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Constrained Process (1/2)
Introduction

m Solver (an Excel add-in program) is a popular tool used to generate
nonlinear cost estimating relationships (CER), especially when
constraints are specified. A few examples are given below:

e Minimizing the sum of squared percentage errors under the Zero-
Percentage Bias constraint (i.e., the ZMPE CER)

e Minimizing the sum of squared residuals under the Zero-Percentage
Bias constraint, (i.e., the mean of the % errors is zero)

e Minimizing the sum of squared percentage errors or residuals in log
space under the Zero-Bias constraint (i.e., the mean of the residuals is
zero) using the Balance-Adjustment Factor (BAF)?

m In the above examples, we may not have the degrees of freedom (DF)
as given by the traditional definition when no constraints are

specified

1. Book, S., “Significant Reasons to Eschew Log-Log OLS Regression when Deriving Estimating
Relationships,” 2012 ISPA/SCEA Joint Annual Conference, Orlando, FL, 26-29 June.
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Constrained Process (2/2)
Suggestions

m Do not abuse Solver
e Do not specify constraints excessively just because it is easy to do so
In Solver
m Explore different starting points to see if the solution stabilizes when
using Solver

e Solver can be sensitive to starting points—different starting points may
lead to different solutions

e Solver can be trapped in local minima, especially when fitting
complicated or ZMPE equations

B Specify “meaningful” constraints

e Make sure the constraints are necessary, logical, and statistically
sound as DF can be reduced by additional constraints

m Calculate the DF properly when constraints are specified

TPRT-lQl 30 Mar 2015 Approved for Public Release 4



Objectives

m Explain why degrees of freedom (DF) should be adjusted if
constraints are specified in the curve-fitting process

B Recommend a Generalized Degrees of Freedom (GDF) measure to
compute fit statistics properly for constraint-driven equations

m Explain why ZMPE’s standard error underestimates the spread of the
CER error distribution

e We will illustrate how to calculate standard error properly for ZMPE
CERs

TPRT-lQl 30 Mar 2015 Approved for Public Release 5



Additive Error Term: Y = f(X) + ¢

Additive Error Term: y=aX"b +¢

Additive Error Term: y =f(x) + ¢

T
X
Note: This requires non-linear regression.

Cost variation is
independent of the |
scale of the project .-

Note: Error distribution is independent of the scale of the project. (OLS)
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Multiplicative Error Term: Y = f(X)*c

Multiplicative Error Term: y =ax"b * ¢

1l-=--- UpperBound .-
f(x) -

----- LowerBound o

Multiplicative error assumption is
appropriate when

» Errors in the dependent variable are
believed to be proportional to the
level of the function (the value of
the variable)

» Dependent variable ranges over
more than one order of magnitude

Note: This equation is linear in log space.

Cost variance is
proportional to the
scale of the project
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Multiplicative Error Term: y =(a+ bx) * ¢

f(x) .

UpperBound o

LowerBound

-
_____
-
- =

-
-
PR e
.-
-

-
-
-

- "
- *
-
- "

Note: This requires non-linear regression.
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Multiplicative Error Model: Y = f(X)*<

m Log-Error: ¢ ~LN(0,0?) = Leastsquaresinlog space | ixislinearin

log space, it is

PY El’ror — Log (Y) _ Log f(X) termed log-linear

or LOLS CER

e Minimize the sum of squared errors; process is done in log space

B MUPE E(e) =1, V(e) =0® = Least squares in weighted space

'~~
~
~
~<,
~

® Error = (Y f(X))/f(X) “““““ variance of error term Er Note: E((Y-f(X))/f(X)) =0
 VUCYHOQ)(X)) = o

e Minimize the sum of squared (%) errors

iteratively (i.e., minimize Z; {(y-f(x,))/f.1(x)}?, k is the iteration number)
e MUPE (an iterative, weighted least squares) has zero sample bias

_H ZMPE E(e) =1, V() =6? = Least squares in weighted space
e Error = (Y-f(X))/f(X)
e Minimize the sum of squared (percentage) errors with a constraint:

Z(yi- fx)f(x) =0 | We will focus on MUPE/ZMPE |
equations in this paper

e ZMPE is a constrained minimization process
e Average sample bias is eliminated by the constraint

TPRT-lQl 30 Mar 2015 Approved for Public Release



ZMPE CER Unbiased? ([

"4

Both MUPE and ZMPE methods have zero percentage bias (ZPB) for the
sample data points: %z%zo y = actual value

y = predicted value

e For MUPE, this condition is achieved through the iterative minimization process; for
ZMPE, ZPB is obtained by using a constraint

If a CER is unbiased, then E(Y) = E(Y) = f(X,B)
Does the “ZPB” property imply that the CER is unbiased? '-if.','i'\"‘ot necessarily

e The ZPB constraint can be applied to any proposed methodologies (i.e., objective
functions), but there is no guarantee that the CER result will be unbiased; namely,
this condition “E(Y) = f(X,)” may not be satisfied

MUPE is the best linear unbiased estimator (BLUE) for linear models

e Forlinear CERs, e.g., Y = (a + bX; + cX,)*¢, the MUPE method produces unbiased
estimates of the parameters and the function mean; it also provides smaller
variances for the parameters and for any linear function of the parameters

MUPE’s parameter estimators are the quasi maximum likelihood
estimators (QMLE) of the parameters; MUPE also provides consistent
estimates of the parameters. ZMPE CERs, however, do not have
statistical properties readily available.

PRT-191 30 Mar 2015 Approved for Public Release



SPE Comparison: ZMPE vs. MUPE (1/5)

m The standard percent error (SPE) for Y = f(X)*e is given by

I ; Y SPE is CER’s standard error of estimate,

. Yi=Vi| « which is used to measure the model’s

SPE= Z {_A, 1007 overall error of estimation. It is the one-
=P i Vi sigma spread of the MUPE or ZMPE CER.

e n =sample size, p = total # of estimated parameters, y = actual value, and
y = predicted value

m SPEZ? (i.e., MSE) is used to estimate o2, the variance of ¢

Equal sign holds only for

H (SPE(ZMPE) S SPE(MUPE)] < simple factor equations

e ZMPE always produces a smaller SPE when compared to MUPE except
for simple factor CERs (Book, 2006)

m Is asmaller SPE better?

e No, not necessarily. If it is true, we should develop MPE CERSs, which are
proven to be over-estimating (see Hu and Sjovoid, 1994)

e Beware of using SPE alone for selecting CERs; we should also evaluate
other useful stats (see Hu, 2010)
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SPE Comparison: ZMPE vs. MUPE (25)
E(SPEZ(ZMPE)) < E(SPEZ(MUPE)) = g2

Q: Is ZMPE’s SPE- (i.e., MSE) an unbiased estimator of c*? No
() When the CER is linear:

e MUPE can be converted to OLS in weighted space; w; (= 1/(y)?) is the
weighting factor of the i observation

e Zis the new vector variable in the weighted space (z, :\/Wiyi). V(Z2) = lc?
and H is Z’s hat matrix. See Morrison (1983) & Draper and Smith (1981).
m For MUPE CERs: E(SSE) = 62(n — p) and(E(SPEZ(MUpE)) = o? |
e E(SSE/(n-p)) = E(MSE) = E(SPE?mupE)) =
e This equatlon IS true regardless of the distribution type | Eaua! sign holds

o only for simple
factor equations

e Since SPEZ(ZMPE) < SPEZ(MUPE), E(SPEZ(ZMPE)) < E(SPEZ(MUPE))
Caution: ZMPE’s SPE underestimates

T the spread of the CER error distribution
PRT-191 30 Mar 2015
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SPE Comparison: ZMPE vs. MUPE (3/5)
Formula to Prove E(SSE ypg) = 64(n-p)

= FEQY)=p V() =2 S (E(Ay) = Ap + trace(ZA) | e

y is a vector of random variables; apostrophe is used to denote transpose

L is y’s expected value; X is y's variance/covariance matrix (X = E(y-u)(y-w)’)
A Is a symmetric matrix

trace is defined to be the sum of the diagonal elements of a square matrix
This equation holds regardless of the distribution assumption

m For WLS: If y = XB + g, where E(¢) = 0 and V(g) = Vo? = there exists a
nonsingular symmetric matrix P such that PP =V

TPRT-lQl

Z = Ply = PIXB+P-lg = QB + P-1e &V(Z) = V(P-le) = P-1V(g)(P1) o2 = I2
SSE wupg) =(@-2)(Z-2)=(Z-QP)(Z-Qh) =(Z-Q(Q'Q)'Q2)(Z-QAQQ"Q'2)

‘.,

MUPE is a WLS. P1P1=V-1=W (weighting matrix), H = Q(Q’Q)*Q’ (hat
matrix), and p is the LS solution for the unknown parameters.

E(SSE) = E(Z'(I - H)Z) = (E(2))’'(I — H)E(Z) + trace[(I - H)V(2)] = B’Q’(1 — H)QPB
+ o%(n — trace[Q(Q'Q)*Q’)]) = 0 + o*(n — trace[(Q'Q)*Q’Q)]) = o*(n —p)

30 Mar 2015 Approved for Public Release 12



SPE Comparison: ZMPE vs. MUPE @4/5)
E(SPEZ(ZMPE)) < E(SPEZ(MUPE)) = g2

Q: Is ZMPE’s SPE? (i.e., MSE) an unbiased estimator of 62? { No

.....

(I) When the CER error term is also normally distributed:

= (MUPE’s SSE = 2 w,(y, - )2 ~ 6%%p) |
e See Morrison (1983) and Draper and Smith (1981) for details

e The proof is also given in the back-up section (slide #31)
m For MUPE CERs: E(SSE) = E(c%¢?,.,)) = 6%(N = p)
e E(SSE/(n-p)) = E(MSE) :[E(SPEZ(MUPE)) - 52]

m ZMPE’s SPE underestimates the true o, except for simple factor CERs
e Since SPEz(ZMpE) < SPEZ(MUPE), E(SPEZ(ZMPE) ) < E(SPEZ(MUPE)) = o2

e The equal sign holds only for simple factor equations

Caution: ZMPE’s SPE underestimates

the spread of the CER error distribution

TPRT-lQl 30 Mar 2015
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SPE Comparison: ZMPE vs. MUPE (5/5)
Concerns About Underestimating CER Errors

B The fitted regression coefficients may falsely become significant due
to the biased low SPE

B GiveniE(SPEZzmpr)) < o2(except for simple factor CERs), using ZMPE

e Prediction Intervals (PIl) are specified for cost uncertainty analysis

e The smaller the SPE, the tighter the Pl becomes

» A Pl is a function of the standard error of the regression (e.g., SPE), the
sample size, the “distance” of the estimating point from the center of the
database used to generate the CER, etc.

e The impact on the risk session can be substantial when using
underestimated SPEs in numerous work breakdown structure (WBS)
elements

TPRT-lQl 30 Mar 2015 Approved for Public Release
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Q: Why is ZMPE's SPE biased low?

|A: 1ts degrees of freedom did not
get adjusted properly




Definition - Degrees of Freedom (1/2)

B DF = number of data points (n) - number of parameters estimated in
the regression equation (p)

m DF is used to characterize the number of “independent” pieces of
iInformation contained in a statistiC | The term “independent” means “free to vary”

B Any sum of squares (SS) has a DF associated with it

e DF indicates how many pieces of independent information from the n
independent observations are needed to compile the sum of squares

m Givenasimple OLS model: Y=a+B X +¢
e SST=3(y,-y)?has (n— 1) DF because Z(y,-y) =0
e SSR = b2X(x;- X)? = (SS,,)?/SS,, has one DF
e SSE =X%(y;- ¥)? has (n — 2) DF as intercept and slope are estimated

A _ A _n_ SSxy _Z(Xi_)_()(yi_y)
it by A3 B L S YO

XX

The DF for SSE is the excess data points

that can be used to judge the quality of the fit

TPRT-lQl 30 Mar 2015 Approved for Public Release 16




Definition - Degrees of Freedom (2/2)
(a ZMPE Model)

m The objective function, F, for “Y = (a + BX)*¢” is F= Z(T_j
a

m The solutions for a and B are derived by solving the two normal

equations:
F yi(yi —a—=B*x)
® oF _ 0 = Z + B*X) = Each normal equation
Oa 3 (a WO constraints | N the system can be
% viewed as a constraint
oF _ 0 = Z Vi %i(yi —a—*x) -0 that restricts one DF
of (a+ ﬁ *X.)?

B The total number of constraints becomes three when including an
additional constraint in the system:

n * n ZMPE CER applies the Zero-
— o — X . . :
z i 'B L — E i -1=0 S Percentage Bias constraint to
T o+ [*X T a+ [*X the curve-fitting process.

m Adjust DF accordingly for additional constraints: DF =n —2i— 1

e Adjust DF when solutions are derived in a constrained domain. When
additional constraints are present, we cannot search as freely as we can in an
unconstrained domain to find a solution, which results in a loss of DF.

TPRT-lQl 30 Mar 2015 Approved for Public Release 17



Definition - Generalized DF:
Adjusting DF for Constraint driven equations

m DF should be adjusted to reflect (1) additional constraints and (2)
redundancies in CER/PER development

e One restriction is equivalent to a loss of one DF

e We should take redundancy into account when counting the DF

» For example, if two additional constraints are specified for a regression model
but one constraint can be derived by the other, then we should only count a
loss of one DF rather than two

» Another example, if a constraint is directly related to the normal equations, then
it does not count towards a loss of DF

i [Generalized DF (GDF) =n —p — (# constraints) + (# redundancies)]

e n =the sample size; p = total number of estimated parameters

n-p for MUPE

See Slide #32 in the

C GDF={

n-p -1 for ZMPE (except for Simple factor CERS) D back-up section

DF should be adjusted for ZMPE CERs

TPRT-lQl 30 Mar 2015 Approved for Public Release 18



Why is GDF important?

DF is the basis for fit measures.
All fit statistics (e.g., SEE and

SPE) should be updated by GDF
if constraints are included.

Note: SEE and SPE are also used
in cost uncertainty analysis.



Calculate SEE and SPE Using GDF

m Standard error of estimate (SEE) for an additive-error model is given

by:
4 SEE = Z(y y ) y = actual value
GDF ! y i

y = predicted value

‘e 0
. .
--------

1 y. — y 2 SPE, as well as SEE, is CER’s standard
SPE =, | —— 2t ZvF*100% error of estimate, which is used to measure
G DF i1 9i the model’s overall error of estimation

0 B
. .
--------

r

spg, | 1—P

| SPE, for simple factor equations

SPE, stands for the current
calculation, not using GDF

© We can now compare MUPE’s SPE with ZMPE’s SPE



Calculate Adjusted R? Using GDF

m Adjusted R? for Additive-Error CERs, i.e., Y = f(X)+e:

------

Adj. R? (Additive) =1 —

Sy, -y in-1)

2
SEE,

m Adjusted R? for Multiplicative-Error CERs, i.e., Y = f(X)*:

S ((y; - V) y,)* FGDF

*,

‘e o
Yaaus®

] SPEYZ—SPEfz

Adj. R? (MUPE / ZMPE) =1-

2 (v =)1y)* fin-1)

2
SPE.

Adj. R? measures the % difference
between the CER'’s estimated
variance and the sample variance
of an average CER. For example, if
a CER’s estimated variance is 0.35
while the sample variance of an
average CER is 1.4, then the
CER’s variance is only 25% of the
variance of an average CER. This
reduction of variance, 75%, is the
Adjusted R2. The reduction of
variance is considered to be an
improvement when applying the
CER (see Hu, 2010).

e This adjusted R? compares MUPE and ZMPE’s SPE? to its baseline (i.e., SPE?
of an average CER,Y); it is more pertinent to the fitting method

e This measure “Adjusted R?y,pe;zvpe)” PUts SPEZ in perspective

m GDF =n-p when no constraints are specified

© We can compare MUPE’s Adjusted R? with ZMPE’s Adjusted R?

WPRT-lQl 30 Mar 2015
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Modify Pearson’s r by Sample Size
(Between CERS)

B Consider sample size when applying correlation to a cost risk model

e A correlation of 0.8 derived from 30 data points is much more
significant than the same correlation computed from just 5 data points

e Neither the sample size nor the degrees of freedom (DF) adjustment is
accounted for in the Pearson’s correlation formula (see below)

B In OLS: Adjusted R? = 1 — (1-R2)*(n=1)/(n—=p) = R2 — (1-R2)*(p-1)/(n—p)

B Compute Pearson’s Adjusted r (Adj. r) for two sets of numbers, e.qg.,
‘:cost vs. cost” or %error vs. %error correlation between two CERs:

........... . r2=r2- (1-=r2)/(n-2) | Assume p = 2 in this situation |
N ot CER ____________________________________________________
“._related, ; *F if ¥2 " (% — XYy —§
] ion(n*r if rc> D =X)(y, - Y)
AdJ r = S19 ( ) _ , 0 Definition:r (x,y) = ——= :
0 if T° <0 \/Z(Xi—i)z\/Z(yi—V)z

B Instead of sample correlations, suggest using Pearson’s Adjusted r
(Adj. r) for correlation analysis

Constraints and DF adjustment are not relevant to derive Adj. r
T If not comparing y versus y for a CER
PRT-191 30 Mar 2015
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Modify GRSQ (r?) Using GDF
(Within a CER)

B Generalized R? (GRSQ): GRSQ is Pearson’s r? between a CER’s actual
{y} and its predicted {y} values in unit space, i.e., GRSQ = r?(y, y)

Zn:(Yi o 7)()7, o §)j2

GRSQ =r?(y, §) = (

> (% -9, -9)

i=1

| Definition : r (x,y) =
n n |

2% =9)° Z(y -3f Jg(xi—xf@(yrvf

e GRSQ takes neither the sample size nor degrees of freedom into account

m We should modify GRSQ (denoted by r?) for DF using GDF:

5 —1
r —(1=r) *jf— {f p>1 Note: GRSQ, as well as Pearson’s correlation,
GRSQ. — GDF only measures the linear association between
KGDE) . , . two sets of numbers rather than the actual
rr—=(1=r)* p if p=1 deviation between them.

e GDF =n - pif no constraints are specified

e GDF =n - p for MUPE; GDF = n — pi— 1ifor ZMPE (except for factor CERS)

m This modified GRSQ (GRSQpr) takes the DF, numbers of estimated
parameters, as well as the constraints, into consideration

TPRT-lQl 30 Mar 2015 Approved for Public Release



Example - Weight-Based CERs (1/3)

B A hypothetical data set to predict the cost of a black box using weight

Data Cost $K | Weight
Point (Ibs)
Obs 1 135.0 4.18
Obs 2 6.5 0.32
Obs 3 8.0 0.57
Obs 4 64.6 2.34
Obs 5 32.9 0.50
Obs 6 95.4 2.70
Obs 7 67.0 4,54
Obs 8 112.2 4.42
Obs 9 29.2 0.55
Obs 10 22.7 0.20
Obs 11 16.9 0.80
Obs 12 35.0 1.75

TPRT-lQl 30 Mar 2015

Cost $K
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§140

§120

$100

580

360

540
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30

Cost vs. Weight

e ® Weight (Ibs)

0 1 2 3 4 5
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Example - Weight-Based CER (2/3)

m Four different CERs are generated using both MUPE and ZMPE methods

ZMPE CERs SPE SPEcpe | Adj.R? | Adj. Ry | GRSQ | GRSQcnp
Linear 12.794 + 19.16*Weight 45.7% 48.2% 68.9% 65.4% 77.5% 75.0%
LogLinear 36.889*Weight"(0.5882) 48.9% 51.5% 66.9% 60.4% 77.4% 74.9%
Semi-Log 17.881*(1.5314)"Weight 47.1% 49.7% 64.4% 63.2% 68.9% (:23:5_4:‘;/;:'
Triad 16.785+12.034*Weight"(1.349) 47.5% 50.4% 66.4% 62.2% 75.5% 69.-4%

. i Although the semi-log equation is tighter
2 I
MUPE CERs SPE Adj. R GRSQ | | than the log-linear and triad equations, its |

Linear 10.528 + 21.2975*Weight 46.5% 67.8% 77.5% | 1 GRSQ is much worse than those of the
1 log-linear and triad CERSs.

LogLinear 36.2953*Weight(0.6635) 50.2% 65.5% 77.7% | 1 . .
- - - =, | ! Caution: Beware of using GRSQ alone
Semi-Log 16.756*(1.5835) "Weight 47.4% 66.5% [ ( 67.0%)| | for selecting CERs as it only measures
. . . | the linear association between y and ¥,
Triad 15.026+12.9863*Weight”(1.386) 48.4% 65.1% 75.3% | not the actual difference between them.

m The unadjusted SPE measures for these ZMPE CERs are all smaller than their
respective SPE measures generated by the MUPE method

m ZMPE’s updated SPE measures using GDF become larger than their MUPE
counter-part (numbers in dark red)

m ZMPE’s updated adjusted R? and GRSQ are all smaller than those generated by
the MUPE method when GDF is applied (numbers in purple and green)

m MUPE outperforms ZMPE based upon all three statistics (SPE, Adj. R?, & GRSQ)

TPRT-lQl 30 Mar 2015 Approved for Public Release



Example - Weight-Based CER (3/3)
Scatter Plot for MUPE CERs

m Thelinear CER seems to be the best choice among the four CERs

m Use the semi-log equation with caution because it goes up exponentially

Cost vs. Weight
5200

$180 ’

® Cost 5K /

Cost SK

TPRT-lQl 30 Mar 2015
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Conclusions

m Make sure the constraints (if any) are meaningful, logical, and
statistically sound when adding them to the curve-fitting process

e Explore different starting points in Solver to ensure the solution stabilizes
B Adjust DF for constraint-driven equations

S Define GDF = n — p — (# constraints) + (# redundancies)

e Subtract one from DF for ZMPE equations except for simple factor CERs
m Calculate SEE, SPE, Adjusted R?, and GRSQ (r?) using GDF
B No need to adjust DF and goodness-of-fit measures for MUPE CERs

S® ZMPE’s SPE underestimates the spread of the CER error distribution

e Using ZMPE CERs without adjustment in cost uncertainty analysis may
unduly tighten the S-curve

TPRT-lQl 30 Mar 2015 Approved for Public Release
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Future Study Items for
Constraint Driven Regression

B Adding excessive constraints into the process may cause the
unknown parameters in the CER to be determined completely by the
constraints. (See Slide #32 for an example.) When it happens, there is
no need to run regression analysis. How do we define DF properly for
this case?

e |f # of constraints = # of estimated parameters, we do not use any
curve-fitting methods to derive a solution. Consequently, we may have
no degrees of freedom left to judge the quality of the fit due to lack of
regression.

B An inequality constraint may not be treated the same as an equality
constraint. How to treat inequality constraints in the curve-fitting or
distribution-finding process is another topic.

TPRT-lQl 30 Mar 2015 Approved for Public Release 28
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Theorem to Prove SSE ,ypg) ~ 6% np)

m Given a multivariate normal distribution y ~ N(uw,X), the quadratic form
Q = y’Ay has the noncentral 2 distribution with r DF & noncentrality
parameter W’Ap if and only if AX is an idempotent matrix

e nisy’s expected value

e X isy’s variance/covariance matrix (i.e., 2 = E(y —w)(y — n)")

e A is a symmetric matrix of rank r

e See Searle (1973) and Cochran (1934) for the proof of the theorem

m Ify=XB+eg wheree~N(0,Vo?) = Ply=P-1XB + P-l¢ and P-'e ~ N(O, lo?)
e PP =V, V1 (also denoted by W) is a weighting matrix

m The SSE for MUPE CER can be expressed below
SSE = (PYY —PIXB) (PY —PIXB) = (Y — XB)' PP L(Y — XB)
=(Y=XB)'VHY=XB)=Y'VIY —B'X'VIY - Y'VIXB+ B X'V IXB
=Y'V'Y —ﬁ' X'VY=Y'(VI-VXX'VX)'X'V Y
=Y'(V1=VIRVY = Y'(W-WRW)Y
m Since (V1= V1IRV-1)*Vis an idempotent matrix and the noncentrality
parameter is zero, SSE follows a y? distribution with (n — p) DF
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Example of a Factor CER (y = x*¢)

m The MPE solution for B is derived by minimizing the objective

function: " 2
5l
7 \ B X
| o DAL
m The MPE solution for Bis given by pg=-2
Z(yilxi)

m The ZMPE solution for B is given by B=£Zn:(yi /%)

n 51

m Note: The ZMPE solution is derived by the ZMPE constraint, not the
minimization process:

$[108) (50 ) 0o [

DF should be subtracted by one for ZMPE CERs

except for simple factor CERs
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