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Motivation
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The recommendations provided will be relevant to any and all efforts that 
utilize estimating relationships with multiplicative errors.

LOLS
PINGZMPE

MUPE

MRLN

Multiplicative error 
regressions are common Many techniques exist

This begs the question: 
Which is “the best”?

Prior comparisons have relied on theoretical 
arguments and analyses of limited datasets

This investigation utilizes Millions of samples with 
controlled parameters to assess the techniques
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Questions We Are Trying To Answer

 On average, which regression method(s) estimate the most accurate 
model parameters?

 On average, which regression method(s) estimate the most precise 
model parameters?

 What are typical convergence rates for each regression method?

 What are the factors that determine whether a regression method 
tends to work better or worse than other methods?
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Outline
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Experimental 
Design

Background Code Snippets Results Conclusions
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Background

Copyright 2021 Tecolote Research Inc. / All Rights Reserved 5

Presented for the ICEAA 2021 Online Workshop - www.iceaaonline.com



Additive vs. Multiplicative Error Models

Additive: magnitude of residuals is 
independent of true model value.

Multiplicative: magnitude of residuals 
is proportional to true model value.

This investigation is concerned solely with multiplicative error models.

𝑦𝑦 = 𝑓𝑓 𝑿𝑿 + 𝜀𝜀
𝜀𝜀 = 𝑦𝑦 − 𝑓𝑓 𝑿𝑿

𝑦𝑦 = 𝑓𝑓 𝑿𝑿 ∗ 𝜀𝜀

𝜀𝜀 =
𝑦𝑦

𝑓𝑓 𝑿𝑿

Alternative representation 
of multiplicative errors: 𝑦𝑦 = 𝑓𝑓 𝑿𝑿 ∗ (1 + 𝑒𝑒) 𝑒𝑒 =

𝑦𝑦 − 𝑓𝑓 𝑿𝑿
𝑓𝑓 𝑿𝑿

= % 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒

Copyright 2021 Tecolote Research Inc. / All Rights Reserved 6

𝑒𝑒 = 𝜀𝜀 − 1
where:
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Log Error Model

𝑒𝑒𝑖𝑖 = ln 𝜀𝜀𝑖𝑖 = ln 𝑦𝑦𝑖𝑖 − ln 𝑓𝑓 𝑿𝑿𝑖𝑖 ,𝜷𝜷
If the multiplicative error term follows a Lognormal 
distribution, then the error can be measured as:1

Then we can solve for the model parameters, 𝛽𝛽, using 
least-squares optimization via this minimization:

1 Hu, S. (2005), “The Impact of Using Log-Error CERs Outside the Data Range”, SCEA Conference
2 Jonov, B., Hu, S., and Smith, A. (2016), “How Regression Methods Impact Uncertainty Results”, ICEAA Conference

Common Criticism: although this solution is unbiased in log space, it is biased low when transformed back 
to unit space
 This is not a problem for generating prediction intervals, or while integrating a CER into a cost model –

so long as you correctly specify the uncertainty distribution.2

 If you must have accurate point estimates within an individual regression, a multiplicative correction 
factor can be applied.2

For models that can be linearized in log space, we can apply Log-transformed Ordinary Least Squares (LOLS).
Otherwise, an optimization algorithm such as Levenberg-Marquardt must be used.

PING correction factor:
p = # parameters
n = sample size
s = standard error of fit in 

log space

𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 = exp 1 −
𝑝𝑝
𝑛𝑛

𝑠𝑠2

2
see reference #1 
for derivation

min.�
𝑖𝑖=1

𝑛𝑛

𝑙𝑙𝑙𝑙 𝑦𝑦𝑖𝑖 − 𝑙𝑙𝑙𝑙 𝑓𝑓 𝑿𝑿𝑖𝑖 ,𝜷𝜷
2
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Zero-bias Minimum Percent Error (ZMPE, or “zimpy”)

min.�
𝑖𝑖=1

𝑛𝑛
𝑦𝑦𝑖𝑖 − 𝑓𝑓(𝑿𝑿𝑖𝑖 ,𝜷𝜷)
𝑓𝑓(𝑿𝑿𝑖𝑖 ,𝜷𝜷)

2Rather than assume a particular error distribution, 
one can directly minimize the squared percent errors:

Subject to the zero-bias constraint: �
𝑖𝑖=1

𝑛𝑛
𝑦𝑦𝑖𝑖 − 𝑓𝑓(𝑿𝑿𝑖𝑖 ,𝜷𝜷)
𝑓𝑓(𝑿𝑿𝑖𝑖 ,𝜷𝜷)

= 0

Without the forced constraint, the solution would be biased high, because the 
parameter estimates exist in both the numerator and denominator.

Additional recommended resources on ZMPE:
• Jonov, B., Hu, S., and Smith, A. (2016), “How Regression Methods Impact Uncertainty Results”, ICEAA Conference
• Hu, S. (2016), “Generalized Degrees of Freedom”, Journal of Cost Analysis and Parametrics, 9:93-111
• Smart, C. and Culver, G. (2009), “An Analytical Framework for CER Development”, ISPA/SCEA Conference
• Hu, S. and Smith, A. (2007), “Why ZMPE When You Can MUPE?”, ISPA/SCEA Conference
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GRG COBYLA SLSQP AugLag
a = 50 50.01 36.60 36.60 38.37
b = 0.7 0.7009 0.7378 0.7378 0.7322
a = 40 36.60 36.60 36.60 error
b = 0.7 0.7378 0.7378 0.7378 error
a = 40 36.62 36.61 36.60 36.60
b = 1 0.7377 0.7378 0.7378 0.7378
a = 1 36.65 36.60 error error
b = 1 0.7377 0.7378 error error
a = 10 36.68 36.60 36.60 36.60
b = 1 0.7375 0.7378 0.7378 0.7378
a = 100 error 36.60 36.60 36.60
b = 1 error 0.7378 0.7378 0.7378

(LOLS sol'n) a = 55.018 36.64 36.60 36.60 36.60
b = 0.6777 0.7377 0.7378 0.7378 0.7378

(PING sol'n) a = 61.178 36.60 36.60 36.60 error
b = 0.6777 0.7378 0.7378 0.7378 error

Starting 
Guess

Final Solution

A Word on Constrained Optimization
The authors are aware of four optimization algorithms that can enable ZMPE regression:

• Generalized Reduced Gradient (GRG)
• Constrained Optimization By Linear Approximation (COBYLA)
• Sequential Least-Squares Quadratic Programming (SLSQP)
• Augmented Lagrangian (AugLag)*

1 https://nlopt.readthedocs.io/en/latest/
* AugLag utilizing LBFGS local optimizer

from the open-source NLopt library 1

from Excel Solver

X Y
3987 24002
2610 7411
7246 42239
6852 16528
7976 18126
5330 38972
6209 17432
2673 5133
4755 27547
5790 20332
6780 9114
6672 19905
1155 7875
7718 27548
4683 26109
6450 18242
5563 9772
2654 9510
5014 26408
3227 19721

COBYLA is recommended for the ZMPE method.
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All methods were tested on a simulated dataset of the form 𝑦𝑦 = 𝑎𝑎𝑥𝑥𝑏𝑏
with a variety of starting guesses to test convergence behavior.

the data

the results

Copyright 2021 Tecolote Research Inc. / All Rights Reserved 9

Presented for the ICEAA 2021 Online Workshop - www.iceaaonline.com


Sheet2

		SUMMARY OUTPUT



		Regression Statistics

		Multiple R		0.5727207124

		R Square		0.3280090144

		Adjusted R Square		0.2906761819

		Standard Error		0.4856361536

		Observations		20

		ANOVA

				df		SS		MS		F		Significance F

		Regression		1		2.0721293323		2.0721293323		8.7860736015		0.0083081222

		Residual		18		4.2451645267		0.2358424737

		Total		19		6.317293859



				Coefficients		Standard Error		t Stat		P-value		Lower 95%		Upper 95%		Lower 95.0%		Upper 95.0%

		Intercept		4.0076525337		1.9369598469		2.0690426496		0.0532132736		-0.0617490997		8.077054167		-0.0617490997		8.077054167

		X Variable 1		0.6777442375		0.2286485308		2.9641311714		0.0083081222		0.1973714996		1.1581169753		0.1973714996		1.1581169753





Sheet1

		LIVE								VALUES ONLY																						beta0 =		36.6

		X		Y_pop		Y_samp				X		Y_pop		Y_samp																		beta1 =		0.7378				Y_hat		% errors		sq. % errors						LOLS

		4206		17205.9434892347		21233				3987		16573.8105136257		24002																								16597.32		-0.4461		0.1990						15164.1690817146		0.0199804479

		4160		17074.0023073226		10736				2610		12320.2170626003		7411																		LOLS						12141.67		0.3896		0.1518						11379.1493143795		0.0071533174

		6610		23610.8175892774		27289				7246		25179.0207146642		42239																		b0 =						25790.61		-0.6378		0.4067						22733.2108400712		0.0433068474

		5412		20526.7624262787		22158				6852		24212.6404165323		16528																		b1 =						24748.40		0.3322		0.1103						21887.9197969585		0.0035274323

		7834		26592.4591874677		28189				7976		26928.961539214		18126																								27683.32		0.3452		0.1192						24261.2838450643		0.0037617752

		4706		18613.4274269701		14665				5330		20308.556271617		38972																		PING						20561.77		-0.8954		0.8017						18461.5972072727		0.0726040613

		1250		7358.8002331559		11973				6209		22598.7889464334		17432																		b0 =						23012.96		0.2425		0.0588						20473.8705653304		0.0012984721

		1288		7514.6906732305		3242				2673		12527.6403074266		5133																		b1 =						12357.22		0.5846		0.3418						11564.5883119518		0.0181939585

		4109		16927.2069246558		22612				4755		18748.8817180101		27547																								18900.91		-0.4574		0.2093						17087.1234424795		0.0220427758

		2224		11014.4889703903		7942				5790		21520.1353730479		20332																								21856.74		0.0698		0.0049						19526.9806018318		0.0000999755

		4152		17051.0114378487		17273				6780		24034.2619386444		9114																								24556.27		0.6289		0.3955						21731.7764181913		0.0198301627

		7513		25824.9432909117		29927				6672		23765.6244860302		19905																								24267.06		0.1798		0.0323						21496.5553318391		0.0003224459

		6907		24348.5231023513		27907				1155		6962.6953514253		7875																								6653.56		-0.1836		0.0337						6548.6031458149		0.002413241

		1744		9290.7877951944		14322				7718		26316.2101785879		27548																								27019.80		-0.0195		0.0004						23726.5907679502		0.001525905

		6282		22784.4503822833		37351				4683		18549.7010472893		26109																								18689.33		-0.3970		0.1576						16911.3382940389		0.0174000296

		2572		12194.3787357991		10146				6450		23209.2873017634		18242																								23668.69		0.2293		0.0526						21009.1520741131		0.0010204696

		6556		23475.630529509		12808				5563		20926.0060379859		9772																								21221.21		0.5395		0.2911						19004.7873155029		0.0138832362

		7088		24793.4293138836		18440				2654		12465.240076903		9510																								12292.36		0.2263		0.0512						11508.8120589241		0.0017743284

		6697		23827.9244038027		14985				5014		19458.0374565993		26408																								19655.18		-0.3436		0.1180						17712.5050791394		0.014176849

		7814		26544.9180647602		19830				3227		14293.1937279975		19721																								14199.50		-0.3889		0.1512						13139.2222882134		0.0147604018

																																								-0.0016		3.6871								0.2791

										X_log				Y_log

										8.291				10.086

										7.867				8.911																				start		GRG		COBYLA		SLSQP		AUGLAG-LBFGS

										8.888				10.651																		beta0 =		50		50.01		36.60		36.60		38.37

										8.832				9.713																		beta1 =		0.7		0.7009		0.7378		0.7378		0.7322

										8.984				9.805

										8.581				10.571																		beta0 =		40		36.60		36.60		36.60		error

										8.734				9.766																		beta1 =		0.7		0.7378		0.7378		0.7378		error

										7.891				8.543

										8.467				10.224																		beta0 =		1		36.65		36.60		error		error

										8.664				9.920																		beta1 =		1		0.7377		0.7378		error		error

										8.822				9.118

										8.806				9.899																		beta0 =		10		36.68		36.60		36.60		36.60

										7.052				8.971																		beta1 =		1		0.7375		0.7378		0.7378		0.7378

										8.951				10.224

										8.452				10.170																		beta0 =		40		36.62		36.61		36.60		36.60

										8.772				9.811																		beta1 =		1		0.7377		0.7378		0.7378		0.7378

										8.624				9.187

										7.884				9.160																		beta0 =		100		error		36.60		36.60		36.60

										8.520				10.181																		beta1 =		1		error		0.7378		0.7378		0.7378

										8.079				9.889

																														LOLS		beta0 =		55.017		36.64		36.60		36.60		36.60

																																beta1 =		0.6777		0.7377		0.7378		0.7378		0.7378



																														PING		beta0 =		62.379		36.61		36.60		36.60		error

																																beta1 =		0.6777		0.7378		0.7378		0.7378		error



Y_pop	3987	2610	7246	6852	7976	5330	6209	2673	4755	5790	6780	6672	1155	7718	4683	6450	5563	2654	5014	3227	16573.810513625718	12320.217062600334	25179.020714664155	24212.640416532307	26928.961539213982	20308.556271616973	22598.788946433353	12527.6403074266	18748.881718010063	21520.135373047891	24034.261938644395	23765.624486030221	6962.6953514253073	26316.210178587899	18549.701047289345	23209.287301763412	20926.00603798595	12465.240076903021	19458.037456599272	14293.193727997468	Y_samp	3987	2610	7246	6852	7976	5330	6209	2673	4755	5790	6780	6672	1155	7718	4683	6450	5563	2654	5014	3227	24002	7411	42239	16528	18126	38972	17432	5133	27547	20332	9114	19905	7875	27548	26109	18242	9772	9510	26408	19721	
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Minimum Unbiased Percent Error (MUPE, or “moopy”)

min.�
𝑖𝑖=1

𝑛𝑛
𝑦𝑦𝑖𝑖 − 𝑓𝑓(𝑿𝑿𝑖𝑖 ,𝜷𝜷𝑘𝑘)
𝑓𝑓(𝑿𝑿𝑖𝑖 , �𝜷𝜷𝑘𝑘−1)

2MUPE is a specific type of Iteratively Re-weighted Least 
Squares (IRLS), with weights equal to the squared inverse 
predictions from the prior iteration:

parameter estimates 
from prior iteration

Iterative re-weighting decouples the numerator from the denominator, thereby 
eliminating bias without the need to explicitly impose a constraint.

MUPE : IRLS :: square : rectangle

Additional recommended resources on MUPE:
• Jonov, B., Hu, S., and Smith, A. (2016), “How Regression Methods Impact Uncertainty Results”, ICEAA Conference
• Smart, C. and Culver, G. (2009), “An Analytical Framework for CER Development”, ISPA/SCEA Conference
• Hu, S. and Smith, A. (2007), “Why ZMPE When You Can MUPE?”, ISPA/SCEA Conference

IRLS is also commonly used to solve Generalized Linear Models (GLM).

Copyright 2021 Tecolote Research Inc. / All Rights Reserved 10
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MLE Regression for Log Normal Error (MRLN, or “Merlin”)

For power equations of the form 𝑌𝑌 = 𝛽𝛽0𝑋𝑋1
𝛽𝛽1 …𝑋𝑋𝑝𝑝

𝛽𝛽𝑝𝑝, with a lognormal-distributed multiplicative 
error, one can solve for the model parameters by minimizing the following quantity:1

min.
𝑛𝑛
2
𝑙𝑙𝑙𝑙 𝜃𝜃 +

1
2𝜃𝜃

�
𝑖𝑖=1

𝑛𝑛

𝑙𝑙𝑙𝑙 𝑦𝑦𝑖𝑖 − 𝑙𝑙𝑙𝑙 𝛽𝛽0 −�
𝑗𝑗=1

𝑝𝑝

𝛽𝛽𝑗𝑗𝑙𝑙𝑙𝑙 𝑋𝑋𝑖𝑖𝑖𝑖 +
𝜃𝜃
2

2

1 Smart, C. (2017), “Cutting the Gordian Knot: Maximum Likelihood Estimation for Regression of Log Normal Error”, ICEAA Conference

This is a Maximum Likelihood Estimation (MLE) solution.

See reference below for full explanation and derivation.

Copyright 2021 Tecolote Research Inc. / All Rights Reserved 11
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Introducing: Generalized Regression with MLE for Log 
Normal Errors (GRMLN, or “gremlin”)

We propose that MRLN can be generalized to any equation form, 𝑌𝑌 = 𝑓𝑓 𝑿𝑿𝑖𝑖 ,𝜷𝜷 , 
by minimizing the following quantity:

min.
𝑛𝑛
2
𝑙𝑙𝑙𝑙 𝜃𝜃 +

1
2𝜃𝜃

�
𝑖𝑖=1

𝑛𝑛

𝑙𝑙𝑙𝑙 𝑦𝑦𝑖𝑖 − 𝑙𝑙𝑙𝑙 𝑓𝑓 𝑿𝑿𝑖𝑖 ,𝜷𝜷 +
𝜃𝜃
2

2

Note the relationship between GRMLN 
and the standard Log Error model:

min.�
𝑖𝑖=1

𝑛𝑛

𝑙𝑙𝑙𝑙 𝑦𝑦𝑖𝑖 − 𝑙𝑙𝑙𝑙 𝑓𝑓 𝑿𝑿𝑖𝑖 ,𝜷𝜷
2

Copyright 2021 Tecolote Research Inc. / All Rights Reserved 12

estimates mean of 
lognormal distribution1

estimates median of 
lognormal distribution1,2

1 Smart, C. (2017), “Cutting the Gordian Knot: MLE for Regression of Log Normal Error”, ICEAA Conference
2 Jonov, B., Hu, S., and Smith, A. (2016), “How Regression Methods Impact Uncertainty Results”, ICEAA Conference
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Experimental 
Design

Copyright 2021 Tecolote Research Inc. / All Rights Reserved 13
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Why Monte Carlo Simulations?

 Sample statistics are merely proxies
for true population behavior

 A regression model with better 
goodness-of-fit measures than other 
models is not necessarily optimal

 Rather, the regression model that 
most closely fits the true population 
behavior is optimal

 With real data, true population 
behavior is typically unknowable

Copyright 2021 Tecolote Research Inc. / All Rights Reserved 14
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Why Monte Carlo Simulations?

 Sample statistics are merely proxies
for true population behavior

 A regression model with better 
goodness-of-fit measures than other 
models is not necessarily optimal

 Rather, the regression model that 
most closely fits the true population 
behavior is optimal

 With real data, true population 
behavior is typically unknowable

By repeatedly simulating datasets with known equations, parameters, and error terms, one can 
directly estimate how well regression methods model the true population behavior.

[view in slideshow mode for animation]
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Multiplicative Error Distributions
Mean = 1,  C.V. = 30% Mean = 1,  C.V. = 60%

Gamma Lognormal Weibull Trunc. Normal Triangle

41 39 36 30 26

It’s not safe to assume Lognormal or any 
other specific distribution. One should 

always fit rather than assume.1

Distributions were fit to 58 parametric CERs from the Unmanned Space Vehicle Cost Model (USCM11) database. 
The table shows how many passed the Cramer-von Mises test at 90% significance for each error distribution.

11 CERs yielded no acceptable fit! 1 Hu, S. (2013), “Fit, Rather Than Assume, a CER Error Distribution”, ICEAA Conference

Copyright 2021 Tecolote Research Inc. / All Rights Reserved 16
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Quiz: Can you identify the error distribution?

All scatterplots generated with the same model form, parameters, random seed, sample size, 
sample variance, and axes limits – only difference is choice of multiplicative error distribution.
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See backup for answer key.
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Experimental Design

𝒚𝒚 = 𝒂𝒂𝒙𝒙𝒃𝒃

𝒚𝒚 = 𝒂𝒂𝒂𝒂 + 𝒄𝒄

𝒚𝒚 = 𝒂𝒂𝒙𝒙𝒃𝒃 + 𝒄𝒄

𝒚𝒚 = 𝒂𝒂𝒙𝒙𝟏𝟏𝒃𝒃 � 𝒙𝒙𝟐𝟐𝒄𝒄 � 𝒅𝒅𝒙𝒙𝟑𝟑

low

high

Gamma

Weibull

Trunc. Normal

Triangle

Lognormal

small

large

Model Form

Sample SizeVariance

Error Distribution

4 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚 𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓𝑓 × 2 𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣𝑣 × 5 𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒𝑒 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 × 2 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠
= 80 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶𝐶 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠

small large

n 15 50

Sample Size

low high

Std. % Error 30% 60%

Variance

80 𝑠𝑠𝑠𝑠𝑠𝑠𝑠𝑠 × 16,000 𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖𝑖 𝑒𝑒𝑒𝑒𝑒𝑒𝑒 × 5 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚𝑚
= 6.4 𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀𝑀 𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟𝑟 𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐𝑐!
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Walking Through a Simulation Iteration (1)

1) Generate random sample for driver 
variable, 𝑥𝑥
 Weibull distribution used, which fits 

USCM cost drivers more often than 
Lognormal, Gamma, Truncated Normal, 
Triangle, or Uniform.
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Walking Through a Simulation Iteration (2)

1) Generate random sample for driver 
variable, 𝑥𝑥

2) Define true population behavior (e.g. 
𝑦𝑦 = 13.6 𝑥𝑥0.84)
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Walking Through a Simulation Iteration (3)

1) Generate random sample for driver 
variable, 𝑥𝑥

2) Define true population behavior (e.g. 
𝑦𝑦 = 13.6 𝑥𝑥0.84)

3) Generate random sample from error 
distribution, and apply to 𝑦𝑦

Copyright 2021 Tecolote Research Inc. / All Rights Reserved 21
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Walking Through a Simulation Iteration (4)

1) Generate random sample for driver 
variable, 𝑥𝑥

2) Define true population behavior (e.g. 
𝑦𝑦 = 13.6 𝑥𝑥0.84)

3) Generate random sample from error 
distribution, and apply to 𝑦𝑦

4) Fit various regression models
 Note PING and MRLN yield the same fit 

in this plot, and those on slides 14-15. 
More on that later…
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Walking Through a Simulation Iteration (5)

1) Generate random sample for driver 
variable, 𝑥𝑥

2) Define true population behavior (e.g. 
𝑦𝑦 = 13.6 𝑥𝑥0.84)

3) Generate random sample from error 
distribution, and apply to 𝑦𝑦

4) Fit various regression models

5) Compare parameter estimates to 
true population parameters

An individual iteration yields limited insights. But by aggregating results across 
many iterations, we can judge the average fit quality of each method.
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Code Snippets
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github.com/TRI-MUPE
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# General nonlinear instantiation of the Minimum Unbiased Percent Error technique (MUPE) 
# for multiplicative error models, which utilizes Iteratively Re-weighted Least Squares 
# (IRLS) with weights equal to the squared inverse predictions from the prior iteration. 
# Utilizes the MINPACK library implementation of the Levenberg-Marquardt algorithm. To 
# install this, run 'install.packages("minpack.lm")' from the R console. 
# Usage Example: 
#   mlist = mupe_nonlinear(formula_str = "y ~ a * x1^b * c^x2", data = df,  
#                          start = c(a=10, b=1, c=1)) 
#     - 'formula_str' must be a character string that resembles an R 'nls' formula object 
#     - 'data' must be a dataframe containing the variables listed in formula_str 
#     - 'start' is a named numeric vector of initial guesses (parameter names must  
#       match those in formula_str). Whenever possible, provide values of the correct 
#       sign and order of magnitude. For log-linear model forms, use the LOLS or PING 
#       solution as the initial guess. 
# Returns a list containing a standard R 'nls' object and accompanying details. 
#  
mupe_nonlinear = function(formula_str, data, start) { 
  library(minpack.lm)                 # load Levenberg-Marquardt algorithm 
  f = as.formula(formula_str)         # convert string to R formula object 
  wt = rep(1, nrow(data))             # initialize weights 
  pbeta = start;  conv = 1.0;  i = 0  # initialize other variables 
  while (conv > 1e-5) { 
    model = suppressWarnings(nlsLM(f, data, pbeta, weights=wt, control=list(maxiter=10))) 
    wt = 1 / model$m$pred()^2           # calculate weights 
    beta = model$m$getAllPars()         # solution of current iteration 
    conv = max(abs((beta-pbeta)/beta))  # maximum fractional change in any parameter 
    pbeta = beta                        # reset prior beta 
    i = i + 1;  if (i == 200) break     # force stop, if necessary 
  } 
  return(list(model=model, start=start, mupe_iters=i)) 
} 

MUPE in R (for general nonlinear models)

Levenberg-Marquardt algorithm is 
recommended for least-squares curve fitting
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Source code subject to the 
GNU LGPL v2.1 license.
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Demonstrating Nonlinear MUPE in R
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Generate data to demonstrate equation of the form 𝑦𝑦 = 𝑏𝑏0 + 𝑏𝑏1𝑥𝑥1
𝑏𝑏2  

# Simulate data 
set.seed(0);  n = 40;  x1 = runif(n, 30, 160);  y = 42 + 3*x1^0.8 
# Apply multiplicative gamma random error term with mean=1, cv=0.2 
cv = 0.2;  y = y*rgamma(n, 1/cv^2, 1/cv^2);  my_df = data.frame('y'=y, 'x1'=x1) 

Apply method 
my_mupe = mupe_nonlinear('y ~ b0 + b1*x1^b2', my_df, c(b0=10, b1=1, b2=1)) 
summary(my_mupe$model) 

## Formula: y ~ b0 + b1 * x1^b2 
##  
## Parameters: 
##    Estimate Std. Error t value Pr(>|t|) 
## b0  40.8420    71.2435   0.573     0.57 
## b1   3.2740    10.6432   0.308     0.76 
## b2   0.7792     0.5704   1.366     0.18 
##  
## Residual standard error: 0.1763 on 37 degrees of freedom 

Overlay fitted curve on scatterplot 
par(mar=c(4.5,4.5,1,1)) 
plot(x1, y, xlab='x1', ylab='y') 
xvec = seq(min(x1), max(x1), length.out=100) 
lines(xvec, my_mupe$model$m$predict(data.frame('x1'=xvec)), col='red2', lty=2) 
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MUPE in R (for linear models)
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# Linear instantiation of the Minimum Unbiased Percent Error technique (MUPE) for 
# multiplicative error models, which utilizes Iteratively Re-weighted Least Squares (IRLS) 
# with weights equal to the squared inverse predictions from the prior iteration. 
# Usage Example: 
#   mupe = mupe_linear(formula_str = "y ~ 0 + x", data = df) 
#     - 'formula_str' must be a character string that resembles an R 'lm' formula object 
#       (default is no intercept, i.e. a simple factor model) 
#     - 'data' must be a dataframe containing the variables listed in formula_str 
# Returns a list containing a standard R 'lm' object and the number of iterations. 
#  
mupe_linear = function(formula_str = "y ~ 0 + x", data) { 
  f = as.formula(formula_str)           # convert string to R formula object 
  model = lm(f, data)                   # 1st iteration (Ordinary Least Squares) 
  conv = 1.0;  i = 1                    # initialize convergence and counter 
  while (conv > 1e-5) { 
    wt = 1 / model$fitted^2             # calculate weights 
    pbeta = model$coef                  # solution of prior iteration 
    model = lm(f, data, weights=wt)     # weighted least squares 
    beta = model$coef                   # solution of current iteration 
    conv = max(abs((beta-pbeta)/beta))  # maximum fractional change in any parameter 
    i = i + 1;  if (i == 200) break     # force stop, if necessary 
  } 
  return(list(model=model, mupe_iters=i)) 
} 
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Source code subject to the 
GNU LGPL v2.1 license.
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Demonstrating Linear MUPE in R
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Generate data to demonstrate equation of the form 𝑦𝑦 = 𝑏𝑏0 + 𝑏𝑏1𝑥𝑥1  
# Simulate data 
set.seed(0);  n = 20;  x1 = runif(n, 20, 150);  y = 180 + 6*x1 
# Apply multiplicative lognormal random error term with mean=1, cv=0.3 
cv = 0.3;  loc = log(1 / sqrt(cv^2 + 1));  shape = sqrt(log(1 + cv^2)) 
y = y*rlnorm(n, loc, shape) 
my_df = data.frame('y'=y, 'x1'=x1) 

Apply method 
my_mupe = mupe_linear('y ~ x1', my_df) 
 summary(my_mupe$model)  # mupe$model is a standard R 'lm' object 

## lm(formula = f, data = data, weights = wt) 
##  
## Weighted Residuals: 
##      Min       1Q   Median       3Q      Max  
## -0.30411 -0.17301 -0.00728  0.15494  0.40601  
##  
## Coefficients: 
##             Estimate Std. Error t value Pr(>|t|)     
## (Intercept) 158.7081    60.4194   2.627   0.0171 *   
## x1            5.7392     0.7947   7.222 1.02e-06 *** 
## --- 
## Signif. codes:  0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1 
##  
## Residual standard error: 0.2102 on 18 degrees of freedom 
## Multiple R-squared:  0.7434, Adjusted R-squared:  0.7292  
## F-statistic: 52.15 on 1 and 18 DF,  p-value: 1.02e-06 

Overlay fitted curve on scatterplot 
par(mar=c(4.5,4.5,1,1)) 
plot(x1, y, xlab='x1', ylab='y') 
xvec = seq(min(x1), max(x1), length.out=100) 
lines(xvec, predict(my_mupe$model, data.frame('x1'=xvec)), col='red2', lty=2) 
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MUPE in Python (for general nonlinear models)
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Source code subject to the 
GNU LGPL v2.1 license.
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Demonstrating MUPE in Python
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See backup slides for 
examples of Log Error, PING, 

MRLN/GRMLN, and ZMPE in R
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Results:
Power Function

𝒚𝒚 = 𝒂𝒂𝒙𝒙𝒃𝒃

All simulations were run with 16,000 iterations.
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Example Simulation Outputs: Weibull Error / Large Sample / 
High Variance

 MUPE provides most accurate 
estimates for a, followed by 
ZMPE

 PING and MRLN are biased high, 
and identical to each other

 Log-error provides lowest 
estimates for a (as expected)

 Log-error/PING/MRLN provide 
most accurate estimates for b, 
followed closely by MUPE

 MUPE and ZMPE estimates for 
both a and b have the best 
precision (i.e. least spread)

a = 66;  b = 0.8
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 42% 44% 50% 50% 44% 83% 96% 110% 130% 110% 84% 87% 95% 93% 88% 169% 201% 226% 257% 237%
PING 42% 44% 50% 50% 44% 83% 96% 111% 129% 110% 84% 87% 95% 93% 88% 168% 201% 226% 265% 236%
MRLN 42% 44% 50% 50% 44% 83% 96% 111% 129% 110% 84% 87% 95% 93% 88% 168% 201% 226% 265% 236%
MUPE 43% 43% 45% 45% 45% 88% 89% 89% 89% 90% 85% 86% 87% 84% 88% 177% 190% 196% 191% 195%
ZMPE 49% 47% 40% 41% 47% 126% 109% 94% 82% 79% 94% 90% 80% 80% 94% 249% 234% 200% 179% 184%

M
et

ho
d

Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 63.65 63.30 63.08 63.57 63.16 56.71 55.68 53.84 52.62 53.53 63.79 63.80 64.88 64.89 63.29 57.36 56.71 56.40 57.14 55.36
PING 66.32 66.27 66.73 67.31 65.95 65.76 68.14 69.86 76.85 70.07 66.19 66.45 68.13 68.12 65.91 65.92 68.04 71.02 77.99 70.27
MRLN 66.32 66.27 66.73 67.31 65.95 65.76 68.14 69.86 76.84 70.07 66.19 66.45 68.13 68.12 65.91 65.92 68.04 71.02 78.05 70.27
MUPE 65.76 65.88 65.76 66.07 65.80 64.23 65.03 65.14 65.46 65.91 65.27 65.42 66.71 66.51 65.22 62.27 62.72 63.69 64.76 64.06
ZMPE 64.96 64.70 65.34 65.31 65.15 61.00 62.34 62.73 63.57 64.57 63.21 64.16 64.92 64.91 63.85 56.26 58.08 60.02 59.89 59.85

M
et

ho
d

Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝒃𝒃; parameter 𝒂𝒂)

PING solution used as starting guess for 
methods utilizing optimization algorithms.

Median and IQR used because all methods yielded 
highly skewed estimate distributions with many outliers.

Median of Parameter Estimates (closer to 𝑎𝑎 = 66 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

White cells are the best; Blue and Red cells are not as good.
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 42% 44% 50% 50% 44% 83% 96% 110% 130% 110% 84% 87% 95% 93% 88% 169% 201% 226% 257% 237%
PING 42% 44% 50% 50% 44% 83% 96% 111% 129% 110% 84% 87% 95% 93% 88% 168% 201% 226% 265% 236%
MRLN 42% 44% 50% 50% 44% 83% 96% 111% 129% 110% 84% 87% 95% 93% 88% 168% 201% 226% 265% 236%
MUPE 43% 43% 45% 45% 45% 88% 89% 89% 89% 90% 85% 86% 87% 84% 88% 177% 190% 196% 191% 195%
ZMPE 49% 47% 40% 41% 47% 126% 109% 94% 82% 79% 94% 90% 80% 80% 94% 249% 234% 200% 179% 184%

M
et

ho
d

Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 63.65 63.30 63.08 63.57 63.16 56.71 55.68 53.84 52.62 53.53 63.79 63.80 64.88 64.89 63.29 57.36 56.71 56.40 57.14 55.36
PING 66.32 66.27 66.73 67.31 65.95 65.76 68.14 69.86 76.85 70.07 66.19 66.45 68.13 68.12 65.91 65.92 68.04 71.02 77.99 70.27
MRLN 66.32 66.27 66.73 67.31 65.95 65.76 68.14 69.86 76.84 70.07 66.19 66.45 68.13 68.12 65.91 65.92 68.04 71.02 78.05 70.27
MUPE 65.76 65.88 65.76 66.07 65.80 64.23 65.03 65.14 65.46 65.91 65.27 65.42 66.71 66.51 65.22 62.27 62.72 63.69 64.76 64.06
ZMPE 64.96 64.70 65.34 65.31 65.15 61.00 62.34 62.73 63.57 64.57 63.21 64.16 64.92 64.91 63.85 56.26 58.08 60.02 59.89 59.85

M
et

ho
d

Median of Parameter Estimates (closer to 𝑎𝑎 = 66 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

Log Error method is consistently biased low (we already knew this, but it serves as a sanity check). 
Furthermore, bias magnitude increases with increasing variance.

Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝒃𝒃; parameter 𝒂𝒂)
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 42% 44% 50% 50% 44% 83% 96% 110% 130% 110% 84% 87% 95% 93% 88% 169% 201% 226% 257% 237%
PING 42% 44% 50% 50% 44% 83% 96% 111% 129% 110% 84% 87% 95% 93% 88% 168% 201% 226% 265% 236%
MRLN 42% 44% 50% 50% 44% 83% 96% 111% 129% 110% 84% 87% 95% 93% 88% 168% 201% 226% 265% 236%
MUPE 43% 43% 45% 45% 45% 88% 89% 89% 89% 90% 85% 86% 87% 84% 88% 177% 190% 196% 191% 195%
ZMPE 49% 47% 40% 41% 47% 126% 109% 94% 82% 79% 94% 90% 80% 80% 94% 249% 234% 200% 179% 184%

M
et

ho
d

Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 63.65 63.30 63.08 63.57 63.16 56.71 55.68 53.84 52.62 53.53 63.79 63.80 64.88 64.89 63.29 57.36 56.71 56.40 57.14 55.36
PING 66.32 66.27 66.73 67.31 65.95 65.76 68.14 69.86 76.85 70.07 66.19 66.45 68.13 68.12 65.91 65.92 68.04 71.02 77.99 70.27
MRLN 66.32 66.27 66.73 67.31 65.95 65.76 68.14 69.86 76.84 70.07 66.19 66.45 68.13 68.12 65.91 65.92 68.04 71.02 78.05 70.27
MUPE 65.76 65.88 65.76 66.07 65.80 64.23 65.03 65.14 65.46 65.91 65.27 65.42 66.71 66.51 65.22 62.27 62.72 63.69 64.76 64.06
ZMPE 64.96 64.70 65.34 65.31 65.15 61.00 62.34 62.73 63.57 64.57 63.21 64.16 64.92 64.91 63.85 56.26 58.08 60.02 59.89 59.85

M
et

ho
d

Median of Parameter Estimates (closer to 𝑎𝑎 = 66 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

PING and MRLN results are nearly identical.

Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝒃𝒃; parameter 𝒂𝒂)
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 42% 44% 50% 50% 44% 83% 96% 110% 130% 110% 84% 87% 95% 93% 88% 169% 201% 226% 257% 237%
PING 42% 44% 50% 50% 44% 83% 96% 111% 129% 110% 84% 87% 95% 93% 88% 168% 201% 226% 265% 236%
MRLN 42% 44% 50% 50% 44% 83% 96% 111% 129% 110% 84% 87% 95% 93% 88% 168% 201% 226% 265% 236%
MUPE 43% 43% 45% 45% 45% 88% 89% 89% 89% 90% 85% 86% 87% 84% 88% 177% 190% 196% 191% 195%
ZMPE 49% 47% 40% 41% 47% 126% 109% 94% 82% 79% 94% 90% 80% 80% 94% 249% 234% 200% 179% 184%

M
et
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d

Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 63.65 63.30 63.08 63.57 63.16 56.71 55.68 53.84 52.62 53.53 63.79 63.80 64.88 64.89 63.29 57.36 56.71 56.40 57.14 55.36
PING 66.32 66.27 66.73 67.31 65.95 65.76 68.14 69.86 76.85 70.07 66.19 66.45 68.13 68.12 65.91 65.92 68.04 71.02 77.99 70.27
MRLN 66.32 66.27 66.73 67.31 65.95 65.76 68.14 69.86 76.84 70.07 66.19 66.45 68.13 68.12 65.91 65.92 68.04 71.02 78.05 70.27
MUPE 65.76 65.88 65.76 66.07 65.80 64.23 65.03 65.14 65.46 65.91 65.27 65.42 66.71 66.51 65.22 62.27 62.72 63.69 64.76 64.06
ZMPE 64.96 64.70 65.34 65.31 65.15 61.00 62.34 62.73 63.57 64.57 63.21 64.16 64.92 64.91 63.85 56.26 58.08 60.02 59.89 59.85

M
et

ho
d

Median of Parameter Estimates (closer to 𝑎𝑎 = 66 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

They perform best when the error distribution is indeed Lognormal 
(this makes sense, since they both assume Log-normality).

Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝒃𝒃; parameter 𝒂𝒂)
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 42% 44% 50% 50% 44% 83% 96% 110% 130% 110% 84% 87% 95% 93% 88% 169% 201% 226% 257% 237%
PING 42% 44% 50% 50% 44% 83% 96% 111% 129% 110% 84% 87% 95% 93% 88% 168% 201% 226% 265% 236%
MRLN 42% 44% 50% 50% 44% 83% 96% 111% 129% 110% 84% 87% 95% 93% 88% 168% 201% 226% 265% 236%
MUPE 43% 43% 45% 45% 45% 88% 89% 89% 89% 90% 85% 86% 87% 84% 88% 177% 190% 196% 191% 195%
ZMPE 49% 47% 40% 41% 47% 126% 109% 94% 82% 79% 94% 90% 80% 80% 94% 249% 234% 200% 179% 184%
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 63.65 63.30 63.08 63.57 63.16 56.71 55.68 53.84 52.62 53.53 63.79 63.80 64.88 64.89 63.29 57.36 56.71 56.40 57.14 55.36
PING 66.32 66.27 66.73 67.31 65.95 65.76 68.14 69.86 76.85 70.07 66.19 66.45 68.13 68.12 65.91 65.92 68.04 71.02 77.99 70.27
MRLN 66.32 66.27 66.73 67.31 65.95 65.76 68.14 69.86 76.84 70.07 66.19 66.45 68.13 68.12 65.91 65.92 68.04 71.02 78.05 70.27
MUPE 65.76 65.88 65.76 66.07 65.80 64.23 65.03 65.14 65.46 65.91 65.27 65.42 66.71 66.51 65.22 62.27 62.72 63.69 64.76 64.06
ZMPE 64.96 64.70 65.34 65.31 65.15 61.00 62.34 62.73 63.57 64.57 63.21 64.16 64.92 64.91 63.85 56.26 58.08 60.02 59.89 59.85

M
et

ho
d

Median of Parameter Estimates (closer to 𝑎𝑎 = 66 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

MUPE is a strong all-around performer, regardless of conditions. It is usually 
among the best methods in accuracy and precision, and never the worst.

Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝒃𝒃; parameter 𝒂𝒂)
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 42% 44% 50% 50% 44% 83% 96% 110% 130% 110% 84% 87% 95% 93% 88% 169% 201% 226% 257% 237%
PING 42% 44% 50% 50% 44% 83% 96% 111% 129% 110% 84% 87% 95% 93% 88% 168% 201% 226% 265% 236%
MRLN 42% 44% 50% 50% 44% 83% 96% 111% 129% 110% 84% 87% 95% 93% 88% 168% 201% 226% 265% 236%
MUPE 43% 43% 45% 45% 45% 88% 89% 89% 89% 90% 85% 86% 87% 84% 88% 177% 190% 196% 191% 195%
ZMPE 49% 47% 40% 41% 47% 126% 109% 94% 82% 79% 94% 90% 80% 80% 94% 249% 234% 200% 179% 184%
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 63.65 63.30 63.08 63.57 63.16 56.71 55.68 53.84 52.62 53.53 63.79 63.80 64.88 64.89 63.29 57.36 56.71 56.40 57.14 55.36
PING 66.32 66.27 66.73 67.31 65.95 65.76 68.14 69.86 76.85 70.07 66.19 66.45 68.13 68.12 65.91 65.92 68.04 71.02 77.99 70.27
MRLN 66.32 66.27 66.73 67.31 65.95 65.76 68.14 69.86 76.84 70.07 66.19 66.45 68.13 68.12 65.91 65.92 68.04 71.02 78.05 70.27
MUPE 65.76 65.88 65.76 66.07 65.80 64.23 65.03 65.14 65.46 65.91 65.27 65.42 66.71 66.51 65.22 62.27 62.72 63.69 64.76 64.06
ZMPE 64.96 64.70 65.34 65.31 65.15 61.00 62.34 62.73 63.57 64.57 63.21 64.16 64.92 64.91 63.85 56.26 58.08 60.02 59.89 59.85

M
et

ho
d

Median of Parameter Estimates (closer to 𝑎𝑎 = 66 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

ZMPE accuracy is always worse than MUPE, and its precision is highly dependent 
on the specific conditions.

Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝒃𝒃; parameter 𝒂𝒂)
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 7.8% 8.2% 9.2% 9.4% 8.1% 15% 17% 20% 23% 20% 15% 16% 17% 17% 16% 29% 33% 37% 43% 38%
PING 7.8% 8.2% 9.2% 9.4% 8.1% 15% 17% 20% 23% 20% 15% 16% 17% 17% 16% 29% 33% 37% 43% 38%
MRLN 7.8% 8.2% 9.2% 9.4% 8.1% 15% 17% 20% 23% 20% 15% 16% 17% 17% 16% 29% 33% 37% 43% 38%
MUPE 7.9% 8.0% 8.1% 8.2% 8.2% 16% 16% 16% 16% 16% 15% 16% 16% 15% 16% 29% 32% 32% 33% 33%
ZMPE 8.9% 8.6% 7.4% 7.6% 8.5% 22% 19% 17% 15% 14% 17% 16% 15% 15% 17% 38% 36% 33% 30% 31%

M
et

ho
d

Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 0.799 0.800 0.799 0.798 0.800 0.800 0.797 0.799 0.795 0.798 0.799 0.798 0.797 0.797 0.800 0.797 0.797 0.795 0.787 0.795
PING 0.799 0.800 0.799 0.798 0.800 0.800 0.797 0.799 0.795 0.798 0.799 0.798 0.797 0.797 0.800 0.797 0.797 0.795 0.787 0.795
MRLN 0.799 0.800 0.799 0.798 0.800 0.800 0.797 0.799 0.795 0.798 0.799 0.798 0.797 0.797 0.800 0.797 0.797 0.795 0.787 0.795
MUPE 0.800 0.801 0.801 0.800 0.801 0.803 0.802 0.802 0.802 0.801 0.801 0.801 0.799 0.799 0.801 0.806 0.807 0.804 0.803 0.805
ZMPE 0.802 0.803 0.802 0.802 0.802 0.810 0.808 0.807 0.806 0.804 0.806 0.804 0.803 0.803 0.805 0.820 0.817 0.814 0.815 0.816

M
et

ho
d

Median of Parameter Estimates (closer to 𝑏𝑏 = 0.8 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝒃𝒃; parameter 𝒃𝒃)
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 7.8% 8.2% 9.2% 9.4% 8.1% 15% 17% 20% 23% 20% 15% 16% 17% 17% 16% 29% 33% 37% 43% 38%
PING 7.8% 8.2% 9.2% 9.4% 8.1% 15% 17% 20% 23% 20% 15% 16% 17% 17% 16% 29% 33% 37% 43% 38%
MRLN 7.8% 8.2% 9.2% 9.4% 8.1% 15% 17% 20% 23% 20% 15% 16% 17% 17% 16% 29% 33% 37% 43% 38%
MUPE 7.9% 8.0% 8.1% 8.2% 8.2% 16% 16% 16% 16% 16% 15% 16% 16% 15% 16% 29% 32% 32% 33% 33%
ZMPE 8.9% 8.6% 7.4% 7.6% 8.5% 22% 19% 17% 15% 14% 17% 16% 15% 15% 17% 38% 36% 33% 30% 31%
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et
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d

Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 0.799 0.800 0.799 0.798 0.800 0.800 0.797 0.799 0.795 0.798 0.799 0.798 0.797 0.797 0.800 0.797 0.797 0.795 0.787 0.795
PING 0.799 0.800 0.799 0.798 0.800 0.800 0.797 0.799 0.795 0.798 0.799 0.798 0.797 0.797 0.800 0.797 0.797 0.795 0.787 0.795
MRLN 0.799 0.800 0.799 0.798 0.800 0.800 0.797 0.799 0.795 0.798 0.799 0.798 0.797 0.797 0.800 0.797 0.797 0.795 0.787 0.795
MUPE 0.800 0.801 0.801 0.800 0.801 0.803 0.802 0.802 0.802 0.801 0.801 0.801 0.799 0.799 0.801 0.806 0.807 0.804 0.803 0.805
ZMPE 0.802 0.803 0.802 0.802 0.802 0.810 0.808 0.807 0.806 0.804 0.806 0.804 0.803 0.803 0.805 0.820 0.817 0.814 0.815 0.816

M
et

ho
d

Median of Parameter Estimates (closer to 𝑏𝑏 = 0.8 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝒃𝒃; parameter 𝒃𝒃)

PING and MRLN results still nearly identical (and also Log Error, which is 
mathematically equivalent to PING for this parameter).
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 7.8% 8.2% 9.2% 9.4% 8.1% 15% 17% 20% 23% 20% 15% 16% 17% 17% 16% 29% 33% 37% 43% 38%
PING 7.8% 8.2% 9.2% 9.4% 8.1% 15% 17% 20% 23% 20% 15% 16% 17% 17% 16% 29% 33% 37% 43% 38%
MRLN 7.8% 8.2% 9.2% 9.4% 8.1% 15% 17% 20% 23% 20% 15% 16% 17% 17% 16% 29% 33% 37% 43% 38%
MUPE 7.9% 8.0% 8.1% 8.2% 8.2% 16% 16% 16% 16% 16% 15% 16% 16% 15% 16% 29% 32% 32% 33% 33%
ZMPE 8.9% 8.6% 7.4% 7.6% 8.5% 22% 19% 17% 15% 14% 17% 16% 15% 15% 17% 38% 36% 33% 30% 31%
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et
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d

Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 0.799 0.800 0.799 0.798 0.800 0.800 0.797 0.799 0.795 0.798 0.799 0.798 0.797 0.797 0.800 0.797 0.797 0.795 0.787 0.795
PING 0.799 0.800 0.799 0.798 0.800 0.800 0.797 0.799 0.795 0.798 0.799 0.798 0.797 0.797 0.800 0.797 0.797 0.795 0.787 0.795
MRLN 0.799 0.800 0.799 0.798 0.800 0.800 0.797 0.799 0.795 0.798 0.799 0.798 0.797 0.797 0.800 0.797 0.797 0.795 0.787 0.795
MUPE 0.800 0.801 0.801 0.800 0.801 0.803 0.802 0.802 0.802 0.801 0.801 0.801 0.799 0.799 0.801 0.806 0.807 0.804 0.803 0.805
ZMPE 0.802 0.803 0.802 0.802 0.802 0.810 0.808 0.807 0.806 0.804 0.806 0.804 0.803 0.803 0.805 0.820 0.817 0.814 0.815 0.816

M
et

ho
d

Median of Parameter Estimates (closer to 𝑏𝑏 = 0.8 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝒃𝒃; parameter 𝒃𝒃)

MUPE still the best all-around performer.
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 7.8% 8.2% 9.2% 9.4% 8.1% 15% 17% 20% 23% 20% 15% 16% 17% 17% 16% 29% 33% 37% 43% 38%
PING 7.8% 8.2% 9.2% 9.4% 8.1% 15% 17% 20% 23% 20% 15% 16% 17% 17% 16% 29% 33% 37% 43% 38%
MRLN 7.8% 8.2% 9.2% 9.4% 8.1% 15% 17% 20% 23% 20% 15% 16% 17% 17% 16% 29% 33% 37% 43% 38%
MUPE 7.9% 8.0% 8.1% 8.2% 8.2% 16% 16% 16% 16% 16% 15% 16% 16% 15% 16% 29% 32% 32% 33% 33%
ZMPE 8.9% 8.6% 7.4% 7.6% 8.5% 22% 19% 17% 15% 14% 17% 16% 15% 15% 17% 38% 36% 33% 30% 31%

M
et

ho
d

Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 0.799 0.800 0.799 0.798 0.800 0.800 0.797 0.799 0.795 0.798 0.799 0.798 0.797 0.797 0.800 0.797 0.797 0.795 0.787 0.795
PING 0.799 0.800 0.799 0.798 0.800 0.800 0.797 0.799 0.795 0.798 0.799 0.798 0.797 0.797 0.800 0.797 0.797 0.795 0.787 0.795
MRLN 0.799 0.800 0.799 0.798 0.800 0.800 0.797 0.799 0.795 0.798 0.799 0.798 0.797 0.797 0.800 0.797 0.797 0.795 0.787 0.795
MUPE 0.800 0.801 0.801 0.800 0.801 0.803 0.802 0.802 0.802 0.801 0.801 0.801 0.799 0.799 0.801 0.806 0.807 0.804 0.803 0.805
ZMPE 0.802 0.803 0.802 0.802 0.802 0.810 0.808 0.807 0.806 0.804 0.806 0.804 0.803 0.803 0.805 0.820 0.817 0.814 0.815 0.816

M
et

ho
d

Median of Parameter Estimates (closer to 𝑏𝑏 = 0.8 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝒃𝒃; parameter 𝒃𝒃)

ZMPE tends to over-estimate parameter b, and its precision is condition-dependent.
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Effect of parameter bias (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝒃𝒃)
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a biased high; b biased low a biased low; b biased high

Lesser values are over-estimated, and 
greater values are under-estimated.

Lesser values are under-estimated, and 
greater values are over-estimated.
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Large Sample; Low
Variance

Large Sample; High
Variance

Small Sample; Low
Variance

Small Sample; High
Variance

Log Error 100.00% 100.00% 100.00% 100.00%
PING 100.00% 100.00% 100.00% 100.00%
MRLN 100.00% 100.00% 100.00% 99.99%
MUPE 100.00% 99.27% 99.92% 96.64%
ZMPE 100.00% 100.00% 100.00% 99.99%

80%

85%

90%

95%

100%

Convergence Rates (Power Function)

Power Function Regression Convergence Rates

Convergence is high across the board for univariate power functions. The worst case 
scenario is ~97% for high-variance small samples with MUPE.

Axis limits shrunk to 
accentuate differences.
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PING solution used as starting guess for MRLN, MUPE, and ZMPE. Using a different starting guess might yield different results.
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Correlation between Parameter Estimates (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝒃𝒃)

PING and MRLN provide 
approximately equivalent results.
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ZMPE’s estimates tend 
to be the most unique.

MUPE’s estimates tend to 
be similar to PING/MRLN.
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Results:
Linear Model
𝒚𝒚 = 𝒂𝒂𝒂𝒂 + 𝒄𝒄

All simulations were run with 16,000 iterations.
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Example Simulation Outputs: Lognormal Error / Small Sample / 
High Variance

 ZMPE and MUPE generate 
more accurate estimates for 
a than PING and GRMLN

 Log-error provides lowest 
estimates for both a and c
(as expected)

 GRMLN and PING generate 
more accurate estimates for 
c than MUPE and ZMPE

 ZMPE has the worst precision 
for both a and c

a = 0.6;  c = 500
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OLS solution used as starting guess for all methods
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See backup slides for 
complete linear results
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Results:
Triad Model
𝒚𝒚 = 𝒂𝒂𝒙𝒙𝒃𝒃 + 𝒄𝒄

All simulations were run with 16,000 iterations.
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Example Simulation Outputs: Gamma Error / Large Sample / Low 
Variance

a = 25;  b = 1.2; c = 30,000

 GRMLN consistently fails
• Its estimate for c doesn’t 

migrate from the initial guess.

• As a result, c is biased very 
low, and that throws off the 
estimates for the remaining 
parameters, a and b.

• This behavior was observed for 
all triad simulations, regardless 
of error distribution, sample 
size, or variance.
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[10; 1; 10,000] used as starting guess for all methods
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a = 25;  b = 1.2; c = 30,000

 MUPE and PING exhibit 
the best combination of 
accuracy and precision

 ZMPE’s parameter 
estimates are consistently 
biased one way or the 
other

Example Simulation Outputs: Gamma Error / Large Sample / Low 
Variance (No GRMLN)
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See backup slides for 
complete triad results
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Results:
Multivariate Log-Linear

𝒚𝒚 = 𝒂𝒂𝒙𝒙𝟏𝟏𝒃𝒃 𝒙𝒙𝟐𝟐𝒄𝒄 𝒅𝒅𝒙𝒙𝟑𝟑

All simulations were run with 16,000 iterations.
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Details: Multivariate Model (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝟏𝟏𝒃𝒃 𝒙𝒙𝟐𝟐𝒄𝒄 𝒅𝒅𝒙𝒙𝟑𝟑)

 𝑥𝑥3 represents a binary dummy variable
 𝑥𝑥1 and 𝑥𝑥2 represent continuous variables with a target correlation of 0.25

• Actual correlation varies from sample to sample; see histograms for representative 
distributions from a simulation with 16,000 iterations
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See backup slides for 
complete multivariate results
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Recommendations 
& Conclusions
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Recommendations & Conclusions

 Log Error method
• Assumes lognormal error – do not use otherwise
• Convenient for model forms that can be linearized, allowing LOLS to be used

– Analytical solution (no need for numerical optimization)
• Be sure to properly specify the uncertainty distribution, so as to account for the 

known bias (this method estimates the median rather than the mean)

 PING
• Assumes lognormal error – do not use otherwise
• Simple factor that corrects the bias of the Log Error method

 MRLN
• Assumes lognormal error – do not use otherwise
• Only applicable to power functions with continuous variables
• More complicated than PING, yet consistently yields nearly identical results
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Recommendations & Conclusions

 GRMLN
• Generalization of MRLN; adds support for categorical variables and linear model forms
• Does not work with triad model form
• Assumes lognormal error – do not use otherwise

– No better than PING under this condition

 ZMPE
• Not recommended as primary method

– Empirically proven to be inferior to MUPE in most scenarios
– COBYLA implementation has good convergence rate – can be secondary if others fail

• Excel implementations utilizing GRG Nonlinear might not be reliable

 MUPE
• Makes no unnecessary assumptions
• Provides good balance of accuracy and precision across scenarios
• Easily applicable to any model form (refer to R and Python code snippets)
• Does not always converge
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In Summary
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 



Log Error
Oldie but goodie

PING
Simple yet effective

MRLN
Much ado about nothing

GRMLN
Newer ≠ better

MUPE
Still top of class

ZMPE
Still lagging behind
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Open Questions for Future Investigations

 Which regression method(s) yield the most accurate confidence intervals?

 Does the choice of regression method affect the distribution of the 
resulting multiplicative errors?

 What effect do different correlation values between drivers have on 
regression accuracy/precision?

 Why does GRMLN fail on the triad model form?

 How do different starting guesses affect triad model performance?
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Backup
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Error Distribution Quiz: Answer Key

Lognormal

Triangle Gamma

Trunc. Normal
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Log Error and PING in R
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for other arbitrary model forms 
(in this case 𝑦𝑦 = 𝑎𝑎𝑎𝑎 + 𝑐𝑐)

for power functions that can be linearized 
in log space (in this case 𝑦𝑦 = 𝑎𝑎𝑥𝑥𝑏𝑏)

Source code presented without 
any restrictions on use.
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MRLN/GRMLN and ZMPE in R

COBYLA algorithm supports nonlinear 
constraints and has good convergence behavior.

BFGS algorithm is the R default for 
maximum likelihood estimation
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Source code presented without 
any restrictions on use.
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Results:
Linear Model
𝒚𝒚 = 𝒂𝒂𝒂𝒂 + 𝒄𝒄

All simulations were run with 16,000 iterations.
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Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒂𝒂 + 𝒄𝒄; parameter 𝒂𝒂)

OLS solution used as starting guess for 
methods utilizing optimization algorithms.

Median and IQR used because all methods yielded 
highly skewed estimate distributions with many outliers.

Median of Parameter Estimates (closer to 𝑎𝑎 = 0.6 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

White cells are the best; Blue and Red cells are not as good.

Copyright 2021 Tecolote Research Inc. / All Rights Reserved 69

Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 0.574 0.574 0.569 0.569 0.574 0.514 0.496 0.483 0.458 0.477 0.574 0.573 0.572 0.570 0.573 0.510 0.498 0.484 0.464 0.480
PING 0.598 0.600 0.603 0.603 0.600 0.595 0.609 0.627 0.668 0.625 0.595 0.597 0.602 0.600 0.597 0.577 0.591 0.602 0.630 0.605
GRMLN 0.597 0.600 0.603 0.603 0.599 0.589 0.612 0.636 0.709 0.634 0.590 0.594 0.604 0.602 0.592 0.560 0.588 0.613 0.676 0.619
MUPE 0.599 0.600 0.600 0.600 0.601 0.596 0.598 0.600 0.601 0.599 0.598 0.598 0.602 0.599 0.600 0.586 0.595 0.596 0.600 0.600
ZMPE 0.601 0.602 0.601 0.600 0.603 0.604 0.606 0.606 0.604 0.606 0.601 0.601 0.606 0.601 0.604 0.594 0.606 0.609 0.611 0.614
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d

Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 16% 17% 19% 19% 17% 31% 36% 41% 49% 41% 31% 33% 35% 35% 32% 59% 69% 79% 91% 78%
PING 16% 17% 19% 19% 17% 31% 36% 40% 48% 40% 31% 33% 35% 35% 32% 58% 67% 76% 87% 75%
GRMLN 17% 17% 19% 18% 17% 32% 36% 39% 44% 39% 33% 33% 35% 35% 34% 63% 69% 73% 78% 76%
MUPE 17% 16% 17% 17% 17% 33% 34% 33% 34% 33% 31% 32% 32% 32% 32% 63% 65% 67% 68% 66%
ZMPE 19% 17% 16% 16% 18% 47% 40% 35% 32% 30% 35% 34% 30% 31% 34% 82% 76% 71% 65% 65%

M
et

ho
d
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 0.574 0.574 0.569 0.569 0.574 0.514 0.496 0.483 0.458 0.477 0.574 0.573 0.572 0.570 0.573 0.510 0.498 0.484 0.464 0.480
PING 0.598 0.600 0.603 0.603 0.600 0.595 0.609 0.627 0.668 0.625 0.595 0.597 0.602 0.600 0.597 0.577 0.591 0.602 0.630 0.605
GRMLN 0.597 0.600 0.603 0.603 0.599 0.589 0.612 0.636 0.709 0.634 0.590 0.594 0.604 0.602 0.592 0.560 0.588 0.613 0.676 0.619
MUPE 0.599 0.600 0.600 0.600 0.601 0.596 0.598 0.600 0.601 0.599 0.598 0.598 0.602 0.599 0.600 0.586 0.595 0.596 0.600 0.600
ZMPE 0.601 0.602 0.601 0.600 0.603 0.604 0.606 0.606 0.604 0.606 0.601 0.601 0.606 0.601 0.604 0.594 0.606 0.609 0.611 0.614
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 16% 17% 19% 19% 17% 31% 36% 41% 49% 41% 31% 33% 35% 35% 32% 59% 69% 79% 91% 78%
PING 16% 17% 19% 19% 17% 31% 36% 40% 48% 40% 31% 33% 35% 35% 32% 58% 67% 76% 87% 75%
GRMLN 17% 17% 19% 18% 17% 32% 36% 39% 44% 39% 33% 33% 35% 35% 34% 63% 69% 73% 78% 76%
MUPE 17% 16% 17% 17% 17% 33% 34% 33% 34% 33% 31% 32% 32% 32% 32% 63% 65% 67% 68% 66%
ZMPE 19% 17% 16% 16% 18% 47% 40% 35% 32% 30% 35% 34% 30% 31% 34% 82% 76% 71% 65% 65%
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Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒂𝒂 + 𝒄𝒄; parameter 𝒂𝒂)
Median of Parameter Estimates (closer to 𝑎𝑎 = 0.6 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

Log Error is consistently biased low, especially when the variance is high.
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 0.574 0.574 0.569 0.569 0.574 0.514 0.496 0.483 0.458 0.477 0.574 0.573 0.572 0.570 0.573 0.510 0.498 0.484 0.464 0.480
PING 0.598 0.600 0.603 0.603 0.600 0.595 0.609 0.627 0.668 0.625 0.595 0.597 0.602 0.600 0.597 0.577 0.591 0.602 0.630 0.605
GRMLN 0.597 0.600 0.603 0.603 0.599 0.589 0.612 0.636 0.709 0.634 0.590 0.594 0.604 0.602 0.592 0.560 0.588 0.613 0.676 0.619
MUPE 0.599 0.600 0.600 0.600 0.601 0.596 0.598 0.600 0.601 0.599 0.598 0.598 0.602 0.599 0.600 0.586 0.595 0.596 0.600 0.600
ZMPE 0.601 0.602 0.601 0.600 0.603 0.604 0.606 0.606 0.604 0.606 0.601 0.601 0.606 0.601 0.604 0.594 0.606 0.609 0.611 0.614
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 16% 17% 19% 19% 17% 31% 36% 41% 49% 41% 31% 33% 35% 35% 32% 59% 69% 79% 91% 78%
PING 16% 17% 19% 19% 17% 31% 36% 40% 48% 40% 31% 33% 35% 35% 32% 58% 67% 76% 87% 75%
GRMLN 17% 17% 19% 18% 17% 32% 36% 39% 44% 39% 33% 33% 35% 35% 34% 63% 69% 73% 78% 76%
MUPE 17% 16% 17% 17% 17% 33% 34% 33% 34% 33% 31% 32% 32% 32% 32% 63% 65% 67% 68% 66%
ZMPE 19% 17% 16% 16% 18% 47% 40% 35% 32% 30% 35% 34% 30% 31% 34% 82% 76% 71% 65% 65%
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Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒂𝒂 + 𝒄𝒄; parameter 𝒂𝒂)
Median of Parameter Estimates (closer to 𝑎𝑎 = 0.6 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

PING accuracy is equal or better than GRMLN in every case, and their 
precisions are similar.
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 0.574 0.574 0.569 0.569 0.574 0.514 0.496 0.483 0.458 0.477 0.574 0.573 0.572 0.570 0.573 0.510 0.498 0.484 0.464 0.480
PING 0.598 0.600 0.603 0.603 0.600 0.595 0.609 0.627 0.668 0.625 0.595 0.597 0.602 0.600 0.597 0.577 0.591 0.602 0.630 0.605
GRMLN 0.597 0.600 0.603 0.603 0.599 0.589 0.612 0.636 0.709 0.634 0.590 0.594 0.604 0.602 0.592 0.560 0.588 0.613 0.676 0.619
MUPE 0.599 0.600 0.600 0.600 0.601 0.596 0.598 0.600 0.601 0.599 0.598 0.598 0.602 0.599 0.600 0.586 0.595 0.596 0.600 0.600
ZMPE 0.601 0.602 0.601 0.600 0.603 0.604 0.606 0.606 0.604 0.606 0.601 0.601 0.606 0.601 0.604 0.594 0.606 0.609 0.611 0.614
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal
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normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal
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normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 16% 17% 19% 19% 17% 31% 36% 41% 49% 41% 31% 33% 35% 35% 32% 59% 69% 79% 91% 78%
PING 16% 17% 19% 19% 17% 31% 36% 40% 48% 40% 31% 33% 35% 35% 32% 58% 67% 76% 87% 75%
GRMLN 17% 17% 19% 18% 17% 32% 36% 39% 44% 39% 33% 33% 35% 35% 34% 63% 69% 73% 78% 76%
MUPE 17% 16% 17% 17% 17% 33% 34% 33% 34% 33% 31% 32% 32% 32% 32% 63% 65% 67% 68% 66%
ZMPE 19% 17% 16% 16% 18% 47% 40% 35% 32% 30% 35% 34% 30% 31% 34% 82% 76% 71% 65% 65%
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Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒂𝒂 + 𝒄𝒄; parameter 𝒂𝒂)
Median of Parameter Estimates (closer to 𝑎𝑎 = 0.6 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

MUPE tends to provide accurate and precise estimates for a.
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Distribution
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PING 0.598 0.600 0.603 0.603 0.600 0.595 0.609 0.627 0.668 0.625 0.595 0.597 0.602 0.600 0.597 0.577 0.591 0.602 0.630 0.605
GRMLN 0.597 0.600 0.603 0.603 0.599 0.589 0.612 0.636 0.709 0.634 0.590 0.594 0.604 0.602 0.592 0.560 0.588 0.613 0.676 0.619
MUPE 0.599 0.600 0.600 0.600 0.601 0.596 0.598 0.600 0.601 0.599 0.598 0.598 0.602 0.599 0.600 0.586 0.595 0.596 0.600 0.600
ZMPE 0.601 0.602 0.601 0.600 0.603 0.604 0.606 0.606 0.604 0.606 0.601 0.601 0.606 0.601 0.604 0.594 0.606 0.609 0.611 0.614
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Distribution
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Log Error 16% 17% 19% 19% 17% 31% 36% 41% 49% 41% 31% 33% 35% 35% 32% 59% 69% 79% 91% 78%
PING 16% 17% 19% 19% 17% 31% 36% 40% 48% 40% 31% 33% 35% 35% 32% 58% 67% 76% 87% 75%
GRMLN 17% 17% 19% 18% 17% 32% 36% 39% 44% 39% 33% 33% 35% 35% 34% 63% 69% 73% 78% 76%
MUPE 17% 16% 17% 17% 17% 33% 34% 33% 34% 33% 31% 32% 32% 32% 32% 63% 65% 67% 68% 66%
ZMPE 19% 17% 16% 16% 18% 47% 40% 35% 32% 30% 35% 34% 30% 31% 34% 82% 76% 71% 65% 65%
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Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒂𝒂 + 𝒄𝒄; parameter 𝒂𝒂)
Median of Parameter Estimates (closer to 𝑎𝑎 = 0.6 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

ZMPE’s accuracy is on par with MUPE’s in most cases, but its precision fluctuates, 
as was observed with the power function, too.
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Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒂𝒂 + 𝒄𝒄; parameter 𝒄𝒄)
Median of Parameter Estimates (closer to 𝑐𝑐 = 500 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

Precision is almost identical across the board for parameter c
as with parameter a.
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 478.4 476.9 476.6 477.1 477.3 426.1 415.0 401.0 386.0 399.6 476.9 478.4 479.5 481.8 476.9 423.9 416.4 405.6 396.0 402.4
PING 498.6 499.1 504.1 505.7 498.2 495.1 510.6 522.8 564.3 523.2 495.2 498.4 503.6 506.6 496.6 489.6 509.0 521.4 555.8 519.6
GRMLN 499.6 499.7 503.9 505.6 499.0 499.2 509.5 514.0 527.0 515.1 499.1 501.0 500.2 504.9 499.9 503.7 513.4 518.0 520.9 514.5
MUPE 498.3 497.9 500.2 501.2 498.2 490.8 495.5 493.5 498.0 498.1 492.5 496.4 498.8 501.6 495.9 476.3 485.8 486.1 491.5 494.0
ZMPE 496.3 496.5 499.8 500.0 497.9 483.5 490.8 490.2 495.5 497.7 489.9 494.1 496.2 497.3 496.1 461.9 476.0 482.0 484.9 498.6
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Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
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Log Error 16% 17% 19% 19% 17% 31% 36% 40% 48% 41% 30% 32% 35% 34% 32% 59% 69% 76% 86% 77%
PING 16% 17% 18% 18% 17% 31% 36% 39% 47% 40% 30% 32% 35% 34% 32% 58% 66% 72% 80% 73%
GRMLN 17% 17% 19% 18% 17% 33% 37% 39% 43% 40% 32% 34% 35% 35% 34% 63% 70% 73% 74% 75%
MUPE 17% 16% 17% 17% 17% 33% 34% 34% 33% 34% 31% 32% 32% 31% 32% 63% 66% 67% 67% 68%
ZMPE 19% 17% 15% 16% 17% 47% 41% 36% 32% 31% 35% 34% 30% 30% 35% 85% 79% 73% 67% 67%
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal
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Log- 
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Trunc. 
normal
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Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 478.4 476.9 476.6 477.1 477.3 426.1 415.0 401.0 386.0 399.6 476.9 478.4 479.5 481.8 476.9 423.9 416.4 405.6 396.0 402.4
PING 498.6 499.1 504.1 505.7 498.2 495.1 510.6 522.8 564.3 523.2 495.2 498.4 503.6 506.6 496.6 489.6 509.0 521.4 555.8 519.6
GRMLN 499.6 499.7 503.9 505.6 499.0 499.2 509.5 514.0 527.0 515.1 499.1 501.0 500.2 504.9 499.9 503.7 513.4 518.0 520.9 514.5
MUPE 498.3 497.9 500.2 501.2 498.2 490.8 495.5 493.5 498.0 498.1 492.5 496.4 498.8 501.6 495.9 476.3 485.8 486.1 491.5 494.0
ZMPE 496.3 496.5 499.8 500.0 497.9 483.5 490.8 490.2 495.5 497.7 489.9 494.1 496.2 497.3 496.1 461.9 476.0 482.0 484.9 498.6
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Log Error 16% 17% 19% 19% 17% 31% 36% 40% 48% 41% 30% 32% 35% 34% 32% 59% 69% 76% 86% 77%
PING 16% 17% 18% 18% 17% 31% 36% 39% 47% 40% 30% 32% 35% 34% 32% 58% 66% 72% 80% 73%
GRMLN 17% 17% 19% 18% 17% 33% 37% 39% 43% 40% 32% 34% 35% 35% 34% 63% 70% 73% 74% 75%
MUPE 17% 16% 17% 17% 17% 33% 34% 34% 33% 34% 31% 32% 32% 31% 32% 63% 66% 67% 67% 68%
ZMPE 19% 17% 15% 16% 17% 47% 41% 36% 32% 31% 35% 34% 30% 30% 35% 85% 79% 73% 67% 67%
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Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒂𝒂 + 𝒄𝒄; parameter 𝒄𝒄)
Median of Parameter Estimates (closer to 𝑐𝑐 = 500 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

PING and GRMLN perform best when error distribution is Lognormal, 
but otherwise are biased high when the variance is high.
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Log Error 478.4 476.9 476.6 477.1 477.3 426.1 415.0 401.0 386.0 399.6 476.9 478.4 479.5 481.8 476.9 423.9 416.4 405.6 396.0 402.4
PING 498.6 499.1 504.1 505.7 498.2 495.1 510.6 522.8 564.3 523.2 495.2 498.4 503.6 506.6 496.6 489.6 509.0 521.4 555.8 519.6
GRMLN 499.6 499.7 503.9 505.6 499.0 499.2 509.5 514.0 527.0 515.1 499.1 501.0 500.2 504.9 499.9 503.7 513.4 518.0 520.9 514.5
MUPE 498.3 497.9 500.2 501.2 498.2 490.8 495.5 493.5 498.0 498.1 492.5 496.4 498.8 501.6 495.9 476.3 485.8 486.1 491.5 494.0
ZMPE 496.3 496.5 499.8 500.0 497.9 483.5 490.8 490.2 495.5 497.7 489.9 494.1 496.2 497.3 496.1 461.9 476.0 482.0 484.9 498.6
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Log Error 16% 17% 19% 19% 17% 31% 36% 40% 48% 41% 30% 32% 35% 34% 32% 59% 69% 76% 86% 77%
PING 16% 17% 18% 18% 17% 31% 36% 39% 47% 40% 30% 32% 35% 34% 32% 58% 66% 72% 80% 73%
GRMLN 17% 17% 19% 18% 17% 33% 37% 39% 43% 40% 32% 34% 35% 35% 34% 63% 70% 73% 74% 75%
MUPE 17% 16% 17% 17% 17% 33% 34% 34% 33% 34% 31% 32% 32% 31% 32% 63% 66% 67% 67% 68%
ZMPE 19% 17% 15% 16% 17% 47% 41% 36% 32% 31% 35% 34% 30% 30% 35% 85% 79% 73% 67% 67%
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Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒂𝒂 + 𝒄𝒄; parameter 𝒄𝒄)
Median of Parameter Estimates (closer to 𝑐𝑐 = 500 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

MUPE and ZMPE are biased low with small samples when the variance is high.
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Large Sample; Low
Variance

Large Sample; High
Variance

Small Sample; Low
Variance

Small Sample; High
Variance

Log Error 100.00% 100.00% 100.00% 100.00%
PING 100.00% 99.64% 99.97% 97.91%
GRMLN 100.00% 99.64% 99.97% 97.91%
MUPE 100.00% 100.00% 100.00% 99.50%
ZMPE 100.00% 99.99% 100.00% 99.97%

80%

85%

90%

95%

100%

Convergence Rates (Linear)

Linear Function Regression Convergence Rates

Convergence is high across the board for univariate linear functions. The worst case 
scenario is 98% for high-variance small samples with PING and GRMLN.

Axis limits shrunk to 
accentuate differences.
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Results:
Triad Model
𝒚𝒚 = 𝒂𝒂𝒙𝒙𝒃𝒃 + 𝒄𝒄

All simulations were run with 16,000 iterations.
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Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝒃𝒃 + 𝒄𝒄; parameter 𝒂𝒂)

(10; 1; 10,000) used as starting guess for 
methods utilizing optimization algorithms.

Median and IQR used because all methods yielded 
highly skewed estimate distributions with many outliers.

Median of Parameter Estimates (closer to 𝑎𝑎 = 25 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

White cells are the best; Blue and Red cells are not as good.
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 23.71 23.03 21.87 21.38 23.53 19.37 17.78 16.30 11.93 15.64 21.64 21.03 18.40 16.93 22.42 13.60 9.79 7.76 4.88 7.01
PING 24.68 24.07 23.08 22.61 24.57 22.30 21.70 21.12 17.30 20.25 22.47 21.83 19.25 17.78 23.27 15.57 11.69 9.53 6.39 8.80
GRMLN 255.71 256.73 247.69 248.07 257.26 147.39 139.88 142.82 120.57 141.29 124.30 118.08 114.33 114.14 120.58 59.72 44.56 37.69 30.85 35.99
MUPE 25.84 25.47 24.84 24.20 25.47 23.02 21.74 22.08 19.86 19.89 22.80 21.89 19.52 18.95 22.99 10.67 9.70 8.95 8.32 7.86
ZMPE 29.45 28.40 27.72 27.84 28.35 35.30 37.30 38.08 34.97 35.70 35.17 35.42 34.25 33.20 37.50 44.02 53.56 56.15 56.47 62.67
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal
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normal
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normal

Triangle
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Trunc. 
normal
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Log- 
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Gamma Weibull

Trunc. 
normal

Triangle

Log Error 171% 183% 210% 218% 176% 403% 505% 651% 937% 690% 487% 516% 621% 639% 501% 1508% 2065% 2512% 3493% 3037%
PING 171% 183% 210% 218% 175% 403% 511% 650% 918% 691% 486% 515% 620% 632% 501% 1490% 2033% 2478% 3614% 2973%
GRMLN 62% 62% 67% 67% 63% 81% 97% 113% 126% 112% 90% 91% 99% 96% 91% 146% 166% 185% 220% 190%
MUPE 173% 175% 180% 185% 178% 399% 414% 443% 467% 463% 467% 484% 486% 503% 469% 1571% 1836% 1897% 2044% 2252%
ZMPE 196% 191% 167% 168% 193% 474% 413% 381% 346% 356% 450% 438% 400% 420% 428% 605% 491% 461% 427% 406%
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Log Error 23.71 23.03 21.87 21.38 23.53 19.37 17.78 16.30 11.93 15.64 21.64 21.03 18.40 16.93 22.42 13.60 9.79 7.76 4.88 7.01
PING 24.68 24.07 23.08 22.61 24.57 22.30 21.70 21.12 17.30 20.25 22.47 21.83 19.25 17.78 23.27 15.57 11.69 9.53 6.39 8.80
GRMLN 255.71 256.73 247.69 248.07 257.26 147.39 139.88 142.82 120.57 141.29 124.30 118.08 114.33 114.14 120.58 59.72 44.56 37.69 30.85 35.99
MUPE 25.84 25.47 24.84 24.20 25.47 23.02 21.74 22.08 19.86 19.89 22.80 21.89 19.52 18.95 22.99 10.67 9.70 8.95 8.32 7.86
ZMPE 29.45 28.40 27.72 27.84 28.35 35.30 37.30 38.08 34.97 35.70 35.17 35.42 34.25 33.20 37.50 44.02 53.56 56.15 56.47 62.67
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Log Error 171% 183% 210% 218% 176% 403% 505% 651% 937% 690% 487% 516% 621% 639% 501% 1508% 2065% 2512% 3493% 3037%
PING 171% 183% 210% 218% 175% 403% 511% 650% 918% 691% 486% 515% 620% 632% 501% 1490% 2033% 2478% 3614% 2973%
GRMLN 62% 62% 67% 67% 63% 81% 97% 113% 126% 112% 90% 91% 99% 96% 91% 146% 166% 185% 220% 190%
MUPE 173% 175% 180% 185% 178% 399% 414% 443% 467% 463% 467% 484% 486% 503% 469% 1571% 1836% 1897% 2044% 2252%
ZMPE 196% 191% 167% 168% 193% 474% 413% 381% 346% 356% 450% 438% 400% 420% 428% 605% 491% 461% 427% 406%
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Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝒃𝒃 + 𝒄𝒄; parameter 𝒂𝒂)
Median of Parameter Estimates (closer to 𝑎𝑎 = 25 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

Note the poor precision across the board. GRMLN is comparatively low 
merely as a result of its estimates being biased so high.
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Log Error 23.71 23.03 21.87 21.38 23.53 19.37 17.78 16.30 11.93 15.64 21.64 21.03 18.40 16.93 22.42 13.60 9.79 7.76 4.88 7.01
PING 24.68 24.07 23.08 22.61 24.57 22.30 21.70 21.12 17.30 20.25 22.47 21.83 19.25 17.78 23.27 15.57 11.69 9.53 6.39 8.80
GRMLN 255.71 256.73 247.69 248.07 257.26 147.39 139.88 142.82 120.57 141.29 124.30 118.08 114.33 114.14 120.58 59.72 44.56 37.69 30.85 35.99
MUPE 25.84 25.47 24.84 24.20 25.47 23.02 21.74 22.08 19.86 19.89 22.80 21.89 19.52 18.95 22.99 10.67 9.70 8.95 8.32 7.86
ZMPE 29.45 28.40 27.72 27.84 28.35 35.30 37.30 38.08 34.97 35.70 35.17 35.42 34.25 33.20 37.50 44.02 53.56 56.15 56.47 62.67
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Log Error 171% 183% 210% 218% 176% 403% 505% 651% 937% 690% 487% 516% 621% 639% 501% 1508% 2065% 2512% 3493% 3037%
PING 171% 183% 210% 218% 175% 403% 511% 650% 918% 691% 486% 515% 620% 632% 501% 1490% 2033% 2478% 3614% 2973%
GRMLN 62% 62% 67% 67% 63% 81% 97% 113% 126% 112% 90% 91% 99% 96% 91% 146% 166% 185% 220% 190%
MUPE 173% 175% 180% 185% 178% 399% 414% 443% 467% 463% 467% 484% 486% 503% 469% 1571% 1836% 1897% 2044% 2252%
ZMPE 196% 191% 167% 168% 193% 474% 413% 381% 346% 356% 450% 438% 400% 420% 428% 605% 491% 461% 427% 406%
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Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝒃𝒃 + 𝒄𝒄; parameter 𝒂𝒂)
Median of Parameter Estimates (closer to 𝑎𝑎 = 25 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

The small sample, high variance scenario is particularly challenging for this model form.
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Log Error 23.71 23.03 21.87 21.38 23.53 19.37 17.78 16.30 11.93 15.64 21.64 21.03 18.40 16.93 22.42 13.60 9.79 7.76 4.88 7.01
PING 24.68 24.07 23.08 22.61 24.57 22.30 21.70 21.12 17.30 20.25 22.47 21.83 19.25 17.78 23.27 15.57 11.69 9.53 6.39 8.80
GRMLN 255.71 256.73 247.69 248.07 257.26 147.39 139.88 142.82 120.57 141.29 124.30 118.08 114.33 114.14 120.58 59.72 44.56 37.69 30.85 35.99
MUPE 25.84 25.47 24.84 24.20 25.47 23.02 21.74 22.08 19.86 19.89 22.80 21.89 19.52 18.95 22.99 10.67 9.70 8.95 8.32 7.86
ZMPE 29.45 28.40 27.72 27.84 28.35 35.30 37.30 38.08 34.97 35.70 35.17 35.42 34.25 33.20 37.50 44.02 53.56 56.15 56.47 62.67
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Log Error 171% 183% 210% 218% 176% 403% 505% 651% 937% 690% 487% 516% 621% 639% 501% 1508% 2065% 2512% 3493% 3037%
PING 171% 183% 210% 218% 175% 403% 511% 650% 918% 691% 486% 515% 620% 632% 501% 1490% 2033% 2478% 3614% 2973%
GRMLN 62% 62% 67% 67% 63% 81% 97% 113% 126% 112% 90% 91% 99% 96% 91% 146% 166% 185% 220% 190%
MUPE 173% 175% 180% 185% 178% 399% 414% 443% 467% 463% 467% 484% 486% 503% 469% 1571% 1836% 1897% 2044% 2252%
ZMPE 196% 191% 167% 168% 193% 474% 413% 381% 346% 356% 450% 438% 400% 420% 428% 605% 491% 461% 427% 406%
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Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝒃𝒃 + 𝒄𝒄; parameter 𝒂𝒂)
Median of Parameter Estimates (closer to 𝑎𝑎 = 25 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

MUPE and PING provide the best accuracy, and MUPE’s precision is more consistent.
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
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Trunc. 
normal
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Log- 
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Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal
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Log- 
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Gamma Weibull

Trunc. 
normal

Triangle

Log Error 1.202 1.206 1.211 1.215 1.203 1.215 1.223 1.231 1.266 1.234 1.214 1.219 1.236 1.247 1.209 1.263 1.307 1.336 1.398 1.344
PING 1.202 1.206 1.211 1.215 1.203 1.215 1.223 1.231 1.266 1.234 1.214 1.219 1.236 1.247 1.209 1.263 1.307 1.336 1.398 1.344
GRMLN 0.900 0.899 0.905 0.905 0.898 0.976 0.990 0.992 1.028 0.993 1.003 1.009 1.015 1.017 1.008 1.105 1.153 1.181 1.221 1.185
MUPE 1.196 1.198 1.201 1.205 1.198 1.212 1.220 1.218 1.231 1.231 1.213 1.218 1.233 1.239 1.211 1.313 1.331 1.343 1.358 1.359
ZMPE 1.180 1.183 1.188 1.187 1.185 1.155 1.150 1.148 1.158 1.156 1.157 1.155 1.160 1.164 1.148 1.130 1.102 1.098 1.100 1.086
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Error 
Distribution
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Log Error 18% 18% 20% 21% 18% 33% 39% 44% 51% 45% 37% 39% 41% 42% 38% 64% 70% 74% 79% 76%
PING 18% 18% 20% 21% 18% 33% 39% 44% 51% 45% 37% 39% 41% 42% 38% 64% 70% 74% 79% 76%
GRMLN 10% 10% 11% 11% 10% 12% 14% 17% 18% 16% 13% 13% 14% 14% 13% 20% 22% 23% 28% 24%
MUPE 18% 18% 18% 18% 18% 33% 34% 35% 35% 35% 37% 38% 36% 37% 37% 63% 66% 67% 68% 69%
ZMPE 21% 19% 17% 17% 19% 45% 40% 37% 33% 33% 40% 39% 35% 36% 39% 67% 63% 60% 55% 58%
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Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝒃𝒃 + 𝒄𝒄; parameter 𝒃𝒃)
Median of Parameter Estimates (closer to 𝑏𝑏 = 1.2 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)
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MUPE 18% 18% 18% 18% 18% 33% 34% 35% 35% 35% 37% 38% 36% 37% 37% 63% 66% 67% 68% 69%
ZMPE 21% 19% 17% 17% 19% 45% 40% 37% 33% 33% 40% 39% 35% 36% 39% 67% 63% 60% 55% 58%
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Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝒃𝒃 + 𝒄𝒄; parameter 𝒃𝒃)
Median of Parameter Estimates (closer to 𝑏𝑏 = 1.2 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

MUPE and PING/Log-Error tend to provide the best estimates for parameter b.
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Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝒃𝒃 + 𝒄𝒄; parameter 𝒄𝒄)
Median of Parameter Estimates (closer to 𝑐𝑐 = 30,000 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 28557 28616 28772 28839 28440 25125 24440 23758 23299 23867 28106 28413 29233 29402 28046 25054 24661 24548 23934 24410
PING 29738 29930 30424 30540 29669 29078 29961 30792 33944 31005 29115 29520 30629 30848 29135 28270 29312 30604 32860 30688
GRMLN 10010 10010 10009 10009 10010 10003 10003 10003 10002 10003 10001 10001 10001 10001 10001 10000 10000 10000 10000 10000
MUPE 29377 29482 29829 29809 29444 27934 28598 28706 29396 29252 28522 28835 30040 30149 28639 26594 27256 27933 28846 28555
ZMPE 28378 28657 29160 29104 28814 25370 25758 26229 27126 27275 26393 26657 27575 27616 26574 22982 22928 23468 23669 23708
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 33% 34% 37% 37% 34% 62% 72% 80% 90% 83% 70% 71% 72% 73% 74% 117% 128% 133% 137% 138%
PING 33% 34% 37% 37% 34% 62% 72% 80% 90% 83% 70% 71% 72% 73% 74% 117% 128% 132% 134% 136%
GRMLN 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0%
MUPE 34% 34% 34% 34% 35% 69% 70% 72% 70% 73% 73% 73% 69% 71% 76% 131% 143% 146% 144% 150%
ZMPE 39% 37% 33% 33% 38% 88% 80% 76% 67% 69% 78% 76% 69% 71% 79% 140% 144% 141% 135% 146%
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 28557 28616 28772 28839 28440 25125 24440 23758 23299 23867 28106 28413 29233 29402 28046 25054 24661 24548 23934 24410
PING 29738 29930 30424 30540 29669 29078 29961 30792 33944 31005 29115 29520 30629 30848 29135 28270 29312 30604 32860 30688
GRMLN 10010 10010 10009 10009 10010 10003 10003 10003 10002 10003 10001 10001 10001 10001 10001 10000 10000 10000 10000 10000
MUPE 29377 29482 29829 29809 29444 27934 28598 28706 29396 29252 28522 28835 30040 30149 28639 26594 27256 27933 28846 28555
ZMPE 28378 28657 29160 29104 28814 25370 25758 26229 27126 27275 26393 26657 27575 27616 26574 22982 22928 23468 23669 23708
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 33% 34% 37% 37% 34% 62% 72% 80% 90% 83% 70% 71% 72% 73% 74% 117% 128% 133% 137% 138%
PING 33% 34% 37% 37% 34% 62% 72% 80% 90% 83% 70% 71% 72% 73% 74% 117% 128% 132% 134% 136%
GRMLN 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0%
MUPE 34% 34% 34% 34% 35% 69% 70% 72% 70% 73% 73% 73% 69% 71% 76% 131% 143% 146% 144% 150%
ZMPE 39% 37% 33% 33% 38% 88% 80% 76% 67% 69% 78% 76% 69% 71% 79% 140% 144% 141% 135% 146%

M
et

ho
d

Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝒃𝒃 + 𝒄𝒄; parameter 𝒄𝒄)
Median of Parameter Estimates (closer to 𝑐𝑐 = 30,000 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

Here it can be seen that GRMLN fails to migrate from the initial guess of 10,000 for parameter c.
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 28557 28616 28772 28839 28440 25125 24440 23758 23299 23867 28106 28413 29233 29402 28046 25054 24661 24548 23934 24410
PING 29738 29930 30424 30540 29669 29078 29961 30792 33944 31005 29115 29520 30629 30848 29135 28270 29312 30604 32860 30688
GRMLN 10010 10010 10009 10009 10010 10003 10003 10003 10002 10003 10001 10001 10001 10001 10001 10000 10000 10000 10000 10000
MUPE 29377 29482 29829 29809 29444 27934 28598 28706 29396 29252 28522 28835 30040 30149 28639 26594 27256 27933 28846 28555
ZMPE 28378 28657 29160 29104 28814 25370 25758 26229 27126 27275 26393 26657 27575 27616 26574 22982 22928 23468 23669 23708
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 33% 34% 37% 37% 34% 62% 72% 80% 90% 83% 70% 71% 72% 73% 74% 117% 128% 133% 137% 138%
PING 33% 34% 37% 37% 34% 62% 72% 80% 90% 83% 70% 71% 72% 73% 74% 117% 128% 132% 134% 136%
GRMLN 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0% 0%
MUPE 34% 34% 34% 34% 35% 69% 70% 72% 70% 73% 73% 73% 69% 71% 76% 131% 143% 146% 144% 150%
ZMPE 39% 37% 33% 33% 38% 88% 80% 76% 67% 69% 78% 76% 69% 71% 79% 140% 144% 141% 135% 146%
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Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝒃𝒃 + 𝒄𝒄; parameter 𝒄𝒄)
Median of Parameter Estimates (closer to 𝑐𝑐 = 30,000 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)
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MUPE and PING tend to provide the best estimates for parameter c.
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Large Sample; Low
Variance

Large Sample; High
Variance

Small Sample; Low
Variance

Small Sample; High
Variance

Log Error 100.00% 99.35% 98.26% 85.47%
PING 100.00% 99.35% 98.26% 85.47%
GRMLN 63.82% 39.52% 37.45% 34.34%
MUPE 99.36% 90.26% 93.05% 73.70%
ZMPE 100.00% 100.00% 100.00% 100.00%

0%

20%

40%

60%

80%

100%

Convergence Rates (Triad)

Triad Function Regression Convergence Rates

GRMLN fails at the triad model form. Of the remaining methods, MUPE has the lowest convergence rate, 
although it still exceeds 90% in all cases except high variance small samples, where it is 74%.
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(10; 1; 10,000) used as starting guess for all methods. These values represent the correct sign and order of magnitude of the true population parameters. 
Using a different starting guess might yield different results.
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Results:
Multivariate Log-Linear

𝒚𝒚 = 𝒂𝒂𝒙𝒙𝟏𝟏𝒃𝒃 𝒙𝒙𝟐𝟐𝒄𝒄 𝒅𝒅𝒙𝒙𝟑𝟑

All simulations were run with 16,000 iterations.
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Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝟏𝟏𝒃𝒃 𝒙𝒙𝟐𝟐𝒄𝒄 𝒅𝒅𝒙𝒙𝟑𝟑; parameter 𝒂𝒂)

PING solution used as starting guess for 
methods utilizing optimization algorithms.

Median and IQR used because all methods yielded 
highly skewed estimate distributions with many outliers.

Median of Parameter Estimates (closer to 𝑎𝑎 = 35 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

White cells are the best; Blue and Red cells are not as good.
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 33.41 33.42 33.46 33.44 33.53 30.00 29.33 28.60 28.18 28.18 33.15 33.31 34.03 34.22 33.39 29.65 28.68 30.13 30.07 28.84
PING 34.76 34.92 35.34 35.38 34.94 34.68 35.61 36.80 39.96 36.38 34.26 34.50 35.39 35.69 34.55 33.31 33.47 36.80 38.67 35.29
GRMLN 34.76 34.92 35.34 35.38 34.94 34.68 35.61 36.80 39.96 36.38 34.26 34.49 35.39 35.69 34.55 33.31 33.47 36.80 38.79 35.29
MUPE 34.42 34.57 34.79 34.70 34.66 33.10 33.58 33.01 33.71 33.84 33.45 33.93 34.52 34.48 33.94 30.25 30.21 31.65 32.25 30.99
ZMPE 33.60 33.96 34.17 34.18 33.99 31.07 31.34 31.38 31.18 32.01 32.53 32.75 33.04 32.81 32.75 27.80 26.36 26.12 25.40 25.68
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 55% 58% 64% 65% 57% 108% 126% 144% 173% 151% 113% 118% 127% 128% 120% 246% 288% 346% 404% 353%
PING 55% 58% 64% 65% 57% 108% 126% 145% 176% 152% 113% 118% 127% 129% 120% 247% 288% 349% 417% 355%
GRMLN 55% 58% 64% 65% 57% 108% 126% 145% 176% 152% 113% 118% 127% 129% 120% 247% 288% 349% 416% 355%
MUPE 56% 57% 57% 57% 57% 115% 115% 124% 120% 124% 116% 117% 116% 120% 120% 258% 282% 306% 305% 309%
ZMPE 63% 60% 52% 53% 60% 160% 139% 128% 113% 113% 126% 123% 111% 115% 129% 333% 318% 309% 298% 319%
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 33.41 33.42 33.46 33.44 33.53 30.00 29.33 28.60 28.18 28.18 33.15 33.31 34.03 34.22 33.39 29.65 28.68 30.13 30.07 28.84
PING 34.76 34.92 35.34 35.38 34.94 34.68 35.61 36.80 39.96 36.38 34.26 34.50 35.39 35.69 34.55 33.31 33.47 36.80 38.67 35.29
GRMLN 34.76 34.92 35.34 35.38 34.94 34.68 35.61 36.80 39.96 36.38 34.26 34.49 35.39 35.69 34.55 33.31 33.47 36.80 38.79 35.29
MUPE 34.42 34.57 34.79 34.70 34.66 33.10 33.58 33.01 33.71 33.84 33.45 33.93 34.52 34.48 33.94 30.25 30.21 31.65 32.25 30.99
ZMPE 33.60 33.96 34.17 34.18 33.99 31.07 31.34 31.38 31.18 32.01 32.53 32.75 33.04 32.81 32.75 27.80 26.36 26.12 25.40 25.68
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 55% 58% 64% 65% 57% 108% 126% 144% 173% 151% 113% 118% 127% 128% 120% 246% 288% 346% 404% 353%
PING 55% 58% 64% 65% 57% 108% 126% 145% 176% 152% 113% 118% 127% 129% 120% 247% 288% 349% 417% 355%
GRMLN 55% 58% 64% 65% 57% 108% 126% 145% 176% 152% 113% 118% 127% 129% 120% 247% 288% 349% 416% 355%
MUPE 56% 57% 57% 57% 57% 115% 115% 124% 120% 124% 116% 117% 116% 120% 120% 258% 282% 306% 305% 309%
ZMPE 63% 60% 52% 53% 60% 160% 139% 128% 113% 113% 126% 123% 111% 115% 129% 333% 318% 309% 298% 319%
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Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝟏𝟏𝒃𝒃 𝒙𝒙𝟐𝟐𝒄𝒄 𝒅𝒅𝒙𝒙𝟑𝟑; parameter 𝒂𝒂)

Median of Parameter Estimates (closer to 𝑎𝑎 = 35 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

The small sample/high variance case is particularly challenging*.

*It should be noted that most experienced analysts would not apply 
a 3-variable, 4-parameter model with a sample size of 15.
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 33.41 33.42 33.46 33.44 33.53 30.00 29.33 28.60 28.18 28.18 33.15 33.31 34.03 34.22 33.39 29.65 28.68 30.13 30.07 28.84
PING 34.76 34.92 35.34 35.38 34.94 34.68 35.61 36.80 39.96 36.38 34.26 34.50 35.39 35.69 34.55 33.31 33.47 36.80 38.67 35.29
GRMLN 34.76 34.92 35.34 35.38 34.94 34.68 35.61 36.80 39.96 36.38 34.26 34.49 35.39 35.69 34.55 33.31 33.47 36.80 38.79 35.29
MUPE 34.42 34.57 34.79 34.70 34.66 33.10 33.58 33.01 33.71 33.84 33.45 33.93 34.52 34.48 33.94 30.25 30.21 31.65 32.25 30.99
ZMPE 33.60 33.96 34.17 34.18 33.99 31.07 31.34 31.38 31.18 32.01 32.53 32.75 33.04 32.81 32.75 27.80 26.36 26.12 25.40 25.68
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 55% 58% 64% 65% 57% 108% 126% 144% 173% 151% 113% 118% 127% 128% 120% 246% 288% 346% 404% 353%
PING 55% 58% 64% 65% 57% 108% 126% 145% 176% 152% 113% 118% 127% 129% 120% 247% 288% 349% 417% 355%
GRMLN 55% 58% 64% 65% 57% 108% 126% 145% 176% 152% 113% 118% 127% 129% 120% 247% 288% 349% 416% 355%
MUPE 56% 57% 57% 57% 57% 115% 115% 124% 120% 124% 116% 117% 116% 120% 120% 258% 282% 306% 305% 309%
ZMPE 63% 60% 52% 53% 60% 160% 139% 128% 113% 113% 126% 123% 111% 115% 129% 333% 318% 309% 298% 319%
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Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝟏𝟏𝒃𝒃 𝒙𝒙𝟐𝟐𝒄𝒄 𝒅𝒅𝒙𝒙𝟑𝟑; parameter 𝒂𝒂)

Median of Parameter Estimates (closer to 𝑎𝑎 = 35 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

In low variance scenarios, PING/GRMLN and MUPE provide the best estimates.

Copyright 2021 Tecolote Research Inc. / All Rights Reserved 92

Presented for the ICEAA 2021 Online Workshop - www.iceaaonline.com



Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝟏𝟏𝒃𝒃 𝒙𝒙𝟐𝟐𝒄𝒄 𝒅𝒅𝒙𝒙𝟑𝟑; parameter 𝒃𝒃)

Median of Parameter Estimates (closer to 𝑏𝑏 = 0.75 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 0.750 0.750 0.749 0.749 0.749 0.750 0.748 0.747 0.746 0.748 0.752 0.749 0.747 0.748 0.750 0.750 0.751 0.742 0.741 0.749
PING 0.750 0.750 0.749 0.749 0.749 0.750 0.748 0.747 0.746 0.748 0.752 0.749 0.747 0.748 0.750 0.750 0.751 0.742 0.741 0.749
GRMLN 0.750 0.750 0.749 0.749 0.749 0.750 0.748 0.747 0.746 0.748 0.752 0.749 0.747 0.748 0.750 0.750 0.751 0.742 0.741 0.749
MUPE 0.751 0.751 0.749 0.750 0.749 0.752 0.751 0.751 0.752 0.750 0.754 0.751 0.748 0.750 0.751 0.757 0.755 0.752 0.748 0.759
ZMPE 0.752 0.752 0.751 0.751 0.751 0.760 0.758 0.757 0.758 0.755 0.757 0.754 0.752 0.754 0.753 0.765 0.770 0.769 0.771 0.775
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 8.8% 9.1% 10.0% 10.2% 8.8% 16% 19% 22% 25% 22% 17% 18% 20% 19% 18% 32% 38% 43% 49% 43%
PING 8.8% 9.1% 10.0% 10.2% 8.8% 16% 19% 22% 25% 22% 17% 18% 20% 19% 18% 32% 38% 43% 49% 43%
GRMLN 8.8% 9.1% 10.0% 10.2% 8.8% 16% 19% 22% 25% 22% 17% 18% 20% 19% 18% 32% 38% 43% 49% 43%
MUPE 8.9% 8.9% 8.9% 9.0% 8.9% 17% 18% 18% 18% 18% 17% 18% 18% 18% 18% 33% 37% 38% 39% 39%
ZMPE 10.0% 9.4% 8.2% 8.5% 9.4% 23% 21% 19% 17% 17% 18% 18% 18% 17% 19% 40% 40% 39% 37% 40%
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 0.750 0.750 0.749 0.749 0.749 0.750 0.748 0.747 0.746 0.748 0.752 0.749 0.747 0.748 0.750 0.750 0.751 0.742 0.741 0.749
PING 0.750 0.750 0.749 0.749 0.749 0.750 0.748 0.747 0.746 0.748 0.752 0.749 0.747 0.748 0.750 0.750 0.751 0.742 0.741 0.749
GRMLN 0.750 0.750 0.749 0.749 0.749 0.750 0.748 0.747 0.746 0.748 0.752 0.749 0.747 0.748 0.750 0.750 0.751 0.742 0.741 0.749
MUPE 0.751 0.751 0.749 0.750 0.749 0.752 0.751 0.751 0.752 0.750 0.754 0.751 0.748 0.750 0.751 0.757 0.755 0.752 0.748 0.759
ZMPE 0.752 0.752 0.751 0.751 0.751 0.760 0.758 0.757 0.758 0.755 0.757 0.754 0.752 0.754 0.753 0.765 0.770 0.769 0.771 0.775
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Variance Low High Low High

Error 
Distribution

Log- 
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normal
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Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal
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Log Error 8.8% 9.1% 10.0% 10.2% 8.8% 16% 19% 22% 25% 22% 17% 18% 20% 19% 18% 32% 38% 43% 49% 43%
PING 8.8% 9.1% 10.0% 10.2% 8.8% 16% 19% 22% 25% 22% 17% 18% 20% 19% 18% 32% 38% 43% 49% 43%
GRMLN 8.8% 9.1% 10.0% 10.2% 8.8% 16% 19% 22% 25% 22% 17% 18% 20% 19% 18% 32% 38% 43% 49% 43%
MUPE 8.9% 8.9% 8.9% 9.0% 8.9% 17% 18% 18% 18% 18% 17% 18% 18% 18% 18% 33% 37% 38% 39% 39%
ZMPE 10.0% 9.4% 8.2% 8.5% 9.4% 23% 21% 19% 17% 17% 18% 18% 18% 17% 19% 40% 40% 39% 37% 40%
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Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝟏𝟏𝒃𝒃 𝒙𝒙𝟐𝟐𝒄𝒄 𝒅𝒅𝒙𝒙𝟑𝟑; parameter 𝒃𝒃)

Median of Parameter Estimates (closer to 𝑏𝑏 = 0.75 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

PING/GRMLN and MUPE provide similar performance in most scenarios, with 
MUPE being more accommodating of non-lognormal error distributions.
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Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝟏𝟏𝒃𝒃 𝒙𝒙𝟐𝟐𝒄𝒄 𝒅𝒅𝒙𝒙𝟑𝟑; parameter 𝒄𝒄)

Median of Parameter Estimates (closer to 𝑐𝑐 = 0.85 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

Results for parameter 𝑐𝑐 are very similar to those for parameter 𝑏𝑏.
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 0.851 0.850 0.848 0.849 0.851 0.850 0.850 0.847 0.844 0.849 0.850 0.850 0.850 0.846 0.852 0.850 0.850 0.843 0.839 0.845
PING 0.851 0.850 0.848 0.849 0.851 0.850 0.850 0.847 0.844 0.849 0.850 0.850 0.850 0.846 0.852 0.850 0.850 0.843 0.839 0.845
GRMLN 0.851 0.850 0.848 0.849 0.851 0.850 0.850 0.847 0.844 0.849 0.850 0.850 0.850 0.846 0.852 0.850 0.850 0.843 0.838 0.845
MUPE 0.851 0.851 0.849 0.850 0.851 0.853 0.853 0.853 0.850 0.852 0.851 0.852 0.851 0.849 0.853 0.855 0.857 0.852 0.850 0.854
ZMPE 0.853 0.852 0.851 0.852 0.853 0.860 0.858 0.857 0.856 0.856 0.854 0.855 0.855 0.853 0.856 0.869 0.869 0.870 0.872 0.871
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d

Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 7.6% 7.9% 8.8% 8.9% 7.8% 15% 17% 19% 23% 19% 15% 16% 17% 17% 16% 29% 33% 37% 43% 38%
PING 7.6% 7.9% 8.8% 8.9% 7.8% 15% 17% 19% 23% 19% 15% 16% 17% 17% 16% 29% 33% 37% 43% 38%
GRMLN 7.6% 7.9% 8.8% 8.9% 7.8% 15% 17% 19% 23% 19% 15% 16% 17% 17% 16% 29% 33% 37% 43% 38%
MUPE 7.7% 7.8% 7.9% 8.0% 7.9% 15% 16% 16% 16% 16% 15% 16% 16% 16% 16% 29% 32% 33% 34% 35%
ZMPE 8.6% 8.2% 7.2% 7.5% 8.4% 20% 18% 17% 15% 15% 16% 16% 15% 15% 17% 34% 35% 34% 33% 35%
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Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝟏𝟏𝒃𝒃 𝒙𝒙𝟐𝟐𝒄𝒄 𝒅𝒅𝒙𝒙𝟑𝟑; parameter 𝒅𝒅)

Median of Parameter Estimates (closer to 𝑑𝑑 = 1.2 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 1.201 1.200 1.200 1.199 1.200 1.201 1.199 1.201 1.199 1.201 1.200 1.201 1.201 1.198 1.201 1.196 1.207 1.204 1.194 1.202
PING 1.201 1.200 1.200 1.199 1.200 1.201 1.199 1.201 1.199 1.201 1.200 1.201 1.201 1.198 1.201 1.196 1.207 1.204 1.194 1.202
GRMLN 1.201 1.200 1.200 1.199 1.200 1.201 1.199 1.201 1.199 1.201 1.200 1.201 1.201 1.198 1.201 1.196 1.207 1.204 1.194 1.202
MUPE 1.201 1.200 1.200 1.200 1.200 1.201 1.199 1.201 1.199 1.200 1.201 1.201 1.201 1.197 1.201 1.193 1.204 1.200 1.197 1.198
ZMPE 1.201 1.199 1.201 1.199 1.200 1.201 1.201 1.199 1.200 1.199 1.201 1.202 1.198 1.199 1.203 1.203 1.204 1.208 1.203 1.200
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 12% 12% 13% 14% 12% 21% 26% 29% 35% 30% 23% 24% 26% 26% 24% 44% 52% 59% 69% 59%
PING 12% 12% 13% 14% 12% 21% 26% 29% 35% 30% 23% 24% 26% 26% 24% 44% 52% 59% 69% 59%
GRMLN 12% 12% 13% 14% 12% 21% 26% 29% 35% 30% 23% 24% 26% 26% 24% 44% 52% 59% 69% 59%
MUPE 12% 12% 12% 12% 12% 23% 24% 24% 25% 24% 23% 24% 24% 24% 24% 46% 49% 51% 51% 51%
ZMPE 14% 13% 11% 11% 13% 32% 28% 25% 23% 22% 26% 25% 23% 23% 26% 55% 56% 53% 51% 53%
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 1.201 1.200 1.200 1.199 1.200 1.201 1.199 1.201 1.199 1.201 1.200 1.201 1.201 1.198 1.201 1.196 1.207 1.204 1.194 1.202
PING 1.201 1.200 1.200 1.199 1.200 1.201 1.199 1.201 1.199 1.201 1.200 1.201 1.201 1.198 1.201 1.196 1.207 1.204 1.194 1.202
GRMLN 1.201 1.200 1.200 1.199 1.200 1.201 1.199 1.201 1.199 1.201 1.200 1.201 1.201 1.198 1.201 1.196 1.207 1.204 1.194 1.202
MUPE 1.201 1.200 1.200 1.200 1.200 1.201 1.199 1.201 1.199 1.200 1.201 1.201 1.201 1.197 1.201 1.193 1.204 1.200 1.197 1.198
ZMPE 1.201 1.199 1.201 1.199 1.200 1.201 1.201 1.199 1.200 1.199 1.201 1.202 1.198 1.199 1.203 1.203 1.204 1.208 1.203 1.200
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 12% 12% 13% 14% 12% 21% 26% 29% 35% 30% 23% 24% 26% 26% 24% 44% 52% 59% 69% 59%
PING 12% 12% 13% 14% 12% 21% 26% 29% 35% 30% 23% 24% 26% 26% 24% 44% 52% 59% 69% 59%
GRMLN 12% 12% 13% 14% 12% 21% 26% 29% 35% 30% 23% 24% 26% 26% 24% 44% 52% 59% 69% 59%
MUPE 12% 12% 12% 12% 12% 23% 24% 24% 25% 24% 23% 24% 24% 24% 24% 46% 49% 51% 51% 51%
ZMPE 14% 13% 11% 11% 13% 32% 28% 25% 23% 22% 26% 25% 23% 23% 26% 55% 56% 53% 51% 53%
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Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝟏𝟏𝒃𝒃 𝒙𝒙𝟐𝟐𝒄𝒄 𝒅𝒅𝒙𝒙𝟑𝟑; parameter 𝒅𝒅)

Median of Parameter Estimates (closer to 𝑑𝑑 = 1.2 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

Accuracy is good across the board, although worst in the 
small sample / high variance scenario.
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 
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Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle

Log Error 1.201 1.200 1.200 1.199 1.200 1.201 1.199 1.201 1.199 1.201 1.200 1.201 1.201 1.198 1.201 1.196 1.207 1.204 1.194 1.202
PING 1.201 1.200 1.200 1.199 1.200 1.201 1.199 1.201 1.199 1.201 1.200 1.201 1.201 1.198 1.201 1.196 1.207 1.204 1.194 1.202
GRMLN 1.201 1.200 1.200 1.199 1.200 1.201 1.199 1.201 1.199 1.201 1.200 1.201 1.201 1.198 1.201 1.196 1.207 1.204 1.194 1.202
MUPE 1.201 1.200 1.200 1.200 1.200 1.201 1.199 1.201 1.199 1.200 1.201 1.201 1.201 1.197 1.201 1.193 1.204 1.200 1.197 1.198
ZMPE 1.201 1.199 1.201 1.199 1.200 1.201 1.201 1.199 1.200 1.199 1.201 1.202 1.198 1.199 1.203 1.203 1.204 1.208 1.203 1.200
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Sample Size Large Small
Variance Low High Low High

Error 
Distribution

Log- 
normal

Gamma Weibull
Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
Gamma Weibull

Trunc. 
normal

Triangle
Log- 

normal
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Trunc. 
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Log Error 12% 12% 13% 14% 12% 21% 26% 29% 35% 30% 23% 24% 26% 26% 24% 44% 52% 59% 69% 59%
PING 12% 12% 13% 14% 12% 21% 26% 29% 35% 30% 23% 24% 26% 26% 24% 44% 52% 59% 69% 59%
GRMLN 12% 12% 13% 14% 12% 21% 26% 29% 35% 30% 23% 24% 26% 26% 24% 44% 52% 59% 69% 59%
MUPE 12% 12% 12% 12% 12% 23% 24% 24% 25% 24% 23% 24% 24% 24% 24% 46% 49% 51% 51% 51%
ZMPE 14% 13% 11% 11% 13% 32% 28% 25% 23% 22% 26% 25% 23% 23% 26% 55% 56% 53% 51% 53%
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Results for all 20 Simulations (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝟏𝟏𝒃𝒃 𝒙𝒙𝟐𝟐𝒄𝒄 𝒅𝒅𝒙𝒙𝟑𝟑; parameter 𝒅𝒅)

Median of Parameter Estimates (closer to 𝑑𝑑 = 1.2 is more accurate)

(IQR/Median) of Parameter Estimates (lower is more precise)

MUPE exhibits the most consistent precision.
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Large Sample; Low
Variance

Large Sample; High
Variance

Small Sample; Low
Variance

Small Sample; High
Variance

Log Error 100.00% 100.00% 100.00% 100.00%
PING 100.00% 100.00% 100.00% 100.00%
GRMLN 100.00% 100.00% 99.99% 99.97%
MUPE 99.98% 95.35% 99.29% 78.77%
ZMPE 100.00% 100.00% 99.99% 99.99%

60%

70%

80%

90%

100%

Convergence Rates (Multivariate)

Multivariate Function Regression Convergence Rates

Convergence is lowest with MUPE, at 95% for high-variance large 
samples, and 79% for high-variance small samples*.

Axis limits shrunk to 
accentuate differences.

Copyright 2021 Tecolote Research Inc. / All Rights Reserved

*It should be noted that most experienced analysts would not apply 
a 3-variable, 4-parameter model with a sample size of 15.

99

PING solution used as starting guess for GRMLN, MUPE, and ZMPE. 
Using a different starting guess might yield different results.
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Correlation between Parameter Estimates
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Correlation between Parameter Estimates (𝒚𝒚 = 𝒂𝒂𝒙𝒙𝟏𝟏𝒃𝒃 𝒙𝒙𝟐𝟐𝒄𝒄 𝒅𝒅𝒙𝒙𝟑𝟑)

PING and GRMLN provide approximately equivalent results for multivariate log-linear models.
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