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Origin of the Study
• Up to now, CERs have been based on full data sets 

consisting of all cost and technical data associated with 
a particular class of products of interest (PoIs) (e.g., 
components, subsystems or entire systems satellites, 
ground systems, etc.) 

• In this “proof-of-concept” study, we extend the concept of 
“analogy estimating” to parametric estimating by deriving 
“adaptive” CERs, namely CERs that are based on 
specific needs that may not be reflected in the full data 
set available 

• The eventual goal is to be able to apply CERs that have 
smaller estimating error and narrower prediction bounds
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Agenda
• Discussion of the regression idea and extent of 

confidence in results, including theory of 
Weighted Least Squares Regression

• Three methods of adapting CERs to particular 
data sets or estimating needs
– A Priori method: Weighting each point by its quality 

or confidence in its accuracy
– Piecewise CER method: Grouping data into 

separate subsets based on natural divisions
– “X-Distance” method: Weighting points by distance 

from a cost-driver value of interest
• Conclusions
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CER Error Sources
• Inability of any CER to account for all influences on 
cost, no matter how many inputs it allows – too bad, 
we usually can’t do anything about this

• Incorrectness of algebraic CER model to which cost 
numbers in data base are statistically fit – tough, try 
another algebraic form

• Location of cost driver value x among parameter 
values comprising historical cost data base – this 
issue is what we will try to resolve in this briefing

– If x is located near center of range of parameter 
values, CER will provide fairly precise estimate of 
system’s cost

– If x is located far from center of range, CER-based 
estimate will be considerably less precise
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Prior Thoughts on This Issue
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Some Ideas Toward its Solution 
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Choice of Additive-Error Model
• Normally, the multiplicative-error model is preferred for 

CERs
– Typically, data-base cost values range over large intervals –

two or three orders of magnitude
– So the output of the CER will range over a similar interval
– ±30% is more meaningful as a standard-error metric than 

±$30,000
• For what we are considering here, however, CER 

output will range over a relatively short (or even zero-
length) interval
– The CER will be valid for only a small set of cost-driver values 

(or even only one cost-driver value)
– Therefore, a dollar-valued standard-error metric is just as 

meaningful as a percentage standard-error metric
• We will therefore apply the additive-error model
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Ordinary Least Squares
• OLS “best” fits a straight line y = a+bx to set of data points 

(xk,yk) in two-dimensional space
– xk is the value of the cost driver
– yk is the cost

• The OLS criterion is that the coefficients a and b are 
selected so that the sum of squares of the differences dk
= yk-(a+bxk) = yk-a-bxk between the actual costs and their 
estimates is as small as possible

• The mathematics results in numerical values of a and b
that  minimize the quantity 
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Weighted Least Squares
• In “weighted” least squares (WLS), the problem is the same, 

except that the points are not considered of equal value
• Accompanying each data point (xk,yk) is a “weight” wk, so that 

the data set consists of “triples” (xk,yk,wk), rather than pairs 
(xk,yk)

• The WLS criterion is that the coefficients a and b are selected 
so that the sum of squares of the weighted differences dk/wk = 
(yk-a-bxk)/wk is as small as possible

• The mathematics results in numerical values of a and b that 
minimize the quantity

• Weights wk are chosen as follows:
– Small when the data point is to contribute heavily to the CER
– Large when the data point is to contribute only in a minor way, if at all, to 

the CER
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The Weighted Least Squares Solution
• Applying some calculus, we can derive explicit formulas for the 

numerical values of a and b that minimize the quantity

• The resulting expressions for a and b are as follows: 
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Reference: S.A. Book, “Deriving Cost-Estimating Relationships Using Weighted Least-Squares
Regression,” IAA/ISPA/AIAA Space Systems Cost Methodologies and Applications Symposium, 
San Diego CA, 10-11 May 1990.
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Agenda
• Discussion of the regression idea and extent of 

confidence in results including the theory of 
Weighted Least Squares Regression

• Three methods of adapting CERs to particular 
data sets or estimating needs
– A Priori method: Weighting each point by its quality 

or confidence in its accuracy
– Piecewise CER method: Grouping data into 

separate subsets based on natural divisions
– “X-Distance” method: Weighting points by distance 

from a cost-driver value of interest
• Conclusions
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Why Adapt CERs? – To Add Value

START
set of Information

Program A

Program B

Program N

Part a

Part b

Part n

Cost Driver 1

Cost Driver 2

Cost Driver n

Weighting Information 

Part a$ weighted=[a’ + b’(cost driver)c’] 

Part a$ = a + b(cost driver)c
Part a

Part a

CER Builders

CER User

Value added information from
programs, parts and cost drivers

Adapt \A*dapt"\, v. t. [imp. & p. p. {Adapted}; p. pr. 
& vb. n. {Adapting}.] [L. adaptare; ad + aptare to fit; 
cf. F. adapter. See {Apt}, {Adept}.]

To make suitable; to fit, or suit; to adjust; to alter so 
as to fit for a new use
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Weighting Data Points A Priori
• Data points supporting CER development 

may not all be of equal value
–Some may be known with greater precision 
than others

–Some may be more relevant to the estimating 
task than others

–Some may be very far from the cost-driver 
region where estimating is most commonly 
done

• Should all data points contribute equally to 
the computation of the CER?
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WLS Example*

* From the 1990 paper cited above, where the weights represented sigma
values that tracked the uncertainty with which the unit costs were known.
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WLS Example Graphics
Weighted Least-Squares CER vs. OLS CER
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Example: Traditional CER
• Using a full data set, here is the derived CER:

• Can we reduce our estimating error by using one of 
three CERs, each based on the one of three data 
subsets into which the full data set naturally separates?

Weight Cost
10 20
20 27
30 38
40 45
50 56
80 61
90 64
100 71
110 74
120 81
150 76
160 77
170 82
180 83
190 88

Full Data Base: Cost vs. Weight
CER for 15 Satellites
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Example: Piecewise CER

• The “Piecewise CER” is composed of three 
distinct pieces, each of which provides better 
estimating capability in its region of the data set 
than does the traditional CER
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“Pieces” of the Piecewise CER
Weight Cost
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Quality Metrics of the “Pieces”

• In this example, the traditional CER has 
standard error around 16.7% and R2 around 
87.8% − not bad, but the three “pieces” each 
have standard errors not exceeding 3.8% and R2

values of at least 94.9%
• Therefore there may be substantial merit in 

seeking CERs based on portions of a data set, 
rather than on a full data set
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A “Real” Data Set (Unweighted)

Note: This data set is a set of actual cost data; due to proprietary issues,
however, the exact descriptions of the data points cannot be revealed.
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“Real” Data Set Graphics
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Partitioning the Real Data Set into 
Separate Subsets

Note: This data set is a set of actual cost data; due to proprietary issues,
however, the exact descriptions of the data points cannot be revealed. 
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A CER for Each Subset
Piecewise CER vs. CER Based on Entire Data Set
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Statistical Summary: Piecewise CER 
vs. CER Based on Entire Data Set
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Applying the WLS Process to 
Calculate a Piecewise CER

• We can apply the WLS process by 
choosing weights that result in the data 
points associated with one “piece” being 
included in the computation and all other 
data points being excluded.

• The resulting piecewise CERs turn out the 
be the same as earlier
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A Weighting Scheme that
Produces the First Piecewise CER
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A Weighting Scheme that
Produces the Second Piecewise CER
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A Weighting Scheme that
Produces the Third Piecewise CER
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Agenda
• Discussion of the regression idea and extent of 

confidence in results including the theory of 
Weighted Least Squares Regression

• Three methods of adapting CERs to particular 
data sets or estimating needs
– A Priori method: Weighting each point by its quality 

or confidence in its accuracy
– Piecewise CER method: Grouping data into 

separate subsets based on natural divisions
– “X-Distance” method: Weighting points by distance 

from a cost-driver value of interest
• Conclusions
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The Method
• The “X-Distance” Method calls for weighting points 

by their distance along the x-axis from a cost-driver 
value of interest

• Given:
– x0 is the value of the cost driver for the Product of Interest 

(PoI) being investigated
– xk is the x value of kth data point
– Dk is the squared (quadratic) distance from the x0 value to 

the data point xk so that Dk
2 = (x0 - xk)2

• Then the weight of the data point xk is the reciprocal 
of its distance, namely Dk

-2

• Causal factors considered  for doing it this way
– Economies of scale
– Relevant physics of design and build
– Better approximation of other variables
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Why Dk
-2? 

• There are an infinite number of ways to define 
the weighting as distance from x0

• We chose the squared (quadratic) distance, 
because OLS calculation uses the squares of 
residuals for best fit – This forces the CER to 
pass through the point         , where    is the 
mean of the cost-driver values and    is the 
mean of the cost-driver values 

• However, other weighting schemes can be used

)y,x( x

y
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Quadratic-Distance-Based Weights 
at x = 1,500
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Weighting Points by their
Squared X-Distance from x = 1,500
• Quadratic-Distance Weighting anchored at x = 1,500
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Resulting X-Distance CER
for Real Data Set at x = 1,500
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Weighting Points by their
Squared X-Distance from x = 2,000
• Quadratic-Distance Weighting anchored at x = 2,000
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Resulting X-Distance CER
for Real Data Set at x = 2,000
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Weighting Points by their
Squared X-Distance from x = 100

• Quadratic- Distance Weighting anchored at x = 100
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Resulting X-Distance CER
for Real Data Set at x = 100
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Using Weights Based on the 
Normal Distribution

• Weighting by the normal distribution using the 
exponentiated “distance” (2πσ)½exp{(x-x0)2/2σ2} instead of 
the quadratic distance (x-x0)2 provides a dramatic fall-off in 
weights (1/w) as we move from x0 to the ends of the 
cost-driver range

• Rate of weighting fall-off is controllable by choice of σ
– One reasonable way to define σ is as 1/3 the minimum 

half-range of the x values
– Given x0, we calculate l(smallest x) – x0l and l(largest x) –

x0l and define the smaller of those numbers of the 
minimum half-range and consider it to be the 3σ value of 
the distribution of cost-driver values

– Smaller values of σ increase the rate of fall-off, larger 
values decrease it
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Normal-Distribution-Based Weights 
at x = 1,500
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Weighting Points Based on the 
Normal Distribution at x = 1,500
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The CER at x = 1,500 Based on 
Normal-Distribution Weighting
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Weighting Points Based on the 
Normal Distribution at x = 2,000
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The CER at x = 2,000 Based on 
Normal-Distribution Weighting
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Weighting Points Based on the 
Normal Distribution at x = 800
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The CER at x = 800 Based on 
Normal-Distribution Weighting
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Variety of CERs Generated at 
Different x Values

• Range is divided into 6 equal bins, with point x0 set at the midpoint 
of each

• Residuals for each data point are multiplied by the normally-
distributed weighting values

• A new CER is calculated for each of 6 bins
• These 6 plus the original OLS CER are shown
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A “Good” Unweighted Data Set
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CER Derived from “Good”
Unweighted Data Set
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Weighting Points of “Good” Data Set 
by their Squared X-Distance from x = 3
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The Resulting X-Distance CER
at x = 3
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Weighting Points of “Good” Data Set 
by their Squared X-Distance from x = 8
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The Resulting X-Distance CER
at x = 8
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Weighting Points of “Good” Data Set 
by their Squared X-Distance from x = 12
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The Resulting X-Distance CER
at x = 12
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Back to the “Real” Data Set

Note: This data set is a set of actual cost data; due to proprietary issues,
however, the exact descriptions of the data points cannot be revealed.
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Real Data Set Graphics
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The Triad CER Form
• By the “Triad” CER Form is Meant an Algebraic 

Expression of the form y = a + bxc, where
– x is the value of the cost driver
– a,b, and c are coefficients derived from the data

• Our optimization criterion is that the coefficients a, b, and 
c will be selected so that the sum of squares of the 
differences                           between the actual costs and 
their estimates is as small as possible

• The mathematics results in numerical values of a and b
that  minimize the quantity 
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Weighting Points of Real Data Set by 
their Squared X-Distance from x = 100

Note: “Estimated Cost EST C” is based on Triad CER.
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Triad CER Derived from
Real Data Set at x = 100

Note: The reported quality metrics refer to the entire unweighted data set.
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Weighting Points of Real Data Set by 
their Squared X-Distance from x = 1,000

Note: “Estimated Cost EST C” is based on Triad CER.
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Triad CER Derived from
Real Data Set at x = 1,000

Note: The reported quality metrics refer to the entire unweighted data set.
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Weighting Points of Real Data Set by 
their Squared X-Distance from x = 1,500

Note: “Estimated Cost EST C” is based on Triad CER.
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Triad CER Derived from
Real Data Set at x = 1,500

Note: The reported quality metrics refer to the entire unweighted data set.
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Weighting Points of Real Data Set by 
their Squared X-Distance from x = 2,000

Note: “Estimated Cost EST C” is based on Triad CER.
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Triad CER Derived from
Real Data Set at x = 2,000

Note: The reported quality metrics refer to the entire unweighted data set.
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Weighting Points of Real Data Set by 
their Squared X-Distance from x = 2,500

Note: “Estimated Cost EST C” is based on Triad CER.
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Triad CER Derived from
Real Data Set at x = 2,500

Note: The reported quality metrics refer to the entire unweighted data set.
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Weighting Points of Real Data Set by 
their Squared X-Distance from x = 3,000

Note: “Estimated Cost EST C” is based on Triad CER.
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Triad CER Derived from
Real Data Set at x = 3,000

Note: The reported quality metrics refer to the entire unweighted data set.
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Weighting Points of Real Data Set by 
their Squared X-Distance from x = 3,500

Note: “Estimated Cost EST C” is based on Triad CER.
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Triad CER Derived from
Real Data Set at x = 3,500

Note: The reported quality metrics refer to the entire unweighted data set.

Presented at the 2008 SCEA-ISPA Joint Annual Conference and Training Workshop - www.iceaaonline.com



75

Weighting Points of Real Data Set by 
their Squared X-Distance from x = 5,000

Note: “Estimated Cost EST C” is based on Triad CER.
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Triad CER Derived from
Real Data Set at x = 5,000

Note: The reported quality metrics refer to the entire unweighted data set.
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Agenda
• Discussion of the regression idea and extent of 

confidence in results including the theory of 
Weighted Least Squares Regression

• Three methods of adapting CERs to particular 
data sets or estimating needs
– A Priori method: Weighting each point by its quality 

or confidence in its accuracy
– Piecewise CER method: Grouping data into 

separate subsets based on natural divisions
– “X-Distance” method: Weighting points by distance 

from a cost-driver value of interest
• Conclusions

Presented at the 2008 SCEA-ISPA Joint Annual Conference and Training Workshop - www.iceaaonline.com



78

Summary
Advantages                           Drawbacks       Advantages Disadvantages

A Priori Method Produces one new CER that can 
be distributed without the data

Requires knowledge about some
or all of the data points

Weighting each point

Piecewise CER
Method 

Produces small set of CERs more 
responsive to x value that can be 
distributed without data

Arbitrary decision about how to do 
`piecewise grouping is required

Weighting by grouping data into
separate pieces

“X-Distance”
Method 

Method provides analogy-like
estimating near x value chosen

CERs cannot be generated without 
having all the data points available

Weighting points by distance from
cost-driver value

Square of Distance Produces "good" fitting weighted
CER across data set

Normal-Distribution
Weighting

Impact of weights is adjustable 
by choice of sigma value

Can generate piecewise-type
CERs as well

Method Advantages                           Drawbacks       Advantages Disadvantages
A Priori Method Produces one new CER that can 

be distributed without the data
Requires knowledge about some
or all of the data points

Weighting each point

Piecewise CER
Method 

Produces small set of CERs more 
responsive to x value that can be 
distributed without data

Arbitrary decision about how to do 
`piecewise grouping is required

Weighting by grouping data into
separate pieces

“X-Distance”
Method 

Method provides analogy-like
estimating near x value chosen

CERs cannot be generated without 
having all the data points available

Weighting points by distance from
cost-driver value

Square of Distance Produces "good" fitting weighted
CER across data set

Normal-Distribution
Weighting

Impact of weights is adjustable 
by choice of sigma value
Impact of weights is adjustable 
by choice of sigma value

Can generate piecewise-type
CERs as well
Can generate piecewise-type
CERs as well

Method
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Concluding Remarks
• CERs are the mainstay of parametric cost 

estimating - Their major drawback is the 
uncertainty of applicability to the PoI in any 
particular estimating situation

• Weighting techniques
– … add value by taking advantage of more specific 

information on the use of an existing CER or by 
adding CERs to the estimator’s toolkit

– … (intuitively) reduce estimating uncertainty, but a 
formal proof of this has not yet been shown in this 
paper – we hope to be able to establish this as a fact 
soon

• Deriving adaptive CERs requires more work that 
deriving full data set CER, but it increases their 
usefulness and applications
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