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Introduction

* “Anything that relies on correlation is charlatanism.”
- Nassim Taleb, author of The Black Swan
* Costrisk is an evolving discipline
—- 1990s and 2000s
e We need to include correlation in cost risk
- 2013
e We need more correlation
(and more cowbell)
- Now
* Correlation is not enough!




Introduction (2)

Current state of the practice in cost risk analysis is the use
of multivariate distributions

— Some combination of normal and lognormal
distributions is common

— Described in detail in Paul Garvey’s book (2000)

The issue is that this approach forces an exclusive reliance
on correlation to model dependency between random
variables

Correlation is only one measure of stochastic dependency




Introduction (3)

The primary weakness of correlation is that it ignores the
effect of tail dependency

Tail dependency occurs when extreme events tend to occur
together (e.g., large cost overrun and long schedule slip)

Lack of modeling tail dependency leads to potential
outcomes that do not make sense

— A program has a large schedule slip but no cost overrun

— A development test failure that requires significant
redesign that increases the cost of all WBS elements

— Correlation does not account for this phenomenon




Realism in Modeling

Developing models that use assumptions that hinder our
ability to accurately model risks is to ignore the possibility
of Nassim Taleb’s black swans (Taleb 2007)

Hungarian mathematician Janos Bolyai stated that we must
not force our models to conform to “blindly formed
chimera.” (Gray 2004)

Rather we should attempt to develop models that are as
realistic as possible

Since correlation does not account for extreme events that
we know have occurred and will continue to occur, we need
to look beyond correlation to ensure our models are
realistic




Correlation in the
Financial Industry

Correlation was widely used to model mortgage default risk
in the early 2000s before the financial crisis in 2007 and 2008

In a 2009 magazine article, use of correlation to measure
dependency was cited as “the equation that killed Wall
Street” (Salmon 2009)

An article in The Financial Times termed it “the formula
that felled Wall Street” (Jones 2009)

Financial markets and government projects are both
inherently risky

— An over-reliance on correlation bears some of the blame
for the endemic problem of cost growth, which averages
50% for development programs both in the Department
of Defense and NASA (Smart 2011)




Copulas

As a way to overcome the limitations of correlation we
present copulas

— Sklar’s Theorem enables the separation of individual
risk distributions and dependency structure using
copulas

* Copulas allow the accurate modeling of stochastic
dependency and individual (marginal) risks can
follow any distribution form

* We discuss tail dependency since this is the feature
that is not adequately modeled by correlation

* We discuss the Student’s t copula, and show how it
can model tail dependency




Normal Distribution

* Most commonly used probability distributions
- Many random phenomena follow this distribution
* Lifespan of humans, heights of humans
* Noted for its symmetry and its thin tails

* If sum of many independent random variables, the
Central Limit Theorem indicates that this may be

appropriate
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Lognormal Distribution

Accounts for risk of cost growth outweighing opportunities
for cost savings

Skewed distribution

Heavier tails than a normal distribution

Bounded below by zero and unbounded above
— just like cost

Function of multiplicative factors (e.g., test failures cause a
percentage increase in cost rather than an increase of a fixed
amount) are likely to be lognormally distributed

— Multiplicative analogue to the Central Limit Theorem
(Smart 2011)




Lognormal Distribution (2)

Cost tends to be lognormal when strong positive
correlations are present among the system’s WBS cost
element costs (Garvey 2000)

A system’s schedule tends to be lognormal if it is the sum of
many positively correlated schedule activities in an overall
schedule network (Garvey 2000)

Smart (2011) provides empirical evidence supporting the
use of the lognormal distribution in cost risk analysis for
government programs

_(inx—p)?
e 202 x>0

flx,u,0) =

XO\ 2T

10




Student’s t Distribution

Arises when estimating the mean of a normally distributed
population where sample is small and population standard
deviation is unknown

Can account for extreme variations

The larger the sample, the more it resembles a normal
distribution

F(V er 11/) (1 +£>_VT+1
v ()
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where I is the gamma function and v is the number of
degrees of freedom

f© =
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Multivariate Analysis

* Whenever we are developing a cost risk analysis for a work
breakdown structure with more than one element we are
doing a multivariate analysis

* In this paper we focus on joint cost and schedule confidence
level (JCL) analysis since it is a two-dimensional problem
that is easy to visualize with scatterplots

— JCL analysis is prescribed by NASA policy

* Note that everything we do for JCL also applies to a cost
risk analysis where risk distributions are analyzed at the
WBS level and then aggregated to develop the top-level S
curve
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Correlation

* Correlation in cost between two events is the tendency for
the risks associated with those costs to move in tandem.

* Positive when there is a tendency for the chance that a Work
Breakdown Structure (WBS) element’s cost will increase
when the chance that another WBS element’s cost will
increase

* Negative when there is a tendency for the chance that a
WBS element’s cost will decrease whenever the chance that
another WBS element’s cost will increase, and vice versa

cov(xq,X3)
p =

0103
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Bivariate Normal
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Bivariate Normal-
Lognormal
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Bivariate Lognormal
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Standard Cumulative
Distributions

The cumulative normal distribution does not have a closed
form, so it is typically represented as an integral

The standard normal cumulative distribution function is
the one for which statistics textbooks have look up tables in
the back (that is why you need a look up table; there is no
closed form solution)

The standard normal has the property that the mean is
equal to zero and the standard deviation is equal to 1

The formula for the bivariate standard normal cumulative
distribution is given by

O L(uy) D L(u,) 1 _(xf-2px1x5+x3)
Cb(u]_, Uy, p) =j j e 2(1_p2) dxldxz

—00 27'[\/ 1-— ,02
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Tail Dependency
and Correlation

For the bivariate normal, lognormal, and normal-lognormal,
correlation is the sole measure of dependency

One criticism of bivariate normal and lognormal
distributions is that they do not capture tail dependence

Tail dependency is the probability of an extreme event
given that another correlated variable has an extreme event

- e.g., the probability of extreme cost growth given that
there is extreme schedule growth
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Examples

In the following examples we will look at a joint cost and
schedule risk analysis

Cost: mean = $1 Billion, standard deviation = $250 Million

Schedule: mean = 100 months, standard deviation = 20
months

Correlation = 0.6, based on a recent ICEAA paper by the
author (Smart 2013)
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Percentiles

NASA policy requires “that projects are required to perform
a JCL with the intent that they demonstrate a 70%
probability that cost will be equal to or less than the
targeted cost and schedule will be equal to or less than the
targeted schedule date “ (Hunt 2013)

These are pairs of cost and schedule values for which there
is at least a 70% chance of success that both cost and
schedule will be met

— Any point on the frontier and any point to the right and
above the line also meet the conditions

As an aside percentile funding is not a proper risk measure
and is not risk management

— For more on this see Smart (2010, 2012)
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Bivariate Normal Example

* Bivariate normal and lognormal distributions exhibit no tail

dependency even in the presence of high correlation (as
long as it is less than 1)
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JCL Frontier
Excursion

e There are a variety of points that meet 70" percentile
-~ Some with lower cost/longer schedule and some with
higher cost and shorter schedule

— This wide range ostensibly indicates that that you can
trade off cost and schedule along the frontier

* For example both $2 billion cost and 110 month
schedule and $1.1 billion cost and 190 month
schedule both meet the requirement

* Values at the ends of the curve are not easily
achievable (Druker 2013)

* Druker provided an empirical measure based on the
results of a joint confidence level simulation
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Conditional Normal

Let (X,X,) be a bivariate standard normal distribution

Then X,|X; = x is also normal with mean px and
variance 1 — p?

For a non-standard normal (Y, Y,) with means uy. uy, and
standard deviations oy , oy, this equates to

(o)
Vol Vi~N (uy, + p 2 (Vi = ), 07, (1 = p2))
1
That is Y, |Y; is normally distribution with mean
(o)
Uy, + p G_:z
1

Based on this the likelihood that you can achieve a 110
month schedule if the cost is $2 billion is 0.8%

We can extend this to all points along the curves

(Y; — uy, ) and variance oy, (1 — p?)
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Conditional Likelihoods

LetC(a,b) =
Min{Prob(Schedule < a|Cost = b), Prob(Cost < b|Schedule = a)}

Prob(Schedule < a|Cost = b) is increasing as a function of a,
and Prob(Cost < b|Schedule = a) is increasing as a function

of b

1 -
0.9 -
0.8 -
0.7 -
0.6 -
0.5 -
04 -
0.3 -
0.2
0.1 -

0

Maximum occurs when the two percentiles are equal
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JCL Scatterplots

* We have derived the following:

— Not every point on the frontier of a JCL scatterplot is
equally likely; the maximum occurs when the individual
cost and schedule percentiles are equal

* Program managers should focus on setting budgets and
schedules in the middle of the curve, not on the outer
boundaries

e However, this is an excursion - it does not resolve the tail
dependency issue which cannot be solved by considering
conditional probabilities

— The 70t percentile is not in the tail of the distribution
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Bivariate Normal and
Tail (In)dependency
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* One pair is cost = $1.037 billion and schedule = 156 months

* A schedule equal to 156 months is at the 99.8t" percentile,
while cost = $1.307 billion is at the 55" percentile

* One is an extreme event, and the other is not
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Bivariate Lognormal and
Tail (In)dependency

Tail dependency is not an issue with the tails of the
individual marginal distributions

The lognormal has a heavier tail than the normal but the
problem is even worse!

The scatterplot is for a bivariate lognormal with the same
means and standard deviations as the normal
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Copulas

To deal with the tail dependency issue we turn to copulas
Not the Italian word for sex; Latin for “link, tie, bond”

Enables the separation of the distributions from the
dependency structure

Consider two random variables X and Y, with distribution
functions F(x) = P(X < x) and G(y) = P(Y < y), and a joint
distribution function H(x,y) = P(X < x,Y < y); for example
a bivariate normal has distributions F and G that are each
univariate normal distributions

Each pair (x,y) of real numbers leads to a point (F(x),G(y)) in
the unit square [0,1]x[0,1], and this ordered pair corresponds
to H(x,y) in [0,1]

- H is a copula (Nelsen 2006)
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Copulas (2)

e For two normal distributions with correlation as the
dependency structure

— Gaussian copula with Gaussian marginal

* The Gaussian copula is the same as the bivariate standard
normal cumulative distribution that we discussed earlier

— The only difference is that the copula is only concerned
with the dependency between the random variables; the
individual random variables can follow any distribution
form
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Copulas (3)

To simulate a random variable pick a value from a uniform
distribution (“random number”) and then input that
random number into the inverse of the cumulative
distribution function you wish to simulate
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v
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Copulas (4)

e U~U(0,1) a standard uniform distribution on the interval
(0,1), G is a cumulative distribution function, and X is a
random variable with X~G,

P(G'(U) <x)=G(x)
* To see why this is true, for two random variables x and vy,

and a cumulative distribution function F, y < x if and only
if F71(y) < F1(x) (and y < x if and only if F(y) < F(x))

* Thus, P(6'(U) <x) = P(U< 6(x) = [P 1-dz = G(x)
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Copulas (5)

e If X is arandom variable with X~G, then G(Y)~U(0, 1)

* To see why this is true note that

PG =w)=P(6 o6 <6 w)=P(Y<6'w) =66 =u

* Thus we can translate from the uniform to the underlying
distribution and vice versa

— This concept allows us to break apart the notion of
distribution from interdependency

* Definition: A d-dimensional copula is a distribution

function on [0,1]¢ with standard uniform marginal
distributions
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Copula Properties

e Let C(u) = C(uq, ..., uy) denote the multivariate distribution
functions that are copulas

- C is a mapping of the form C: [0,1]%— [0,1], thatis a
mapping of the unit hypercube to the unit interval

* Three properties must hold (McNeil et al. 2005) for C to be a
copula:

- C(uyq, ..., uq) is increasing for each component u;
- Cc(1,..,1,u;,1,...,1)) =u;foralli=1,..,d and 0 < uy;< 1
— For all (al, . ad) (by, ...,by) € [0,1]%with a; < b;
Z Z( DAFHC gy o try) 2
= ig=1

where u;; = ajand u;; = b;forj=1,..,d
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Sklar’s Theorem

(McNeil et al. 2005) Let F be a joint distribution function
with margins F;, ..., F; ; then there exists a copula C: [O,l]d—>
|0,1] such that, for real numbers x4, ..., x4,

F(xq,..,xgq) = C(Fl(xl), s Fd(xd))

If the margins are continuous, then C is unique; otherwise C
is uniquely determined on Range F; X --- X Range F,
Conversely, if C is a copula and F;, ..., F; are univariate
cumulative distribution functions, then the function F is a
joint distribution functions with margins F;, ..., F;

Also note that if C is a copula and F;, ..., F; are univariate
cumulative distribution functions, then

C(uy, ., tty) = F (Fl_l(ul), . Fd-l(ud))
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The Formula that Killed
Wall Street

e What we would like to is to combine distributions with a
dependency structure of our choice

* The way to do this is given by the converse statement in the
theorem, that is, if we start with a copula C and margins
Fy, .., Fgthen F(xy,..,xg) = C(Fy(x1), .., Fa(xg)) is a
multivariate distribution with margins F;, ..., F;

* For example, the formula that killed Wall Street, due to Li
(Li 2000) uses a Gaussian copula together with exponential

margins to model default time for mortgages when the
default times are correlated with one another

— Such a distribution is called a meta-Gaussian
distribution
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t Copula

To model tail dependency we need something beyond the
Gaussian copula

The t copula provides us with the capability to model both
correlation and tail dependency

The bivariate t copula formula is

v+2

i) 6 (u2) 1 X2 — 2px%s + 22\ 2
C(ul,uz,v,p) zf j <1+ 1 PX1%2 2) dx1dx2

2m/1 - p? v(1 - p*)
Recall that v is the degrees of freedom for the t distribution
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Tail Dependence
Definition

Upper tail dependence is defined as 45(X ¢, X;) =

lim P(X, > F;1(q)|X1 > F{1(q)), provided a limit 0 < Ay <
q—)

1 exists

If 0 < Ay < 1 then X; and X, have upper tail dependence; if
Ay = 0 they are asymptotically independent in the upper
tail. Lower tail dependence is defined similarly, with

2,(X1,X) = lim P(X; < F3' (@)1X1 <F1' ()

“ u

Note that the superscrip in the limit means “from the
left” or as g increases to 1, and the superscript “+” means
“from the right” i.e., as g decreases to 0
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Tail Dependency
Properties

One convenient property shared by the Gaussian and t
copulas is that they exhibit radial symmetry, which means
that the upper and lower tail dependency coefficients are
equal

Also both the Gaussian and t copulas are exchangeable.
That is, for two random variables X; and X,,

P(X; < x2|X1 = x1) = P(X1 < x1[X; = x3)

Thus we can examine just the lower tail dependence

coefficient to get the value for both the lower and upper tail
dependencies
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Calculating Tail
Dependency

2,(X1,X) = lim P(Xz < F3"()|X1 < F1'(9))
* By definition of conditional probability
lim P(X, < F3"(@)1X1 < F1'())
. P(Xz < F3 (@), X1 < F1'(@))
q—0* P(X1 < FIl(q))
* From the properties of copulas, the numerator is C(g,9), and
the denominator is F4 (F Il(q)) =(q

* Thus the expression simplifies to
lim 2@ D
im
q-0"  q
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Calculating Tail
Dependency (2)

* Applying L’'Hopital’s Rule

dC(q,q9)

C(q,
lim @.9) = lim 9
q-0t @ q—-0* 1

aC(q,q)
aq

_|_

= lim P(U, < q|U; = q) + lim P(U; < q|U, = q)
q—0* q-0*

* Since the Gaussian copula is exchangeable, both terms
above are equal, so this expression can be simplified as

2limP(U, < q|lUy =q)
q—0*

40




Calculating Tail
Dependency (3)

Let (X,,X,) be random variables that follow a bivariate
normal distribution with standard normal marginal
distributions and correlation p

Recalling that y < x if and only if F~1(y) < F1(x), we have

that
21lim P(U, < q|U; = q)
q—-07*
= 21im P(®7(Uz) < @~ (g)|®~' (U = @7 (q))
q—)
= lim P(X, < x|X{ = x)

X—>—00
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Tail (In)dependency
of the Normal

Note that X,|X; = x is also a normal distribution, with
mean px and variance 1 — p? we find

. . X — px
2 lim P(X, < x|X;{=x)=2lim d)( )

X——00 X——00 \/1_—p2

_2lime(XEZP) g
X——00 /1_p2

aslongasp <1
Gaussian copula is asymptotically independent in both tails

- Regardless of how high a correlation we choose, as we
continue to go farther and farther into the tails, extreme
events occur independently of one another
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Tail Dependency
and the t Copula

The t copula exhibits tail dependency

Let (X;,X,) be random variables that follow a bivariate t
distribution with standard t marginal distributions and
correlation p

Let t,denote the cumulative distribution function of a
univariate t distribution with v degrees of freedom

Then X,|X; = x is a nonstandard t distribution, with
location transformation px and scale transformation

2
v+Xx (1 _ pz)

v+1

43




Tail Dependency and the
t Copula (2)

* We find using a similar process that was used for the
Gaussian copula above that the tail dependency coefficient
is

L B o v+l x—px
AU = 2_9}1—>noloP(X2 > X|X1 = X) —2)}1_13)10 (1 — tv+1< V+x2m>>

* Simplifying and recalling that the upper and lower tail
dependency coefficients are the same for the t distribution

we find that 1 = 2t (_\/(v+1)(1—p)>

1+p

* Provided that p < —1 the t copula is asymptotically
dependent in both the lower and upper tail
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Tail Dependency Values for t
Copula as Function of pand v

p
0.5 -04 -03 -02 -01 0 01 02 03 04 05 06 07 08 09 1

0.06 0.08 0.0 012 o0.15 0.18 0.22 025 029 034 039 045 052 060 0.72 1.00
0.03 0.04 0.05 0.07 0.09 012 0.14 018 022 026 031 037 045 054 0.67 1.00
0.01 0.2 0.03 0.04 0.06 008 0.10 013 0.16 020 0.25 031 039 049 0.63 1.00
0.01 0.01 0.02 0.02 0.04 005 0.07 0.09 o012 0.16 0.21 027 034 045 0.59 1.00
0.00 0.00 0.01 0.01 002 0.03 0.05 o0.07 0.09 0.13 0.17 023 030 041 0.56 1.00
0.00 0.00 0.00 0.01 0.01 0.02 0.3 0.05 0.07 0.10 0.14 0.20 0.27 037 0.53 1.00
0.00 0.00 0.00 0.01 001 0.01 0.02 o0.04 0.06 0.08 012 0.17 0.24 034 051 1.00
0.00 0.00 0.00 0.00 o0.01 0.1 0.2 0.03 0.04 007 010 014 021 032 048 1.00
0.00 0.00 0.00 0.00 000 0.01 0.01 o0.02 0.03 005 0.08 013 0.19 0.29 046 1.00
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.02 0.3 0.06 011 0.20 0.37 1.00
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.01 0.2 0.03 0.07 014 031 1.00
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.0 0.00 0.01 0.03 0.07 0.21 1.00
0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.02 0.11 1.00
100( 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 0.00 000 0.00 0.00 0.00 0.02 1.00

O 0 NGO U1 b WN

U W N = =
o O O U1 O

* There is some level of tail dependency even for negative
correlation values
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Test Cases

Revisiting our example from the previous section and apply

a t copula to the same marginals as before with the same
correlation value (60%)

Set the degrees of freedom equal to 2
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Test Case 2

Bivariate Normal-Lognormal
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Cost ($ Millions)

Test Case 3
Bivariate Lognormal
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Test Case Summary

The three graphs all appear very similar

Regardless of the distribution form used, the t copula
exhibits tail dependency, while the Gaussian copula does
not

— This is seen by the tighter clustering/skinnier
scatterplots for the t copula

— This is the type of phenomenon we were hoping to
capture with the t copula

— The t copula is a step in the right direction - we need to
leave behind our current paradigm and start using
copulas that enable modeling of tail dependency
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t Copula Scatterplots and
70t Percentile Frontier

* Note also that the t copula has a naturally narrower ridge for
the 70t percentile frontier in line with intuition

* tcopulas should be used for JCL analysis
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What Value for v?

* Now that we have established that the t copula models tail
dependency and provides the type of results we want to see
in practice what value should be used for v, the degrees of
freedom parameter?

* We want to use values for that have positive tail
dependency but there are plenty of those

— The higher the value of correlation the wider the range
of choices for which the tail dependency coefficient is
positive

— Since this is a real phenomenon, my preference will be
for higher tail dependency coefficients, which means
lower values of v
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What Value for v? (2)

* As afirst order approximation, consider the following
metric

- Look at the percentage of points for a t copula for which
both values are greater than or equal to the 90t
percentile as a percentage of the total number of
expected values we expect to be at or above the 90t
percentile for the individual marginal

— Not exactly tail dependency but higher tail dependency
will drive this number to be higher
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What Value for v? (3)

* With 60% correlation and varying the number of degrees of

e Based on this, recommend a smaller value for v: 2, 3, or 4

freedom we obtain the following graph

‘0 44%

w W b5 b
Q 0 O N
N X X R

34%
32%

Upper 90th Percentile Coin

Y% % 5 60 A B 9 9 O S LS
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Note that for v = 2 the t distribution has infinite variance
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Implementing t Copulas
inR

Copulas are easy to implement in R, an easy-to-use and free
programming platform for statistics
http://www.r-project.org/

I used R to generate the scatterplots used in this
presentation

Here is the complete code for generating a t copula
scatterplot, including writing the output to a .csv file that
you can open in Excel:

install.packages("copula")

library(copula)

t.cop <- tCopula(c(0.6), dim = 2, dispstr = "ex",df = 2,
df.fixed = TRUE)

u <- rCopula(5000, t.cop)

write.csv(u, file = "t_copula2.csv")
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Implementing t Copulas
in Excel

* Itis easy to implement copulas in Excel
* Here are the steps to generate a copula value

— Generate random values from the marginal cumulative
distribution functions

— Input these values into the copula function to generate a
copula value

* The hard part is generating the copula but I have done that
work for you

* Lookup table for t copula with 60% correlation and two
degrees of freedom can be downloaded from Google Docs:

https://drive.google.com/file/d/0B8SvoUvbW_k7YmhZazJoZm
9Scmc/view?usp=sharing
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Implementing t Copulas
in Excel - Example

Cost: mean = $1 Billion, standard deviation = $250 Million

Schedule: mean = 100 months, standard deviation = 20
months

Generate random values from each of these two in Excel
using the rand() function and NORMINV

“A1=NORMINYV (rand(),1,.25)”
- e.g.,, Al =1.2
“B1=NORMINYV (rand(),100,20)"
- e.g., B1 =130
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Implementing t Copulas
in Excel - Example (2)

Input these values into the cumulative distribution function
to obtain the percentile

“A2=NORMDIST(A1,1,0.25,true)”

- e.g, NORMIDST(1.2,1,0.25,true) = 0.79
“B2=NORMDIST(B1,100,20,true)”

- e.g., NORMDIST(144,100,20, true) = 0.93

Then we look up the value (0.79,0.93) in the copula table at
the link, and find the answer is 0.770
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t Copula
Table Excerpt
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t Copulas in Excel
Generating Scatterplots

To create the scatterplots I reversed the above procedure,
first simulating copula values in R and then finding the
inverse of each value in every pair

To create your own scatterplots you can downloaded 5,000
trials from a t copula with correlation =60% and 2 degrees of

freedom from Google Docs:
https://drive.google.com/file/d/0B8SvoUvbW k7ZW1xbkdHbkRNUQU/vi

ew?usp=sharing

Take each pair, for example 0.738 and 0.720, and then
calculate “=NORMINV(0.738,1,0.25)"” and
“=NORMINV(0.720,100,20)” to obtain $1.16 Billion and
111.7 months, which is one point of the scatterplot

Repeat 5,000 times (easy to do in Excel by clicking and
dragging) and you have a scatterplot
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Conclusion

We have discussed a serious shortcoming of standard cost
risk analysis practice

We have presented the t copula as a way to overcome this
shortcoming

— Models tail dependency

We have shown how to implement the t copula in Excel and
have provided lookup tables to enable this

The bottom line is that this is a paradigm we need to adopt
as a best practice - it is more realistic and it is technically
accessible

— More work remains to be done but we as a community
need to start experimenting with t copulas (and other
copulas such as the Gumbel) in our estimates

61




References

Book, S.A., Book, S.A., “Why Correlation Matters in Cost Estimating,” Advanced Training
Session, 32nd Annual DOD Cost Analysis Symposium, Williamsburg, VA, 1999.

Demarta, S., and A. McNeil, “The t Copula and Related Copulas,” International Statistical
Review 73, 111-129, 2005.

Druker, E. and C. Hunt, “Deciphering JCL: How to Use the JCL Scatterplot and Iso-Curves,”
presented at the ICEAA Annual Conference, New Orleans, June, 2013.

Embrechts, P., A. McNeil, and D. Straumann, “Correlation and Dependence in Risk
Management: Properties and Pitfalls,” in Risk Management: Value at Risk and Beyond, M.A.H.
Dempster (ed.), 176-233. Cambridge University Press, Cambridge, 2002.

Druker,E.and C. Hunt, “Deciphering JCL: How to Use the JCL Scatterplot and Isocurves,”
presented at the Annual ISPA-SCEA Conference, New Orleans, June, 2013.

Garvey, P.R., Probability Methods for Cost Uncertainty Analysis: A Systems Engineering
Perspective, CRC Press, 2000.

Gray, J., Janos Bolyai, Non-Euclidean Geometry, and the Nature of Space, 2004, Burndy Library
Publications, Cambridge, MA.

Hunt, C., “JCL Journey: A Look into NASA’s Joint Cost and Schedule Confidence Level
Policy,” presented at the NASA PM Challenge, August, 2013.

Joe, H., Dependence Modeling with Copulas, Chapman & Hall/CRC, 2014.
Jones, S., “The formula that felled Wall Street,” Financial Times, April 24, 2009.

62




References (2)

Kotz, S., and S. Nadarajah, Multivariate t Distributions and Their Applications, Cambridge
Unversity Press, 2004.

Li, D.X,, “On Default Correlation: A Copula Function Approach,” Journal of Fixed Income 9
(4): 43-54, 2000.

McNeil, A.]., R. Frey, and P. Embrechts, Quantitative Risk Management, Princeton Univeristy
Press, 2005.

Nelsen, R.B. An Introduction to Copulas, 2"¢ edition, Springer 2006.

Roth, M., “On the Multidimensional t Distribution,” Linkopings University Technical Report,
2013.

Salmon, F., “The Secret Formula That Destroyed Wall Street: How One Simple Equation Made
Billions for Bankers - And Nuked Your 401(K),” Wired, March 2009.

Smart, C.B., “Mathematical Techniques for Joint Cost and Schedule Risk Analysis,” presented
at the NASA Cost Symposium, Kennedy Space Center, 2009.

Smart, C.B., “Here There Be Dragons: Considering the Right Tail in Risk Management,”
presented at the Joint ISPA/SCEA Conference, San Diego, California, June, 2010.

Smart, C.B., “Covered with Oil: Incorporating Realism in Cost Risk Analysis,” presented at the
Joint Annual ISPA-SCEA Conference, Albuquerque, June, 2011.

Smart, C.B., “Here There Be Dragons: Considering the Right Tail in Risk Management,”
Journal of Cost Analysis and Parametrics, Volume 5, Number 2, 2012.

63




References (3)

Smart, C.B., “Robust Default Correlation for Cost Risk Analysis”, presented at the Annual
ISPA-SCEA Conference, New Orleans, 2013.

Taleb, N.N, The Black Swan: The Impact of the Highly Improbable, 2007, Random House, New
York.

64




