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Introduction

* In 333 BC in one of his early military campaigns
Alexander the Great reached the city of Gordium

e When shown an intricate knot with its ends hidden, he
cut the knot with his sword

— The phrase “cutting the Gordian knot” has come to
mean a direct and simple solution to a complex
problem

— We leverage the powerful sword
maximum likelihood estimation to |
provide a simple alternative to
log-transformed ordinary
least squares
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Linear Regression

Given an equation of the form

Y =a+bX
And a set of data

(X,.Y).(X;.Y2)(X,Y,)

The residuals are defined as:
g =Y, —(a+bX. )= Actual — Estimated

This is also referred to as the “error” term since it is the difference
between the actual cost and the estimated cost linear regression
finds the “best fit” by finding the parameters a and b that
minimize the sum of the squares of the residuals

n

Zn:g‘ =2 (Vi=(a+bX;)) = Zn:(Actuali — Estimated, )

i=1 i=1
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Least Squares and
Regression Analysis
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The method of least squares was first developed by the mathematicians
Legendre and Gauss in the early 19'h century, who used it to predict the
orbits of heavenly bodies using observed data

Francis Galton later applied this technique to find linear predictive
relationships between various phenomena, such as the relationship
between the heights of fathers and sons

- Galton found a positive correlation between these heights but found a
tendency to return or “regress” toward the average height, hence the term

“regression analysis”

Datapoints
Regression
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Nonlinear Regression

In the spacecraft and defense industry it is more common to see nonlinear
relationships between cost and cost drivers

The power equation is ubiquitous
b
Y =aX

In this case Y typically represents cost in $, but can also represent effort
(hours, full-time equivalents)

X typically represents weight or some other performance parameter
The equation can also be modified to accommodate multiple cost drivers

The value of the b parameter in the power equation is usually less than 1,
indicating economies of scale in design and production

Linear regression is simple - the calculations can be done by hand, but
nonlinear regression requires more sophisticated methods, often the use
of a computer
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Additive and
Multiplicative Residuals

The residuals of the power equation can either be additive or
multiplicative

Additive residuals have the form

b
Y=aX"+¢
Multiplicative residuals have the form
b
Y=aX"¢
Multiplicative residuals are more appropriate for the spacecraft and

defense industry in most applications because of wide variations in
size, scope, and scale of the systems that are estimated

- As aresult we are primarily interested in the percentage difference between
actual and estimated costs, not the absolute difference

For example, if historical data ranges from $50 million to $1 billion,
better to analyze percentage differences
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Residuals Comparison

Multiplicative Error

X

Additive Error

X

* The commonly-used regression techniques considered in
this presentation are all based on the multiplicative error

assumption

Public Release 16-MDA-8878




Presented at the 2017 ICEAA Professional Development & Training Workshop www.iceaaonline.com/portland2017

Multiplicative Residuals

For the Power Equation with Multiplicative Residuals, i.e.,
Y =aX’e

The Regression Estimates Vary Based on the Variation of the
Residual

Y
E= 5
ax
Also Common to Adjust This to Treat € as a Percentage, i.e., Set

b

Y =aX (1 + g)

o X "—Y _ Estimate — Actual
aX”" Estimate

Actual Cost = Estimate +/- Percentage of Estimate
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Residuals are
Random Variables

For a “good” regression model, the cost drivers explain all (or
most) of the variation in the historical data that can be explained

— Itis typically assumed that any remaining variation is random

* Either due to non-repeatable random phenomena
(e.g., test failures) that are truly random phenomena
and will not help predict future cost, or due to our
ignorance

The multiplicative residuals that represent this unexplained
variation are thus treated as random variables

For linear regression, it is assumed that the additive residuals are
normally distributed

For nonlinear regression for CER development, residuals assumed
to follow normal, lognormal, gamma, or treated without making
such an assumption (non-parametric)
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Normal Distribution

The most common probability distribution - many random
phenomena follow this distribution

Also called the “bell curve,” noted for its symmetry and thin tails.

If cost is a sum of many random independent phenomena, the
central limit theorem indicates this may be the appropriate
distribution.
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Lognormal Distribution

Lognormal distribution is skewed

If x is lognormally distributed, y = In(x) is normally distributed
Fatter tails than the normal distribution

Bounded below by zero, unbounded above.

If cost is a function is multiplicative factors (e.g., test failues cause a
percentage increase in cost rather than a fixed amount increase), then
complex projects are likely to be lognormally distributed (multiplicative
analog to central limit theorem)

These aspects make the lognormal appealing for cost modeling
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Gamma Distribution

The Gamma Distribution is a Flexible Distribution.
Can Resemble a Lognormal, Can Also Resemble an Exponential Distribution.
- Indeed the Gamma Distribution is the Sum of Independent Exponential Distributions.

PDF is Given by:

——k =1, theta=2

—k=2,theta=2

——k =5,theta=1
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Parameter Calculation

* There are numerous ways to calculate the parameters of a
cost-estimating relationship, but we consider one method -
Maximum Likelihood Estimation (MLE)

* Maximum Likelihood Estimation is a widely used statistical
technique that serves as a unifying framework for the CER
methods we discuss
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Maximum Likelihood
Estimation

Let A, ..., A, represent the observed data and X, ..., X, represent random variables
where A, results from observing the random variable X;

The likelihood function, which represents the likelihood of obtaining the sample

results, is
L@)=TTPr(x. = A 10)
i=1

The Maximum Likelihood Estimate of 0 is the vector that maximizes the likelihood
function

Maximum Likelihood Estimation is an established popular statistical technique

- Major advantage - likelihood function is almost always available
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Maximum Likelihood -
Lognormal Residuals

For Y=f(X, P&, where

B = vector of coefficients of the CER

Y; = actual cost of the i data point

X, = vector of cost drivers for the i data point
g; = residual of the i?* data point

Probability density function for lognormal distribution
(Iny-u)®
1 R

’ ’0 — e 20

Note that yis the log-space mean
If we estimate u = In(Y) then in the case of the power equation

Y = BoXP1
we are estimating the linear equation u = Infly + f1In(X)
Note that e* = Y = B,XP1 is the median in linear space
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Estimating the Median

Conditional probability/likelihood of y; given x; and £
1 (In y—=InBy=B1InXi1—..—B, Inxip)2

L(p.0)=11 o(y, 1%,: By By s B, 8) = ik 20

If we take the log-likelihood and maximize that, we find it
is equivalent to minimizing

i(ln yi—Ing, =B, InX;; —..—B,1In Xip)2

i=1

which is Log-Transformed Ordinary Least Squares (LOLS)
Therefore LOLS is an MLE of the median

Note that we can minimize the sum of squared errors for an
arbitrary function f(X, f) as well

Public Release 16-MDA-8878




Presented at the 2017 ICEAA Professional Development & Training Workshop .iceaaonline.com/portland2017

Estlmatlng the Median
Vice the Mean

For skewed data the median is a better representative of a
distribution’s centrality

However we rarely consider projects in isolation, but as part
of a larger portfolio

The medians (also known as 50" percentiles) do not add,
and the sum of 50t percentiles is less than the 50"
percentile of the sum

The mean is a better choice for estimation, so we say that
LOLS is biased low

There are factors that allow you to correct for this (e.g.,
“PING Factor”
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Normal Residuals

* For the Equation Y,=f(X, f)¢;, when the residuals are
normally distributed, with mean = 1 and variance 6, the

likelihood function, is

exp _]-i Yi — f(Xi’ﬂ) ZJ
(5.6)- (20 ( f(x.5) j
(27[49)21;! f(x,,8)

* The negative log-likelihood function can be simplified
to the following representation

GER R A

Public Release 16-MDA-8878




Presented at the 2017 ICEAA Professional Development & Training Workshop www.iceaaonline.com/portland2017

ZMPE

The normal residual MLE is very similar to the Zero-Percent
Bias Minimum Percent Error (ZMPE) method developed by

Dr. Steve Book
. [yi — f(xi ’ﬂ)JZ
S f(x.8)

ZMPE minimizes
subject to the constraint that the sample bias is zero, i.e.,

$(1 i)
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Normal MLE and ZMPE
(1 of 2)

The dominant term in the Normal MLE is the same as the ZMPE
objective function, so the results of the two are often the same

For the Data Displayed in the Table and Graphically Displayed in the
Charts:

N

. Normal MLE Fit iS MPE_ZPB and
Est.Cost = 2.41Wt °'*° Normal MLE
Fits are
- MPE-ZPB Fit is Coincident
Est.Cost = 2.39Wt >° [ \
Weizg ht Cj, st :: . \\ﬁ /A

4 ° so // 1 Loglinear Fit
10 12 // . Shown for
15 15 s z Contrast
20 37 4 L e
30 25 7 B
40 292 5 ———— Pow er (Example Data) ||
50 35 ° J:O 26 C;O 4‘0 F;O 60
55 40 Weight
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Normal MLE and ZMPE
(2 of 2)

Normal MLE and ZMPE solutions are very similar since they are
minimizing the same dominant term and are both “unbiased”

— MLE solution is asymptotically unbiased (unbiased for “large”

samples)

— MPE-ZPB solution is unbiased regardless of sample size
One advantage that MPE-ZPB has is lack of bias regardless of
sample size

— Cost estimates are often based on small samples, so MLE

solution may be biased
On the other hand, MPE-ZPB is tied to the assumptions of the
normal MLE.

— Need normally distributed (multiplicative) residuals to ensure
consistent solutions in many cases.
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Gamma Residuals

When the residuals follow a gamma distribution, the negative log-
likelihood function is

-3 5 (8)

i=1

This can be minimized by iteratively minimizing the sum of percent
squared errors until the estimates converge:

L (y - (%, 8))
i i 1Mk
Z( f(X Bis) J
Note k is the iteration number

This method was first developed by Nelder (1968) and Wedderburn
(1974), who called the method Iteratively Re-Weighted Least Squares
(IRLS) and re-discovered by Hu in the 1990s, who called it Miminum
Unbiased Percentage Error (MUPE)
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IRLS/MUPE

In the case of gamma residuals, IRLS/MUPE is an MLE
— also a Generalized Linear Model (GLM)

However, IRLS/MUPE does not depend upon the
assumption of gamma residuals.

The likelihood method was generalized by Wedderburn to
consider quasi-likelihood, which has good statistical
properties
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Summary of Three CER
Methods

Log-Transformed OLS, MPE-ZPB, and IRLS/MUPE all share a
common connection in Maximum Likelihood Estimation

Log-Transformed OLS is a Maximum Likelihood Estimator of the
median of lognormally distributed multiplicative residuals

— Parametric method

MPE is a Pseudo-Likelihood Estimator of the Mean of normally
distributed multiplicative residuals

— Bias constraint added
— Not directly parametric but has parametric properties

IRLS/MUPE is a Maximum Likelihood Estimator of the mean of
gamma distributed residuals

— Also more general, quasi-likelihood
— Parametric method
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Comparing the Methods -
an Example

Weight Cost
10 3.2
20 4.5 ¢

30 30 ' /
40 7.1
70 8.4 250 /
100 10
20.0

200 14.1 D
300 17.3 @ ¢
O 15.0
1500000 gig // * & Actuals
: 100 1L e MPE-ZPB
/’ Norm MLE
5.0 1 Log OLS
I‘ MUPE
0.0 ; ‘ ‘ ‘ :
0 200 400 600 800 1000 1200
Weight

Although MPE-ZPB has the lowest standard percent error, the
overall trend does not match the actual data

MUPE and LOLS have similar fit
— Similar to results reported by Mackenzie(2003)

Public Release 16-MDA-8878




Presented at the 2017 ICEAA Professional Development & Training Workshop aaonline.com/portland2017

Lognormal _ Theoretical
Foundations (1 of 3)

Changes in cost over time are proportional to prior costs
— Cost is more likely to increase than decrease over time
- Over 80% of government projects experience cost growth

Cost increases do not typically result in increased funding
in the short term, so cost increases result in schedule slips

Schedule slips mean a longer period in which personnel
devoted to a project will charge to that project

Larger projects have more people assigned to them so
increases in cost will be proportional to the size of the
project
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Lognormal - Theoretical
Foundations (2 of 3)

The change in cost from time £-1 to time ¢ is
Xt — X1 = €X

where the €;'s are mutually independent and independent
of X;_4
This is equivalent to

Xe—Xea _
Xew
Summing over t
zxt — X1 _ ift
t=1 Xe-1 t=1
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Lognormal _ Theoretical
Foundations (3 of 3)

Proportional changes can be approximated as

n
X, —X,_ Xn dX
I j £~ n(x,) - In(Xy)
t=1 Xe-1 Xo X

Thus

In(X,) —In(Xy) = €;

t=1
or equivalently

In(X,) ~ In(Xy) + z €,

t=1

online.com/portland2017

According to the Central Limit Theorem the sum of many
independent random variables is normally distributed, so

In(X,) is normal for large n, thus X, is lognormal
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The Use of the Lognormal
In Other Industries

Rule of thumb for environmental studies

Pareto and lognormal are the only distributions found to fit
actuals for size claims in property and casualty insurance

Lognormal is widely used in health and labor economics
— LOLS and IRLS are widely used
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Emplrlcal Evidence for the
Lognormal

For 32 LOLS CERs developed for the NASA/Air Force Cost Model
between 2007 and 2009 the residuals were fit to a variety of
distributions using the Crystal Ball® add-in for Excel

— Using the Anderson-Darling test, the lognormal was not
rejected for 30 out of 32 at the 10% critical value and was not
rejected for 31 of 32 at the 5% critical value

Mackenzie (2008) has provided empirical evidence for modeling
residuals with the lognormal

Smart (2015) showed that cost growth for 289 DoD and NASA
programs closely follows a lognormal distribution

The Joint Agency Cost and Schedule Risk and Uncertainty
Handbook (2014) recommends the lognormal distribution as a
default for modeling cost risk if no other information is known
about the shape of the distribution
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A New Method

We have provided theoretical and empirical evidence for
modeling the residuals as lognormal

However the optimal method currently in use for modeling
lognormal residuals is subject to criticism

Because of the transformation LOLS estimates the median
of the lognormal

— There are factors to translate the median to the mean but
these are approximations and may not be accurate
outside the input data range

The new method is to use MLE to directly estimate the
mean of the lognormal without the use of transformation
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MLE Regressmn of the Log
Normal (MRLN) (1 of 4)

We term this direct estimation of the mean MLE Regression
for Log Normal error (MRLN or “Merlin”)

We being with the lognormal likelihood but now we are
going to estimate the mean rather than the median

We are estimating the power equation

_ B B
Y = BoXit .. X7
The mean of a lognormal distribution is
e”+g

For the i'" observation

()
o+ B
ell +2 — B()Xiﬁll Xl:
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MLE Regressmn of the Log
Normal (MRLN) (2 of 4)

* Taking log transformations

0
Ui+ E = lnﬁo + ﬁllnXil + e+ ﬁplnXip

* Therefore
0 7/
Hi = lnﬁo + BllnXil + -+ ﬂplnXip - E = lnﬁo + EﬁilnXip —E

* Recall that the log-likelihood is

n

L(w 0) 1 (lnyé';ﬂi)
o[ [z
1 Yi 21O
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MLE Regressmn of the Log
Normal (MRLN) (3 of 4)

* The log-likelihood (ignoring constants) is thus

(o e>———2<lnyl w)? — Zznyl——lne

* We substitute for u to obtain
1(Bo,B1 - By, 0)

n

1 n
=~3%p <lny, Inf, — zﬁ,lnX +> z ny,-—ElnB

i=1

S
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MLE Regressmn of the Log
Normal (MRLN) (4 of 4)

Ignoring constants we obtain

1(Bo,B1, - By, 6)

n

1 0
= —— an ~ %8 1 Iny; —Inf3y — z pjlnX;; + - >
=

There are no closed form solutions for the partial
derivatives, so we need a numerical method, such as
Newton-Raphson, to find the roots

We can minimize the negative of the likelihood directly in
Excel, using Solver, or by using the MLE package in R
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Example 1 (1 of 2)

* 121 data points for satellite and spacecraft Structures, design
and development cost and weight

$10,000
2]
=1
5

= $1,000
=
v
3
S

O $100
[=1
Q
E
=1
o
@

2 510
a
=
=
m
=

%9 S1
Q
a

S0

1 10 100 1,000 10,000 100,000 1,000,000
Weight (Lbs.)
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Example 1 (2 of 2)

The parameters and goodness-of-fit metrics are
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Method B B Pearson’s R? Std % Error
MRLN 0.13 0.81 38% 146%
LOLS 0.07 0.81 38% 228%
MUPE 0.17 0.76 39% 143%
ZMPE 0.31 0.67 40.5% 140%

The residuals follow a lognormal distribution (fail to reject at the
10% critical value for Anderson-Darling and Kolmogorov-

Smirnov tests)

MRLN, MUPE, and ZMPE all have similar fit statistics

Bias is not an issue: sample bias is 0.2% for MRLN, 2.5x10-8 for
MUPE and 8.7x10-7 for ZMPE
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For our second example we consider 62 reaction control
subsystem - design and development cost and thrust for

satellites and spacecraft

51,000

$100

510

s1

Design and Development Cost, $ Millions

S0
0 1 10 100 1,000

¢ Data

e = MRLN

ZMPE

LOLS

MUPE
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Example 2 (2 of 2)
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The parameters and goodness-of-fit metrics are

Method B B Pearson’s R? Std % Error
MRLN 1.35 0.59 54% 144%
LOLS 0.65 0.59 54% 315%
MUPE 2.04 0.48 47% 157%
ZMPE 1.38 0.57 53% 147%

The ZMPE and MRLN fit are similar for this case
MUPE is the most different

Residuals again follow a lognormal - fail to reject at
the 5% critical value for either Anderson-Darling or
Komolgorov-Smirnov
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77 command, control, and data handling subsystems costs
weights, and % new design for satellites and spacecraft

Method B, B, B, Pearson’s R? Std %
Error
MRLN 0.45 1.96 0.96 97% 63%
LOLS 0.39 1.96 0.96 97% 75%
MUPE 0.51 1.98 0.94 97% 62%
ZMPE 0.65 2.03 0.89 96% 61%

The fits are all similar
Data are better behaved with few outliers

The residuals follow a lognormal, fail to reject at the 5%
critical value for Anderson-Darling and Komolgorov-

Smirnov
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Summary (1 of 3)

We have discussed three popular CER methods
- LOLS
- MUPE/IRLS
- ZMPE

We have discussed Maximum Likelihood Estimation (MLE)
and how each method has a connection to MLE when the
residuals are multiplicative

— LOLS is an MLE for lognormal residuals

— MUPE is an MLE for gamma residuals (also it is a quasi-
likelihood estimator)

— ZMPE is similar to the MLE for normal residuals
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Summary (2 of 3)

We have also discussed the transformation controversy
regarding LOLS

We have presented logical/mathematical arguments and
empirical evidence as to why the lognormal is the right
model for the residuals

We have presented a simple solution to avoid the
transformation issue altogether by directly modeling the
mean of the lognormal via MLEs - MRLN

MRLN is easy to implement in Excel Solver or the MLE
package in R
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Summary (3 of 3)

Wired

MRLN

-

Tired

ZMPE

MUPE

~

Expired
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