥 ÷ 12 = 1.5417 Not 1.5
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Midpoint

�
𝑛𝑛=1

36
1
36 ∗ (𝑥𝑥 − 0.5) ÷ 12 
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�
𝑛𝑛=1

36
1
36 ∗ (𝑥𝑥 − 0.5) ÷ 12 
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�
𝑛𝑛=1

36
1
36 ∗ (𝑥𝑥 − 0.5) ÷ 12 
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�
𝑛𝑛=1

36
1
36 ∗ (𝑥𝑥 − 0.5) ÷ 12 
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Month 
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Month 
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Month 
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Month Fiscal Year
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Month Fiscal Year
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Month Fiscal Year
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Month Fiscal Year
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Month Fiscal Year
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Month Fiscal Year
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Month Fiscal Year
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Month Fiscal Year
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Month Fiscal Year
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Month Fiscal Year
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Month Fiscal Year
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Month Fiscal Year
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Calculus

Area Under the Curve
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• Cross Check was Bogus

• Midpoint confirmed the calc

• Failed to Annualize

• Integrals into Excel?

Next Slide
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Area Under the Curve
• Tabulated Integral Reference:

+𝑛𝑛 1𝑥𝑥  𝑛𝑛
+1𝑛𝑛
1 ∗𝑑𝑑𝑥𝑥 𝐶𝐶+= 𝑥𝑥  �  
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�  1

Area Under the Curve

𝑥𝑥  𝑛𝑛

+𝑛𝑛
1 ∗𝑑𝑑𝑥𝑥 𝐶𝐶+= +𝑛𝑛 1𝑥𝑥  
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Area Under the Curve

𝑥𝑥  𝑛𝑛

1+𝑛𝑛
1 ∗𝑑𝑑𝑥𝑥 𝐶𝐶+= +𝑛𝑛 1𝑥𝑥  

�  
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Area Under the Curve

𝑥𝑥  𝑛𝑛𝑑𝑑𝑥𝑥𝑥𝑥  𝑛𝑛

1+𝑛𝑛
1 ∗ 𝐶𝐶+= +𝑛𝑛 1𝑥𝑥  

�  
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Area Under the Curve

𝑥𝑥  𝑛𝑛𝑑𝑑𝑥𝑥 = 𝑥𝑥  𝑛𝑛

1+𝑛𝑛
1 ∗ 𝐶𝐶++𝑛𝑛 1𝑥𝑥  

�  
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Area Under the Curve

𝑥𝑥  𝑛𝑛𝑑𝑑𝑥𝑥 = 𝑥𝑥  𝑛𝑛+1

𝑛𝑛𝑥𝑥  
1+𝑛𝑛

1 ∗ 𝐶𝐶+

�  
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Area Under the Curve

𝑥𝑥  𝑛𝑛𝑑𝑑𝑥𝑥 = +𝑛𝑛 1
+1𝑛𝑛
1 ∗ 𝑥𝑥  

𝐶𝐶+

�  
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�  

Area Under the Curve

𝑥𝑥  𝑛𝑛𝑑𝑑𝑥𝑥 = +𝑛𝑛 1
+1𝑛𝑛
1 ∗ 𝑥𝑥  𝐶𝐶+
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Area Under the Curve

𝑦𝑦 = 1

100%100%

?
?

?

𝑥𝑥

𝑦𝑦

𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑥𝑥  𝑛𝑛𝑑𝑑𝑥𝑥 = +𝑛𝑛 1
+1𝑛𝑛
1 ∗ 𝑥𝑥  𝐶𝐶+�  
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Area Under the Curve

𝑦𝑦 = 1

100%100%

?
?

?

𝑥𝑥

𝑦𝑦

𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑥𝑥  𝑛𝑛𝑑𝑑𝑥𝑥 = +𝑛𝑛 1
+1𝑛𝑛
1 ∗ 𝑥𝑥  𝐶𝐶+�  
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Area Under the Curve

𝑦𝑦 = 1

100%100%

?
?

?

𝑥𝑥

𝑦𝑦

𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑥𝑥  𝑛𝑛𝑑𝑑𝑥𝑥 = +𝑛𝑛 1
+1𝑛𝑛
1 ∗ 𝑥𝑥  𝐶𝐶+1

36 ∗ 𝑥𝑥 ∗1
36�  
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Area Under the Curve

𝑦𝑦 = 1

100%100%

?
?

?

𝑥𝑥

𝑦𝑦

𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑥𝑥  𝑛𝑛𝑑𝑑𝑥𝑥 = +𝑛𝑛 1
+1𝑛𝑛
1 ∗ 𝑥𝑥  𝐶𝐶+∗1

36 �  
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1 𝑛𝑛
𝑛𝑛

Area Under the Curve

𝑦𝑦 = 1

100%100%

?
?

?

𝑥𝑥

𝑦𝑦

𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑥𝑥  𝑑𝑑𝑥𝑥 = +1
+1
1 ∗ 𝑥𝑥  𝐶𝐶+∗1

36
1�  
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Area Under the Curve

𝑦𝑦 = 1

100%100%

?
?

?

𝑥𝑥

𝑦𝑦

𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑥𝑥  𝑑𝑑𝑥𝑥 = +1
+1
1 ∗ 𝑥𝑥  𝐶𝐶+∗1

36
1

1
1�  
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+
2

1

Area Under the Curve

𝑦𝑦 = 1

100%100%

?
?

?

𝑥𝑥

𝑦𝑦

𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑥𝑥  𝑑𝑑𝑥𝑥 = +1
1

1 ∗ 𝑥𝑥  𝐶𝐶+∗1
36

1 1�  
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2

Area Under the Curve

𝑦𝑦 = 1

100%100%

?
?

?

𝑥𝑥

𝑦𝑦

𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑥𝑥  𝑑𝑑𝑥𝑥 = 1 ∗ 𝑥𝑥  𝐶𝐶+∗1
36

1 2�  
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1

Area Under the Curve

𝑦𝑦 = 1

100%100%

?
?

?

𝑥𝑥

𝑦𝑦

𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑥𝑥  𝑑𝑑𝑥𝑥 =1
36

1 𝐶𝐶+𝑥𝑥  2∗236
1 ∗∗ � ��  
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�1

Area Under the Curve

𝑦𝑦 = 1

100%100%

?
?

?

𝑥𝑥

𝑦𝑦

𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑥𝑥  𝑑𝑑𝑥𝑥 =1
36

1 𝐶𝐶+� 𝑥𝑥  2∗236
1 ∗∗�  
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�1

Area Under the Curve

𝑦𝑦 = 1

100%100%

?
?

?

𝑥𝑥

𝑦𝑦

𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑥𝑥  𝑑𝑑𝑥𝑥 =1
36

1 � 𝑥𝑥  2∗236
1 ∗∗�  
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�1

Area Under the Curve

𝑦𝑦 = 1

100%100%

?
?

?

𝑥𝑥

𝑦𝑦

𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑥𝑥  𝑑𝑑𝑥𝑥 =�  1
36

1 � 𝑥𝑥  2∗236
1 ∗∗

𝑎𝑎 𝑏𝑏 𝑎𝑎 𝑏𝑏 

Presented at the ICEAA 2023 Professional Development & Training Workshop - www.iceaaonline.com/sat2023



62

𝑎𝑎 𝑏𝑏 

�1

Area Under the Curve

𝑦𝑦 = 1

100%100%

?
?

?

𝑥𝑥

𝑦𝑦

𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑥𝑥  𝑑𝑑𝑥𝑥 =�  1
36

1 � 𝑥𝑥  2∗236
1 ∗∗

𝑎𝑎 𝑏𝑏 

𝑎𝑎 

𝑏𝑏 
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𝑎𝑎 

�1

Area Under the Curve

𝑦𝑦 = 1

100%100%

?
?

?

𝑥𝑥

𝑦𝑦

𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑥𝑥  𝑑𝑑𝑥𝑥 =�  1
36

1 � 𝑥𝑥  2∗236
1 ∗∗

𝑎𝑎 𝑏𝑏 

𝑏𝑏 

𝑎𝑎 

𝑏𝑏 

𝑎𝑎 

𝑏𝑏 
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𝑏𝑏 

𝑏𝑏 

𝑎𝑎 

�1

Area Under the Curve

𝑦𝑦 = 1

100%100%

?
?

?

𝑥𝑥

𝑦𝑦

𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑥𝑥  𝑑𝑑𝑥𝑥 =�  1
36

1 � 2∗236
1 ∗∗

𝑎𝑎 𝑏𝑏 

𝑎𝑎 

�1= � 2∗236
1 ∗
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=

𝑏𝑏 

𝑏𝑏 

𝑎𝑎 

�1

Area Under the Curve

𝑦𝑦 = 1

100%100%

?
?

?

𝑥𝑥

𝑦𝑦

𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑥𝑥  𝑑𝑑𝑥𝑥

=

�  1
36

1

� 2∗236
1 ∗

∗

𝑎𝑎 𝑏𝑏 

�1� 2∗236
1 ∗

𝑎𝑎 
𝑥𝑥  
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− 

𝑏𝑏 

𝑏𝑏 

𝑎𝑎 

�1

Area Under the Curve

𝑦𝑦 = 1

100%100%

?
?

?

𝑥𝑥

𝑦𝑦

𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑥𝑥  𝑑𝑑𝑥𝑥

=

�  1
36

1

� 2∗236
1 ∗

∗

𝑎𝑎 𝑏𝑏 

�1= � 2∗236
1 ∗ 𝑎𝑎 
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𝑏𝑏 

𝑏𝑏 

𝑎𝑎 

�1

Area Under the Curve

𝑦𝑦 = 1

100%100%

?
?

?

𝑥𝑥

𝑦𝑦

𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑥𝑥  𝑑𝑑𝑥𝑥

=

�  1
36

1

� 2∗236
1 ∗

∗

𝑎𝑎 𝑏𝑏 

�1

=

� 2∗236
1 ∗ 𝑎𝑎 − 
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𝑏𝑏 

𝑏𝑏 

𝑎𝑎 

�

Area Under the Curve

𝑦𝑦 = 1

100%100%

?
?

?

𝑥𝑥

𝑦𝑦

𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑥𝑥  𝑑𝑑𝑥𝑥

=

�  1
36

1

� 2∗1
236

1 ∗

∗

𝑎𝑎 𝑏𝑏 

�1

=

� 2∗236
1 ∗ 𝑎𝑎 − 𝑏𝑏 �� 2∗1

2 − 
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𝑏𝑏 �� 2∗1
2 − 

𝑏𝑏 

𝑎𝑎 

Area Under the Curve

𝑦𝑦 = 1

100%100%

?
?

?

𝑥𝑥

𝑦𝑦

𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑥𝑥  𝑑𝑑𝑥𝑥

=

�  1
36

1

36
1 ∗

∗

𝑎𝑎 𝑏𝑏 

�1

=

� 2∗236
1 ∗ 𝑎𝑎 𝑏𝑏 �� 2∗1

2 − � �

Presented at the ICEAA 2023 Professional Development & Training Workshop - www.iceaaonline.com/sat2023



70

� 𝑎𝑎 − 
36

𝑏𝑏 

𝑎𝑎 

Area Under the Curve

𝑦𝑦 = 1

100%100%

?
?

?

𝑥𝑥

𝑦𝑦

𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚

𝑥𝑥  𝑑𝑑𝑥𝑥

=

�  1
36

1

1 ∗

∗

𝑎𝑎 𝑏𝑏 

�1

=

� 2∗2 𝑏𝑏 �� 2∗1
2 �
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Month Fiscal Year
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The Accidental Proof of Calculus for Cost Analysts
• EZ Way

• More Than a Merrit Badge

• The Hard Way
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Purpose
• Calculus

• More Than a Merrit Badge

• Tools of the Trade
• Pencil & Paper
• Calculator
• MATLAB

• Cautionary Reminder
• Cross Checks
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Discussion
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Quotes
Expert:

 Someone who’s made every mistake in a narrow field
 

 Engineers:

 Solving problems you didn’t know you had
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Thank you 
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Quotes
Expert:

 Someone who’s made every mistake in a narrow field
 

 Engineers:

 Solving problems you didn’t know you had
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Integrals into Excel Reminder 

𝑥𝑥  𝑛𝑛𝑑𝑑𝑥𝑥 = +𝑛𝑛 1
+1𝑛𝑛
1 ∗ 𝑥𝑥  𝐶𝐶+�  
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Integrals into Excel Reminder 

𝑥𝑥  𝑛𝑛𝑑𝑑𝑥𝑥 = +𝑛𝑛 1
+1𝑛𝑛
1 ∗ 𝑥𝑥  𝐶𝐶+�  

𝑏𝑏 �1= � 2∗236
1 ∗ �1� 2∗236

1 ∗ 𝑎𝑎 − �1𝑥𝑥  𝑑𝑑𝑥𝑥 =�  1
36

1 � 𝑥𝑥  2∗236
1 ∗∗
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