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Introduction: Choosing Distributions with Limited Data 

The choice of probability distributions is a critical component for cost risk and uncertainty 
modeling  
– When data is available, distribution fitting techniques such as Goodness of Fit (GoF) tests and Information 

Criteria (IC) can be applied to determine probability distribution functions (PDFs) that accurately describe 
potential cost realizations 

– With limited data, GoF tests and IC based methods provide little or no insight into the best PDF choice 

When data is limited, it is standard practice in cost risk and uncertainty analysis to choose a 
PDF based on expert opinion 
– A popular approach to constructing PDFs relies on three point estimates, with the points representing high 

and low extremes and a measure of central tendency (5th, 50th, 95th percentiles) 
– Three point estimates are usually mapped to bounded distributions such as Triangular and Beta 

This paper investigates the use of a new approach to distribution fitting, called Decision on 
Belief (DoB)1, to guide the choice of distributions in cost risk and uncertainty models when 
limited data is available 
– DoB was developed for statistical estimation of processes incurring high cost and risk, such as testing 

new drugs, prototyping industrial products, experimenting with nuclear material and launching missiles 
– The goal of incorporating DoB with three point estimation is to choose a best fit PDF from a candidate set 

of both bounded and absolute distributions based on limited information 
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Three Point Estimation and Bounded Distributions 

Many uncertain quantities can be conceptualised in terms of a continuous PDF with the 
majority of mass concentrated around a most likely value 
– Therefore, this study focuses on bell & triangular shaped distributions as opposed to U, or J shaped 

distributions  

Uncertain variables often have estimable min and max values, therefore a distribution with 
finite limits is intuitively plausible for many scenarios in risk and uncertainty modeling 
– The beta and triangular distributions are seen as suitable models in this context as they provides a wide 

variety of distribution shapes over a finite interval 

Beta Distribution Triangular Distribution 
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Three Point Estimates for the Beta Distribution 



Filename/RPS Number 
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Three Point Estimates for the Triangular Distribution 


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Limitations of Bounded Distributions  



Gamma Distribution Lognormal Distribution 
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

Approximation with Bounded Distributions 

Mean Delta StDev Delta CV Delta Skew Delta
Lognormal 100.2936 24.99 0.249 0.717
Triangular 101.9843 -2% 16.25 35% 0.159 36% 0.202 72%
TRIGEN 104.1584 -4% 23.1 8% 0.222 11% 0.196 73%
PERT 99.88513 0% 14.72 41% 0.147 41% 0.172 76%
Beta 100.2994 0% 19.49 22% 0.194 22% 0.192 73%
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Minimizing the Error Resulting from Distribution Selection 

 In the previous example the three point estimate was derived from a lognormal distribution to 
assess the resulting approximations by absolute distributions 

The absolute distributions performed very well with regards to estimating the mean of the 
underlying distribution, however, they consistently underestimated the StDev and drastically 
underestimated the skew 
– Underestimation of variance compounds as misspecified lower level distributions are rolled up 

 In the previous example the underlying distribution was known 
– This is never the case in practice 

This study will now focus on developing a method for minimizing the error resulting from 
distribution selection 
– First a family of candidate distributions is created by three point estimation 
– Then a “best-fit” distribution is chosen as being the average representation of the family of distributions 
– The selected distribution will represent the family’s first two moments, and CDF with the least error from 

other candidate distributions in the family 

 To select this distribution with maximum confidence, we consider the method of DoB 
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Statistical Estimation by Decision on Belief 

 Selection by Optimal Stopping 
Problem 
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Background: Related Concepts and Terminology 


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
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Phase II: Selection 



Phase I 

Phase II 

Phase III 
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Convergence of Phase I & II 


Belief at each Stage for 4 Candidate PDFs 
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
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DoB Using SME Input: Excel Demo 
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Excel demo file available by email. 

Contact 

Booz | Allen | Hamilton 

Blake Boswell 
Senior Consultant 

 
 
 

Booz Allen Hamilton Inc. 
Tel (202) 412-7516 

Boswell_James@bah.com 
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