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Cost Estimating

Introduction

• Cost estimates project years into the future
– Cost estimates are inherently uncertain, regardless of whether risk 

is incorporated (i.e., explicitly modeled)
• Numerous cost models and cost modeling platforms enable 

cost risk estimating and cost risk has become an integral part 
of the cost estimating process

– Cost risk is included in NASA policy directives, and in the Weapon 
Systems Acquisition Reform Act of 2009 for Dept. of Defense programs

• Even though cost risk analyses are commonly conducted for 
government projects, these attempts often result in a vast 
understatement of risk
– Cost risk analysis is an immature discipline

• The purpose of this presentation is to discuss this 
phenomenon, and how to address this problem
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Cost Estimating

Cost Risk Analysis

• The cost analysis profession recognizes the importance of risk 
and has incorporated risk analysis as an integral part of the 
estimating process

• Sources of uncertainty include (but are not limited to)
– Scope and requirements (what is being estimated)
– Technology readiness
– Manufacturing readiness
– Inflation
– Model uncertainty
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“The only certainty is uncertainty”
Pliny the Elder AD 23‐79

Roman Senator
Died at the Mt. Vesuvius Eruption
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Cost Estimating

Black Swans and Margaritaville

• When Jimmy Buffett sang the words “All of those tourists 
covered with oil” in his song Margaritaville he probably never 
imagined that this phrase might apply to crude oil instead of 
suntan lotion

• Both the cost and the environmental impact from the 2010 oil 
spill in the Gulf of Mexico were much worse than anyone had 
expected or could have predicted. It was, in the words of 
financial writer Nassim Taleb, a “black swan”
– An unexpected event with tremendous consequences
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Cost Estimating

Underestimation of Risk

• Extreme events are not likely to be budgeted against
– Extended labor strikes
– Severe budget cuts
– Natural disasters
– Etc.

• Focus in risk analysis is typically on events within a 
project manager’s control
– However, it is the author’s experience that projects do not 

budget for nominal risks that they should be guarding 
against

• Small changes in design
• Requirements changes
• Relatively mild external factors, such as funding constraints 

that are common in the current budget environment
• Etc.
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Cost Estimating

Sources of Uncertainty 

From “Cost Risk for CLV,” Charles Hunt, 2006
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Model Uncertainty
•Estimating Relationships

•Database Coverage

Estimating Uncertainty
•Model Inputs

•Mass
•Technology
•Heritage 
•Learning 

•Quality of Analogies

Uncertainty Due to 
External Factors

•Project Re‐Scope
•Major System Change

•Acts of Congress
•Funding Constraints

•Acts of Nature
•Hurricanes
•Earthquakes

•Major Test Failures
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Cost Estimating

Estimating Uncertainty

• Accounts for uncertainty due to model inputs 
– Examples include mass, technology maturity, heritage, and 

learning
– If an analogy is used for estimating, the degree of similarity 

between the system being estimated and the analogy is also 
part of estimating uncertainty

• Typically included in cost risk analysis if it is based 
on a model that includes these inputs
– For example, if a cost model only uses weight as an input, 

then only weight uncertainty is typically included in the cost 
risk analysis

• When an analogy to a historical program is used, 
estimating uncertainty is often ignored
– But there are ways to account for this uncertainty in cost 

risk analysis
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Cost Estimating

Model Uncertainty

• Accounts for uncertainty due to quality of database 
coverage, finite sample sizes, and the inability of models 
to capture all variation in historical data
– There are random fluctuations that cannot be captured by a 

model, such as schedule delays for satellites caused by a 
major launch vehicle failure 

– Database coverage refers to where a project’s parameters fall 
within the range of data used to develop the model

• For example, missiles used in developing a cost estimating 
relationship range from 500-2,000 pounds

– There is more uncertainty if this model is used to estimate cost f the missile 
being estimated is expected to weigh 3,000 pounds than if it is expected to 
weigh 1,500 pounds.

• Sometimes included in risk analysis
– Variation in historical data and sample size issues can be 

captured by standard error of the model
– Database coverage can be reflected in cost risk using by using 

prediction intervals
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Cost Estimating

Uncertainty due to External 
Factors

• External factors are those that are outside the 
project manager’s control
– Include many events that are outside of anyone’s control, 

such as natural disasters
• These are rarely modeled, although it is prudent to 

consider the effects of funding constraints 
(especially in the current budget environment) and 
schedule slips
– Can be included as excursions or as specific scenarios
– Schedule slips can be incorporated in joint cost and 

schedule analysis
• Biggest source of risk 

– Will never be fully modeled most of the time, means cost 
risk will always be underestimated to some extent
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Cost Estimating

Risk-Blindness and Its Impact on 
Cost Modeling

• Even though not all events can be included, risk is 
often vastly underestimated

• As a society, we are risk blind 
– “There is a blind spot: when we think of tomorrow 

we do not frame it in terms of what we thought 
about yesterday on the day before yesterday. 
Because of this introspective defect we fail to 
learn about the difference between our past 
predictions and the subsequent outcomes. When 
we think of tomorrow, we just project it as another 
yesterday.” (Taleb 2007)

• End result - risk analysis is often meaningless
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Cost Estimating

The Cow Who Jumped Over the 
Moon

• Like the cow that jumped over the moon, we often 
ignore risks that should considered
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I guess we really 
didn’t think about the 
prospect that she 
would burn up on re‐
entry.
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Cost Estimating

S-Curves and Confidence Levels

• S-curves, or cumulative distribution functions, are a common 
way to display the results of risk analysis

• Note that the S-curves in this presentation are normalized so as 
not to reveal actual costs 
– Only  relative values are presented
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Cost Estimating

Example of a Typical Risk 
Analysis (1 of 4)

• The Tethered Satellite System (TSS) was a joint 
project between NASA and the Italian Space Agency 
(ASI)
– Consisted of a tether connected to a 1.6 meter 

electrically conductive satellite, deployed using 
the Space Shuttle, from which the tethered 
satellite was reeled

• It was the first tethered satellite, which means 
it required significant technology development

• Collaboration between international agencies 
increases project management complexity, 
which often results in schedule delays

• Result is a risky development project

13
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Cost Estimating

Example of a Typical Risk 
Analysis (2 of 4)

• Two separate risk analyses for TSS
• The two S-curves displayed are the results of a 

Monte Carlo simulation (MSFC 1981, MSFC 1982)
• Note the steepness of these S-curves

– It is hard to see much of an “S” in the shape of the second 
S-curve
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Cost Estimating

Example of a Typical Risk 
Analysis (3 of 4)

• The S-curve produced by the 1982 analysis appears to be what 
has been pejoratively referred to as an “I-beam” rather than an 
S-curve

• Note that while the initial budget is actually on both S-curves, 
the 95th and 100th percentiles from the Monte Carlo simulations 
are much less than the actual cost of the project
– The actual cost is not only not on the original S-curves, it is no 

where close to either
• The cost growth for this project was extreme 

– More than 300% from beginning until launch
• For the sake of fairness, the analyses were conducted very 

early in the project’s life, as true design and development 
beyond the concept stage did not begin until 1984 (MSFC 1992)
– But in the author’s experience, this mismatch between risk 

estimates and final cost is more typical for a cost risk estimate 
than not 

15
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Cost Estimating

Example of a Typical Risk 
Analysis (4 of 4)

• Like many analyses from that era and more modern 
analyses (Book 2007), the TSS cost risk analyses did 
not consider correlation, and used limited ranges 
around the model inputs. Also, model uncertainty, a 
significant source of risk, was ignored

• A number of cost analysts have published papers 
stressing the importance of including these in risk 
analysis (Book 1999, Anderson 2003, Smart 2005)
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Cost Estimating

A More Recent Example (1 of 4)

• Many of the factors necessary for a credible cost risk analysis 
were included in the risk analysis capability for the NASA/Air 
Force Cost Model (NAFCOM) (Smart 2005)

• With this powerful tool in hand, the author was part of a team 
that conducted cost risk analyses for a major project that 
began in 2006, and which proceeded through 2009

• Despite accounting for correlation, cost model uncertainty, and 
variation in the cost drivers with input from project engineers,
the Spring 2009 budget was 75% greater than the 50th percentile 
of the cost estimate developed in 2006, less than three years 
prior

• This was due to a host of factors, some internal to the project,
and some external, or outside the project’s control
– Internal factors included early overestimation of heritage (two of 

the three major elements were supposed to be modifications of 
existing hardware) and underestimation of the technological 
challenges

– External factors included funding delays and two major schedule 
slips
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Cost Estimating

A More Recent Example (2 of 4)

• S-Curve Evolution 2006-2009
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Cost Estimating

A More Recent Example (3 of 4)

• The S-curves widened as the project matured, accounting 
for a greater increase in understanding the risks involved 
in the project 
– In accordance with other recent research (Book 2007)

• Variation in the inputs widened after receiving additional 
input from project personnel through the implementation 
of a risk tracking system 

• But despite incorporating advances in the state of the art 
in cost risk analysis, the most recent budget was not 
even on the original S-curve, just as with the TSS curve 
from 25 year prior

• This is partly due to the estimate reflecting project inputs 
(this was not an independent estimate but rather a 
project estimate), and a constrained budget environment, 
which led to non-optimal phasing of cost which can lead 
to large increases in cost (Smart 2007)

19
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Cost Estimating

A More Recent Example (4 of 4)

• As noted in a recent study (Book 2007), the relative 
risk of a project as modeled in numerous cost risk 
analyses conducted over the last decade, as 
measured by the ratio of the standard deviation to 
the mean (which is called the coefficient of 
variation), ranged anywhere from less than 5% to 
less than 40%
– The cost risk analyses in this recent example had 

coefficients of variation of around 20%, well within the range 
of typical experience

20
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Cost Estimating

Fat Tails for Cost Risk?

• Clearly, something is still missing from typical cost 
risk analyses 

• One buzz word that has recently crossed over from 
finance to cost analysis is the notion of probability 
distributions with heavy or “fat” tails (Taleb 2007)

• Fat-tailed distributions are discussed next, along 
with conclusions from what empirical data suggest 
what a coefficient of variation would be that is 
representative of true cost risk
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Cost Estimating

Normal Distributions

• Most of the distributions that people are familiar with, 
especially those encountered in basic probability and 
statistics classes, are those that have light or “thin” tails 
– Normal distribution is a classic example of this

• For a normal distribution, 99.7% of the entire distribution 
is within three standard deviations of the mean
– The odds of a fluctuation more than six standard deviations 

away from the mean (either positive or negative) are 
approximately one in 500 million

– Reasonable way to measure random phenomena that fluctuate 
over relatively limited ranges such as height or age

– However many natural and financial phenomena have 
fluctuations that are far outside such tight limits 

– For example the 1987 stock market crash was more than 22 
standard deviations away from the mean!

22
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Cost Estimating

Fat-Tailed Distributions

• Events whose outcomes extend over extremely wide 
ranges are modeled with heavy-tailed, or what is 
sometimes called fat-tailed distributions

• Fat-tailed distributions have received a great deal of 
press in the financial media in recent years (Taleb 
2007)
– The chance of extreme events is much more common. 

Heavy-tailed distributions often have non-finite moments
• For example, the first or second moment may not even exist. 

This means that the standard deviation, and possibly the mean 
diverge to infinity

23
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Cost Estimating

Pareto Distribution

• A prominent example of a heavy-tailed distribution is the 
Pareto, which is defined as 

for
• The cumulative distribution is 

• The parameter α determines the heaviness of the tai
– When            the mean and variance are both finite
– When                    the mean is finite but the variance is infinite
– When             both the mean and variance are infinite
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Cost Estimating

Pareto Distribution Comparison 
(1 of 3)
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Cost Estimating

Pareto Distribution Comparison 
(2 of 3)

• Note that the three Pareto distributions have 
drastically different percentiles
– But all three bear significant risk

26

Percentile

Finite Mean, 
Finite 

Variance

Finite Mean, 
Infinite 

Variance

Infinite 
Mean, 

Infinite 
Variance

70th $300 $600 $5,000
80th $450 $950 $12,000
90th $750 $1,800 $50,000
95th $1,150 $3,200 $200,000
99th $2,650 $10,500 $5,000,000
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Cost Estimating

Pareto Distribution Comparison   
(3 of 3)

• The kind of risk exhibited by an infinite 
mean, infinite variance Pareto is the type of 
risk seen in box office returns for cinematic 
films 
• 5% of total films released earn close to 80% of 

motion picture profit (De Vany, 2004)
– Compare how much money Avatar has made world-wide 

compared to the average film (most films lose money)

• Government projects do not display this degree of 
risk
– Imagine a large $5 billion launch vehicle or missile 

development project that suddenly grew to $5 trillion!
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Cost Estimating

Classes of Heavy-Tailed 
Distributions (1 of 2)

• The exponential distribution is often used as the 
dividing line between heavy- and light-tailed 
distributions
– It is considered to be neither light-tailed nor heavy-tailed 

• The probability density function of an exponential 
distribution is defined as 

when          , from which the cumulative distribution 
function (aka “S curve”) can be derived as 

xexf λλ −=)(

0≥x

xexF λ−−= 1)(

28

Presented at the 2011 ISPA/SCEA Joint Annual Conference and Training Workshop - www.iceaaonline.com



Cost Estimating

Classes of Heavy-Tailed 
Distributions (2 of 3)

• The tail of the exponential distribution is

• In the case of the exponential, the conditional tail 
probability has the property that

• This is the memory-less property, which means that 
the conditional probability of a random variable X
being greater than x+y, given that it is greater than x, 
is equal to the probability that X is greater than y

xexFxX λ−=−=> )(1)Pr(

29

)Pr()|Pr(
)(

yYe
e

exXyxX y
x

yx

>===>+> −
−

+−
λ

λ

λ

Presented at the 2011 ISPA/SCEA Joint Annual Conference and Training Workshop - www.iceaaonline.com



Cost Estimating

Classes of Heavy-Tailed 
Distributions (3 of 3)

• As a practical example, suppose that a project’s cost risk 
is governed by an exponential distribution - this would 
mean that the risk of the project growing by $100 million 
would be the same as the probability of the cost growing 
by another $100, given that it had already grown by $100 
million. 
– That is, the tail odds do not diminish as cost grows, which 

should be a hair-raising prospect for a project manager, who 
would consider such a distribution to have a heavy-tail indeed! 

• One of the important classes of heavy-tailed distributions 
discussed in this paper are the subexponential 
distributions
– Subexponential distributions are so called because their tails 

are heavier than those of an exponential distribution (Goldie 
and Kluppelberg 1998).
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Cost Estimating

Subexponential Distributions 
Comparisons

• A simple and intuitive way to compare the heaviness 
of a distribution’s tail is to compare the limiting 
behavior of the tail to an exponential distribution, 
that is,

• If the limit of the ratio is equal to zero, then the 
distribution has a thinner tail than an exponential 
distribution 

• If the limit diverges to infinity then the distribution 
has a heavier tail than an exponential
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Cost Estimating

Normal Vs. Exponential

• In the case of a normal distribution the limit of the ratio is 
equal to

• Applying L’Hospital’s rule

which converges to zero, so the normal has a thinner tail 
than an exponential
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Cost Estimating

Lognormal Vs. Exponential (1 of 2)

• In this case of a lognormal distribution, assuming 
without loss of generality that μ=0 and σ = 1, then the 
limit in question is 

• Applying L’Hospital’s Rule
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Cost Estimating

Lognormal Vs. Exponential (2 of 2)

• This latter term is dominated by

which  diverges to infinity
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Cost Estimating

Subexponential Distribution 
Comparison

• The normal distribution does not belong to the class 
of subexponential distributions

• However the lognormal is a subexponential 
distribution
– Thus, normal distributions have thin tails while lognormal 

distributions have heavy tails
• Triangular distributions also have thin tails, while 

Pareto distributions belong to the class of 
subexponential distributions

35
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Cost Estimating

Regularly-Varying Distributions 
(1 of 2)

• Subexponentials form a large class of heavy-tailed 
distributions

• Another class of heavy-tailed distributions that is a 
proper subset of the subexponentials is the class of 
regularly-varying distributions (Embrechts 2003)

• An important subset of this class are the Levy-stable 
distributions
– They are stable in the sense that given two independent, 

identically distributed random variables, a linear 
combination of those random variables also has that 
distributional form 

– The most well-known example of a stable distribution is the 
normal distribution 

• The only other examples are the Cauchy distribution and the 
class of Levy-stable distributions

36
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Cost Estimating

Regularly-Varying Distributions  
(2 of 2)

• Note that an important property of the class of 
regularly-varying distributions is that they have tail 
behavior proportional to 

• This also describes the tail of a Pareto distribution
• Such distributions are thus also called stable 

Paretian distributions, or α-stable distributions 
(Rachev at al. 2007)
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Cost Estimating

Characteristic Functions

• There are three commonly-used ways to characterize 
a probability distribution 
– The probability density function and the cumulative 

distribution function (the “S-curve”) are the ones the reader 
has most likely encountered

– Another way to characterize a distribution is through the 
characteristic function. The characteristic function is a 
mapping from the set of real numbers into the set of 
complex numbers where 

is the Fourier transform of the distribution function of the 
random variable X
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Cost Estimating

Levy-Stable Distributions (1 of 2)

• Levy-stable distributions, which have four 
parameters, typically labeled as α, β, γ, δ, can only be 
characterized in a closed-form formula by its 
characteristic function, and is given by

• In the case that α = 2 and β= 0, the Levy-stable 
distribution is equivalent to the normal distribution 
(Nolan 1998)
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Cost Estimating

Levy-Stable Distributions (2 of 2)

• The parameter α determines the tail weight or 
kurtosis of the distribution and is bound between 0
and 2. The parameter β determines the skewness; 
when β = 0 the distribution is symmetric. Location is 
determined by γ, and scale by δ

• Levy-stable distributions are commonly used to 
model stock market and other financial market 
fluctuations, as well as the risk of hurricanes and 
other natural disasters with potentially extreme 
consequences
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Cost Estimating

Cost Growth (1 of 4)

• To gain an understanding of how much additional funding will 
be required for percentile funding in practice it is useful to 
examine historical cost growth data

• Building upon a data set of 112 NASA missions (Smart 2010), 
the author has compiled a data set of development cost growth 
for 289 NASA and Department of Defense programs and 
projects 

• The minimum cost growth was -25.2% for SLWT, a super 
lightweight version of the Shuttle external tank

– The negative number means that costs under ran their initial budget by 
approximately one-quarter of the initial budget (contrary to popular belief, 
missions occasionally come in under budget

• The maximum cost growth among the missions 
studied was 475% for the Comanche helicopter 
program, which was eventually cancelled before 
development was completed
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Cost Estimating

Cost Growth (2 of 4)

• For the current study, 46 such missions experienced 
under runs, which is 15.9% of the missions studied 

• Only six of the missions hit their budget target spot on
• Forty-three of the missions were within 5% of the initial 

budget, and 70 within 10% (either above or below)
• The maximum cost growth among the missions studied 

was 475% for the Comanche helicopter program, which 
was eventually cancelled

• The average cost growth for all missions was 52.0%, with 
median growth equal to 29.3%

• The difference between the mean and median indicates a 
high degree of positive skew in the data, with most 
missions experiencing relatively small amounts of cost 
growth (half experienced growth less than 30%), with 
some missions experiencing extreme amounts of cost 
growth
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Cost Estimating

Cost Growth (3 of 4)

• The data are highly skewed (2.59) with a heavy right 
tail, as the sample kurtosis is 8.50 

• Overall, 47 missions had cost growth equal to or in 
excess of 100%, which means cost at least doubled 

• While representing only about 16% of the cost 
growth data, it has been shown (Smart 2009) that 
growth of this severity, while not extremely common, 
occurs often enough to offset any hoped-for 
portfolio effect 
– Indeed, many of the issues related to cost growth would be 

largely ameliorated if project managers could keep cost 
growth contained within 100%

• This would require discipline to contain requirement growth, 
and realism about the heritage and the technology readiness in 
the early development stages
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Cost Estimating

Cost Growth (4 of 4)
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Cost Estimating

Cost Risk and Cost Growth

• Cost risk is the probability that an estimate will exceed a 
specified amount, such as $100 million or $150 million
– Cost growth and cost risk are thus intrinsically related
– Historical cost growth provides an excellent means for 

determining the overall level of risk for cost estimates
• For example, if 95% of past programs have experienced 

less than 100% growth, we should expect that the ratio of 
actual cost to the initial estimate should be less than 
100% with 95% confidence

• Thus cost growth is the impact of cost risk in action
• Because of uncertainty in historical data, cost models, 

program parameters, etc., the term “cost risk” is 
redundant

• Characteristics of this cost growth data set determine 
characteristics seen in a cost risk distribution that is 
consistent with cost growth. 
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Cost Estimating

Fitting a Distribution 
to Cost Growth (1 of 2)

• The cost growth data were fit to a variety of standard 
distributions using Crystal Ball, an Excel add-in

• Crystal Ball uses maximum likelihood estimation to 
fit probability distributions, which works well when a 
large number of data points are available, as in this 
case

• To assess the fit of the distributions, the Anderson-
Darling, Chi-Square, and Kolmogorov-Smirnov 
statistics were calculated for each distribution

• The statistics for the top three are

46

Distribution Anderson-Darling Chi-Square Kolmogorov-
Smirnov 

Lognormal 0.7221 21.6090 0.0471 
Gamma 2.8967 37.6782 0.0736 
Weibull 5.9722 54.7439 0.1330 
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Cost Estimating

Fitting a Distribution 
to Cost Growth (2 of 2)

• Each of these tests can be thought of as a measure of 
deviation away from a perfect fit for the data
– For all three, a smaller test-statistic value indicates a better fit

• These three tests focus on slightly different aspects of a 
distribution’s fit
– Anderson-Darling is focused on the fit at the tails of the 

distribution
– Kolmogorov-Smirnov measures the maximum difference 

between the actual data and the fitted distribution
– Chi-Square is a sum of squares of deviation measure

• Note that the lognormal distribution is the best-fitting 
distribution according to all three tests
– Note that since the two-parameter lognormal is bounded below 

by zero and the cost growth data includes a significant number 
of data points with negative values, a three-parameter 
lognormal distribution is used

– The third parameter sets the minimum location for the 
distribution
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Cost Estimating

A Note on Distribution Fitting

• Even though the lognormal has the best rank 
according to each test, that does not mean we 
should unequivocally accept the lognormal 
distribution as a good representative of the 
underlying data 

• When it comes to statistics, we can never positively 
prove a hypothesis such as “the cost growth data fit 
a lognormal distribution”
– We can however dis-prove hypotheses with data 

• Thus the best we can hope to do in distribution 
fitting is to fail to reject a given hypothesis 

• For each test, a critical value is determined based on 
the degrees of freedom of the data
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Cost Estimating

Goodness-of-Fit Statistics (1 of 2)

• The Anderson-Darling critical value is unique for each 
distribution
– For example, the critical value for a lognormal at the 5% 

significance level is 0.7520, and the lognormal test-statistic is 
below that amount at 0.7221

• So the lognormal hypothesis cannot be rejected using the 
Anderson-Darling goodness-of-fit metric

• However, the other two distributions have Anderson-
Darling goodness-of-fit metrics well above their 
respective critical values
– Leading us to reject the gamma and Weibull distributional 

hypotheses at the 5% significance level
• For the Chi-Square test, the critical value given the 

number of degrees of freedom is higher than the Chi-
Square test statistics for the lognormal
– So we again fail to reject the lognormal, but we reject the other 

two distributions.
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Cost Estimating

Goodness-of-Fit Statistics (2 of 2)

• The Kolmogorov-Smirnov critical value at the 5% 
significance level is  

• Comparing this to the K-S statistics shown, neither the 
lognormal nor the gamma can be rejected, but the 
Weibull distribution is rejected based on this criterion

• Anderson-Darling is sensitive to the fit at the tails (or lack 
thereof), and the Kolmogorov-Smirnov test is sensitive to 
maximum departure
– Fitting the tails of the distribution well is important since the 

right tail is where the risk is located (Smart 2010)
• The lognormal is the only one that cannot be rejected at 

the 5% significance level for all three tests
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Cost Estimating

Lognormal Fit (1 of 2)

• Graphical depiction of lognormal fit and the 
empirical data (S-curve representation)
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Cost Estimating

Lognormal Fit (2 of 2)

• Tail comparison between lognormal and empirical 
data shows the lognormal closely fits the tail 

• Use of log scale for the y-axis makes differences 
easier to spot
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Cost Estimating

Lognormal Vs. Levy-Stable

• A lognormal distribution has been found to fit cost 
growth data well, and because of the intrinsic link 
between cost growth and cost risk, this indicates that 
cost risk is well represented by a lognormal distribution 

• However, some in the cost analysis community have 
posited that cost risk for government projects, along with 
stock market fluctuations and natural disasters, should 
follow a Levy-stable distribution

• To examine this, the cost growth data were fit to a Levy-
stable distribution, using a freeware program for 
Windows PCs called STABLE, which is available for 
download at 
http://academic2.american.edu/~jpnolan/stable/stable.html
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Cost Estimating

Fitting Levy-Stable Distributions

• The STABLE program was written by John Nolan, who  is a 
leading authority on computational issues involving Levy-
stable distributions (see Nolan 1998, for example)

• Using the program, a Levy-stable distribution with parameters 
α = 1.1402, β = 1.000, γ = 0.22410 and δ = 0.1819 was found

• A Kolmogorov-Smirnov goodness of fit test yielded a value 
equal to 0.0520, below the 5% significance critical value

• A Chi-Square test on 17 intervals, approximately equally sized, 
yield a  test value equal to 25.152, less than the critical value at 
5% significance

• In both cases, the hypothesis that cost growth follows a Levy-
stable cannot be rejected 

• However the goodness-of-fit statistic for both the K-S and Chi-
square tests is higher than for the lognormal, indicating that 
the lognormal is a better fit

• This is despite the fact that the lognormal has only three 
parameters (including location), while the Levy-stable has four
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Cost Estimating

Levy-Stable Fit

• Graphical depiction of the Levy-Stable fit and the 
empirical data
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Cost Estimating

Lognormal Vs. Levy-Stable

• It is evident that the Levy-stable tail is heavier than 
either the lognormal or the empirical data 
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Cost Estimating

Explaining the Difference (1 of 2)

• Levy-stable distributions have been found to 
describe stock market fluctuations, variation in 
many other financial prices such as cotton, and in 
describing natural disasters, such as the financial 
losses due to hurricanes, and also for box office 
returns (Taleb 2007, De Vany 2004) 

• These phenomena have in common the fact that they 
cannot be controlled 
– The stock market is just too big for one individual, or even a 

group  such as the government, to stop wild swings
– And no one can control mother nature
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Cost Estimating

Explaining the Difference (1 of 2)

• Government projects, however, are subject to 
limitations
– Project managers and other authorities can cut cost 

through scope changes or cap growth by cancelling 
projects outright

• Indeed many of the worst cases of cost growth 
represent projects that grew by more than 100% and 
were subsequently cancelled

• Thus a distribution like the lognormal, which 
represents a state in between the wild randomness 
of the Levy-stable and the mild randomness of the 
normal distribution (Smart 2008, Smart 2009, Taleb 
2007),  is a more logical choice for representing cost 
risk and cost growth than a Levy-stable distribution
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Cost Estimating

Solving the S-Curve Conundrum

• The empirical cost growth data can be used to develop 
project-level S-curves that are in line with reality 

• Based on the evidence that the lognormal distribution is 
best for describing cost growth and thus for modeling 
cost risk, a lognormal distribution is recommended for 
modeling project risk

• Note that the parameters of the lognormal distribution fit 
to the empirical data are location = -31.8%,  mean = 
51.5%, and standard deviation = 72.1%. Note that a 
standard two-parameter lognormal distribution with 
location parameter 0 has the same standard deviation but 
with a mean equal to 0.515+0.318 = 0.833 so the 
coefficient of variation is actually 86.6%
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Cost Estimating

Calibration (1 of 2)

• In order to calibrate, note that the calibrated S-curve’s log-
space standard deviation is completely determined by the 
coefficient of variation, i.e.

• In the author’s experience and as shown anecdotally, project 
budgets and cost estimates are similar, since both are based 
on project inputs, insight, and opinion
– Project budgets tend to be on average at the 20th percentile, since 

roughly 80% of projects experience cost overruns. 
• Project budgets, which are build ups of lower level elements 

and do not include risk, or correlation between WBS elements, 
are typically below the mode of a project cost risk analysis, so
setting the overall confidence of the calibrate confidence to the 
20th percentile of the project cost risk analysis seems to be a 
reasonable anchoring point
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Cost Estimating

Calibration (2 of 2)

• The 20th percentile of a lognormal distribution, X0, is 
equal to 

• Solving for μ yields

• Since the lognormal is a three-parameter lognormal, the 
location parameter means that in order to calculate μ
from a two-parameter lognormal, X represents the 
difference between the 20th percentile and the lower 
bound, which is 0.318

• X0 is the 20th percentile of the project cost risk S-curve 
multiplied by 0.318, so what is actually used in the 
calibration is 

σμ 84160
0 eX .−=
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Cost Estimating

Calibrating in Excel

• S-curve values for a lognormal can be calculated in 
Excel using the formula 

“=LOGNORMDIST(Y,μ,σ)”

where Y varies from 0 to 1 

• In order to account for the shift, the calibrated S-
curve value is calculated as 

“=LOGNORMDIST(X-(1-0.318)*X0,μ,σ)”
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Cost Estimating

Calibration Example

• In order to apply this to the series of marching S-
curves shown earlier, note the early 2006 analysis 
occurred earlier than the typical early benchmark 
from which cost growth is measured for a project, so 
the Fall 2007 System Design Review analysis, which 
is one of the early benchmarks in a project’s 
lifecycle, was used for the anchoring point

• Notice that the Spring 2009 S-curve has a similar 
right tail to the empirically-based S-curve, indicating 
that the latest analysis has incorporated a sufficient 
degree of risk
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Cost Estimating

Calibrated S-Curve - Example

• The empirical S-curve is wider than any individual 
project S-curve

• Note that the project S-curves converge towards the 
empirical S-curve at the tail
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Cost Estimating

Calibration: Step-by-Step

• Step-by-step, the calibration routine can be 
summarized as:
– Take the project S-curve 20th percentile as the total S-curve 

20th percentile – call this X0

– From the empirical S-curve the log-space standard 
deviation, σ,  is 0.748

– The log-space mean is then calculated as                        

– The resulting lognormal needs to be shifted to correctly 
calculate confidence level values

• In Excel, this can be accomplished with the formula 
“=LOGNORMDIST(X-0.682*X0,μ,σ)”
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Cost Estimating

Project S-Curves as Conditional 
S-Curves

• Note that the project risk analyses can be thought of as 
conditional S-curves
– That is, they are conditional on a specific set of conditions, such as a 

set schedule, no funding constraints, etc., while the empirical S-curve 
does not depend upon such a tight range of conditions

• By way of comparison, consider a bivariate lognormal cost and 
schedule S-curve, like that presented in Garvey (Garvey 2000)
– For this case, cost and schedule each have marginal (unconditional) 

lognormal distributions
• Suppose that the mean of the cost distribution is equal to $100,

with standard deviation equal to $50
• Suppose that the mean of the schedule distribution is equal to 

50 months, with standard deviation equal to 10 months., with 
90% correlation between cost and schedule

• When the schedule is fixed, uncertainty is removed from the 
overall joint distribution, and also from the marginal 
distribution which is conditional upon this fixed schedule, 
resulting in a steeper conditional S-curve
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Cost Estimating

Conditional and Unconditional S-
Curves

• Graphical comparison of conditional S-curves with 
the unconditional S-curve, where the condition is 
schedule
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Cost Estimating

Summary (1 of 3)

• Project cost risk analyses significantly 
underestimate risk
– Recent trends, such as the inclusion of correlation, help
– But even recent risk analyses have significantly 

underestimated risk
• Empirical cost growth data provides a means for 

understanding how much risk projects have 
experienced, and can provide a means for 
comparing the amount of risk a project can actually 
expect to see vice what is predicted from project 
cost risk models
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Cost Estimating

Summary (2 of 3)

• The empirical cost growth data have been shown to 
exhibit fat tails, although these tails are not as heavy 
as found in some other financial phenomena, such 
as stock market prices, and financial losses due to 
hurricanes

• The lognormal distribution was found to be the best 
distribution for modeling cost risk, and a step-by-
step method for calibrating project risk analyses to 
incorporate realism was presented

• A strong similarity between project risk analyses 
and conditional risk analyses was demonstrated
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Cost Estimating

Summary (3 of 3)

• Risk analysis is an integral part of the cost estimating 
process
– The process is immature, and risk is underrepresented
– This needs to be fixed by making sure that model uncertainty, 

estimating uncertainty, and some external factors are included 
in cost risk analyses

– This is not a quick process, and it may take time to collect the
data, and develop the models necessary to credibly model risk 

• In the mean time, model calibration is one way to quickly 
develop credible a risk analysis in the absence of 
sophisticated models and/or time limitations

• Calibration is objective, and can help the analyst make 
sure he/she is not subjectively limiting inputs to tight 
ranges (risk blindness)
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