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CER Error Sources
• Inability of Any Cost-Estimating Relationship (CER) to 

Account for All Influences On Cost, No Matter How 
Many Cost Drivers it Contains – Too Bad, We Usually 
Can’t Do Anything About This

• Incorrectness of Algebraic CER Model to Which Cost 
Numbers in its Data Base are Statistically Fit – Tough 
Luck, Try Another Algebraic Form

• When CER is Applied to Estimate Cost at a Particular 
Cost-Driver Value x, Location of that Cost Driver Value 
with Respect to Cost-Driver Values Comprising 
Historical Cost Data Base – This Issue is What We Will 
Try to Resolve in This Briefing
– If x is Located Near Center of Range of Parameter Values, CER 

Will Provide Fairly Precise Estimate of Cost
– If x Is Located Far From Center of Range, CER-based Estimate 

Will Be Considerably Less Precise
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Starting Point for the Study
• Up to Now, Most Cost-Estimating Relationships 

(CERs) Have Been Based on Full Data Sets 
Consisting of All Cost and Technical Data 
Associated with a Particular Class of Products of 
Interest (e.g., Components or Subsystems of 
Satellites, Ground Systems, Aircraft, etc.)

• Exceptions Have Typically Involved Only …
– The Analyst’s Ability to Choose Particular Analogous 

Entities from a Full Data Set and Derive a CER from the 
Reduced Data Set, e.g. NAFCOM

– Preliminary Removal of “Outliers” from the Full Data Set
• Last Year, the First Two Authors Described the 

Process of Deriving “Adaptive” CERs, Namely CERs
that are “Tuned” to Specific Cost-Driver Values and 
Presented Several Examples of How to Carry Out 
that Process  
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Today’s Presentation
• The Goal of Such Specialization is to be Able 

to Apply CERs that Have Smaller Estimating 
Error and Narrower Prediction Bounds

• In Today’s Presentation, We Will Explain the 
Mathematics behind the Analysis of Last 
Year’s Adaptive CER Report, which will Point 
the Way Toward More Advanced Results
– Adaptive CERs that are Applicable over the Entire 

Cost-Driver Range
– Improvements in Our Understanding of Adaptive 

CER Standard Errors and Prediction Bounds
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Choice of Additive-Error Model
• Normally, the Multiplicative-Error Regression 

Model is Preferred for CERs
– Typically, Data-Base Cost Values Range over Large 

Intervals – Often by Two or Three Orders of Magnitude
– So the Possible Output Values of the CER Will Range Over 

A Similar Interval
– Therefore ±30% is More Meaningful as a Standard-Error 

Metric Than ±$30,000
• For What We are Considering in this Study,  

However, CER Output Will Range Over a Relatively 
Short (or even zero-length) Interval
– The CER Will Be Usable for Only a Small Set of Cost-

Driver Values (or maybe even only one cost-driver value)
– Therefore, a Dollar-Valued Standard-Error Metric is Just 

as Meaningful as a Percentage Standard-Error Metric (and 
the mathematics is simpler)

• We Will Therefore Apply the Additive-Error 
Regression Model
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Ordinary Least Squares

• OLS “Best” Fits a Straight Line y = a+bx to a Set of 
Data Points (xk,yk) in Two-Dimensional Space

– xk is the Value of the Cost Driver
– yk is the Cost

• The OLS Criterion is That the Coefficients a and b are 
Selected so That the Sum of Squares of the 
Differences dk = yk-(a+bxk) = yk-a-bxk Between the 
Actual Costs and their Estimates is as Small as 
Possible

• The Mathematics Results in Numerical Values of a
and b That  Minimize the Quantity 
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Coefficients of the OLS CER
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A Set of Actual Data
Cost-Driver Unit Cost

Program Value x y
A 156.12 51,367.22
B 179.40 5,885.00
C 180.30 7,060.00
D 217.50 139,483.12
E 419.14 3,386.00
F 437.09 6,738.00
G 440.93 6,812.00
H 494.45 3,291.34
I 789.90 5,723.14
J 826.10 10,992.00
K 864.30 11,590.00
L 869.30 15,973.00
M 976.50 7,970.67
N 1,355.80 9,524.10
O 1,360.90 35,927.22
P 1,463.21 11,238.73
Q 2,332.10 92,059.97
R 3,017.73 74,649.00
S 3,253.00 42,915.23

Note: This data set is a set of actual cost data; due to proprietary issues,
however, the exact descriptions of the data points cannot be revealed.
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OLS CER Based on Actual Data
OLS Regression CER: y = 12.5x + 15,645.6 

y = 12.495x + 15,646
R2 = 0.0968
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OLS CER Quality Metrics
• OLS Standard-Error of the Estimate

• OLS Bias

• OLS R2

Presented at the 2009 ISPA/SCEA Joint Annual Conference and Training Workshop - www.iceaaonline.com



1414

OLS CER Quality Metrics
Based on Set of Actual Data

• SEE = 34,336.83

• B = 0

• R2 = = 0.0968 = 9.68% 
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Weighted Least Squares
• In “Weighted” Least Squares (WLS), the Problem is the 

Same, Except that the Points are not Considered of Equal 
Value

• Accompanying Each Data Point (xk,yk) is a “Weight” wk, so 
that the Data Set Consists of “Triples” (xk,yk,wk), Rather 
than Pairs (xk,yk)

• The WLS Criterion is that the Coefficients a and b are 
Selected so that the Weighted Sum of Squares of the 
Differences (yk-a-bxk) is as Small as Possible

• The Mathematics Results in Numerical Values of a and b
that Minimize the Quantity

• Weights wk are Chosen as Follows:
– Large When the Data Point is to Contribute Heavily to the CER
– Small When the Data Point is to Contribute Only in a Minor Way, if 

at All, to the CER
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The Weighted Least-Squares Solution
• Applying some Calculus, we Can Derive Explicit Formulas 

for the Numerical Values of a and b that Minimize the 
Quantity

• The Resulting Expressions for a and b are as Follows: 

Reference: S.A. Book, “Deriving Cost-Estimating Relationships Using Weighted Least-Squares
Regression,” IAA/ISPA/AIAA Space Systems Cost Methodologies and Applications Symposium, 
San Diego CA, 10-11 May 1990. (Reference 1)
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Weighting Data Points A Priori
• Data Points Supporting CER Development 

May Not All be of Equal Value
–Some May be Known With Greater Precision Than 

Others
–Some May Be More Relevant to the Particular 

Estimating Task Than Others
–Some May Be Very Far From the Cost-driver 

Region where Estimating is Most Commonly Done
• Should All Data Points Contribute Equally to 

the Computation of the CER?
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The Actual Data Set
Unweighted, i.e. All Weights = 1

Presented at the 2009 ISPA/SCEA Joint Annual Conference and Training Workshop - www.iceaaonline.com



2020

Contents
• Ordinary Least-Squares (OLS) Regression 

CERs and their Quality Metrics
• Weighted Least-Squares (WLS) Regression 

CERs and their Quality Metrics
• Adaptive CERs via Quadratic-Distance 

Weighting
• The “Universal Adaptive CER”
• Prediction Bounds for OLS, WLS, and 

Adaptive CERs
• Conclusions

Presented at the 2009 ISPA/SCEA Joint Annual Conference and Training Workshop - www.iceaaonline.com



2121

Quadratic-Distance Weighting
• The “Q-Distance” Method Calls for Weighting 

Points by the Reciprocal of their Squared 
Distance Along the x-axis from a Cost-Driver 
Value of Interest

• Given that …
– x0 is the Value of the Cost Driver for the Product of 

Interest Being Investigated
– xk is the x Value of the kth Data Point
– dk is the Distance from the x0 Value to the Data 

Point xk

• Then the Weight of the Data Point xk is the 
Reciprocal of the Quadratic (Squared) 
Distance, Namely 2
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Why      ?
• There is an Infinite Number of Ways to Define the 

Weighting in Terms of a Cost Driver’s Distance 
from x0

• We Chose the Squared (Quadratic) Distance, 
because OLS Calculations Use the Squares of 
Residuals for Best Fit – this Forces the CER to 
Pass Through the Point           , where     is the 
Mean of the Cost-Driver Values and    is the Mean 
of the Cost Values 

• However, Other Weighting Schemes Can be Used
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Quadratic-Distance-Based Weights 
at x = 1,500

Quadratic-Distance-Based Weights at x = 1,500
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Weighting Points by their
Q-Distance from x = 1,500

• Quadratic-Distance Weighting Anchored at x = 1,500
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Resulting Q-Distance CER
for Real Data Set at x = 1,500
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“Normalizing” the Weights
• is the Initial Set of Weights Assigned 

to the Data Points
• We Want to Find a Set of Weights                           that 

is Equivalent to the Initial Set in the Sense that the 
Relative Weight of the Data Points to Each Other is 
Preserved

• In Addition, We Want the “Normalized” Weights to 
Sum to n, i.e.              

• The Definition of Normalized Weights that Works is

• Note, for Each Pair i and j, that wi/wj = wi*/wj*, so the 
Relative Weighting of the Data Points is Preserved
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Using the Normalized Weights
• From this Point on, We will be Using the 

Normalized Weights in Lieu of the Initial 
Weights

• The Resulting Expressions for a and b are 
as Follows:
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Normalized Weighting of Points
by their Q-Distance from x = 1,500

• Quadratic-Distance Weighting Anchored at x = 1,500
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Resulting Q-Distance CER
Anchored at x = 1,500
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WLS CER Quality Metrics
• WLS Standard-Error of the Estimate

• WLS Bias (not necessarily 0)

• WLS R2
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WLS CER Quality Metrics
of Adaptive CER Based at 1,500

• SEE = 8,226.72

• B = -15,334.33

• R2 = 0.000218 = 0.0218% 
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The “Universal” Adaptive CER
• The “Universal” Adaptive CER is Formed by 

Combining* the Various Individual Adaptive CERs of 
the Sort Derived Above Over the Range of Cost Drivers 
into One CER that Applies Over the Entire Range

• This Universal Adaptive CER is, as P. Foussier
(Reference 3, Chart 5) Presciently Noted, “Highly 
Nonlinear”

• For the Data Set We Have Been Working with, We Can 
Consider the Cost-driver Range to Go from 50 to 3,500

• We Calculate a Quadratic-Distance Weighted CER and 
an Estimated Cost at Each Increment of 50 for Each of 
Those Cost-Driver Values

• Then We String All these Estimates Together and 
Interpolate between Successive Ones to Form the 
Universal Adaptive CER

* The idea of combining estimates at various points of the cost-driver range into
one all-inclusive CER was suggested to us by Paul Wetzel of OpsConsulting LLC.
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Universal Adaptive CER-Based
Estimates at 50-Unit Increments
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Universal Adaptive CER Graphed
with Standard Error and Actual Data
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Prediction Bounds 
on CER-Based Estimates

• Estimating the Cost of Developing or Producing a 
New Subsystem or Component is Essentially Trying 
to Predict the Future, which Means that Any Such 
Estimate Contains Uncertainty

• Uncertainty in CER-Based Estimates Can be 
Expressed in Terms of Prediction Bounds, the 
Algebra of which is Completely Understood Only in 
the Case of CERs Derived by Classical OLS Linear 
Regression

• As a Result, an Explicit Formula Exists for 
“Prediction Intervals” that Bound Cost Estimates 
Based on CERs that Have Been Derived by Applying 
OLS to Historical Cost Data

Presented at the 2009 ISPA/SCEA Joint Annual Conference and Training Workshop - www.iceaaonline.com



3838

The Formula for Prediction Bounds
in the Case of OLS-Derived CERs

• The Formula for the (1-α)th Percent Upper and Lower 
Prediction Bounds on the True Cost y, Based on the 
Estimate ESTy from the CER is the Following:

• Here tα/2,n-2 is the (1-α)th Percentage Point of the t
Distribution,     is the Mean of the Cost-Driver Values 
in the Data Base, x is the Cost-Driver Value at which 
the Estimate is Being Made, and SEE is the Standard 
Error of the CER
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80% Upper and Lower Prediction 
Bounds on the OLS CER
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80% Prediction Bounds Graphed 
with OLS CER and Actual Data
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The Formula for Prediction Bounds 
in the Case of WLS-Derived CERs

• When the Weights are Normalized, the Expressions 
for the (1-α)th Percent Upper and Lower Prediction 
Bounds on the True Cost y at the Cost-Driver Value 
xp, Based On Estimates ESTy from WLS-Based 
Adaptive CERs are the Following:

• One Way to Obtain a Usable Value, if Needed, for wp
When xp is Not in the Data Base from which the 
Adaptive CERs are Derived is to Interpolate between 
the Weights of the Nearest Data-base Points
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80% Prediction Bounds on the 
Adaptive CER Based at x = 800
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80% Prediction Bounds on the 
Adaptive CER Based at x = 800
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Prediction Bounds Near 
Cost-Driver Value of 800
80% Upper and Lower Prediction Bounds on Adaptive

CER-Based Estimates at Cost-Driver Value of 800
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80% Prediction Bounds on the 
Adaptive CER Based at x = 300
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80% Prediction Bounds on the 
Adaptive CER Based at x = 300

80% Upper and Lower Prediction Bounds on Adaptive
CER-Based Estimates at Cost-Driver Value of 300
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Prediction Bounds Near 
Cost-Driver Value of 300

80% Upper and Lower Prediction Bounds on Adaptive
CER-Based Estimates at Cost-Driver Value of 300
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80% Prediction Bounds on the 
Adaptive CER Based at x = 3,000
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80% Prediction Bounds on the 
Adaptive CER Based at x = 3,000

80% Upper and Lower Prediction Bounds on Adaptive
CER-Based Estimates at Cost-Driver Value of 3,000
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Prediction Bounds Near 
Cost-Driver Value of 3,000

80% Upper and Lower Prediction Bounds on Adaptive
CER-Based Estimates at Cost-Driver Value of 3,000
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80% Prediction Bounds on the 
Universal Adaptive CER
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80% Prediction Bounds on the 
Universal Adaptive CER

The Universal Adaptive CER with 
80% Upper and Lower Prediction Bounds
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Concluding Remarks
• CERs are the Mainstay of Parametric Cost 

Estimating – Their Major Drawback is the 
Uncertainty of Applicability in Any Particular 
Estimating Situation

• Deriving Adaptive CERs Requires More Work 
Than Deriving Full Data Set CERs, but it Offers 
the Possibility of More Credible and Precise 
Estimates
– Adaptive CERs Can be “Tuned” to Specific Cost-Driver 

Ranges, or
– They Can be Merged to Form a Universal Adaptive CER that 

is Valid over the Entire Cost-Driver Range
• In This Report, We Have Provided the 

Mathematical Foundations of Calculating and 
Applying Adaptive CERs
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