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Basic Probability and Statistics

* At the end of this presentation we will have
covered:
— Definition of probability and statistics
— Discussion of probability as it applies to cost estimating
— Measures of Central Tendency and Dispersion
— Definitions of Random Variables, PDFs, and CDFs
— Important distributions used in Cost Analysis
— Covariance and Correlation
— Monte Carlo Simulation
— Hypothesis Testing
— Confidence Intervals
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The Connection of Probability to Cost Estimating

* Introduction
— There is plenty of uncertainty in cost analysis

— Cost models, as well as their inputs, are frequently represented as
probability distributions

— Therefore, resulting cost estimates are represented as probability
distributions
* The cost probability distribution is one of the most
important products of the cost estimation process
— Represents the uncertainty of the estimate

— Provides decision makers with a tool for making determinations
about the cost estimate, the budget, risks, etc.

— Cost estimators need to be able to quantify the probabilities of
falling within certain ranges
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Population vs. Sample

* Population (universe) is the totality of all things under
consideration.
— E.g., all members of the US Navy

A Sample is a portion of the population selected for analysis

— E.g., those sailors on a certain ship whose SSNs end in 7.

Population Sample
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Statistics in Cost Estimation

e A Statistic is a summary measure that describes a characteristic from a
sample.

— E.g., the average cost of flux capacitors is S2M

 The objective of Statistics is to make inferences (predictions, decisions)
about a population based upon information contained in a sample.
— Textbook definition
* The objective of Statistics is to make estimates about the cost of a
weapon system based upon information contained in analogous systems.
— DoD Cost Analyst’s definition
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Measures of Central Tendency

* These statistics describe the “middle region” of the distribution
— Mean

* The weighted average of the distribution
— Median

* The “middle” of the distribution
— Mode

e The value in the distribution that occurs most frequently

* These are almost never the same, unless you have a perfectly symmetric,
unimodal population.
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The Mean

e The Mean is that location on the distribution where one could balance it
on one’s fingertip

* The meanis influenced by the shape of the distribution
— E.g., having a long right tail drags the Mean to the right.

Mean
«—
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The Median

e The Median is that location on the distribution where 50% of the
probability lies to the left, and 50% lies to the right

e Also known as the 50t Percentile
e The Median is more resistant to outliers than the Mean

— Dragged less toward the extreme ends

Median
«—

<+— Median

I<° I i :AAMamﬂomlCou&ﬁmathg
and Analysis Association 8



The Mode

* The Mode is that location on the distribution where the density is the
highest

* Also known as the “Most Likely” value
 The Mode is located at the “peak” of the distribution

Mode / Mode
«—
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Coefficient of Variation

* For a given cost distribution, the standard deviation is $100,000

* |sthat good or bad? It depends...

— A standard deviation of S100K for a S5M estimate would indicate that we
have a lot of confidence in our estimate

— But a standard deviation of S100K for a S100K estimate indicates that we
don’t have a good handle on the cost estimate

 What constitutes a “good” standard deviation?

 The “goodness” of the standard deviation is not its value per se, but
rather what percentage the standard deviation is relative to the mean

* The Coefficient of Variation (CV) is defined as the ratio of the
standard deviation to the mean

O

cv=2
u
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Coefficient of Variation

* Inthe first example, the CVis S100K/S5M = 2%

* In the second example, the CV is S100K/S100K = 100%

* These values are unitless and can be readily compared

* Typical cost distributions have CVin the range of 20% - 50%
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Probability

* The term Probability refers to the quantification of randomness and
uncertainty.

* In any situation (such as a cost estimate!) in which one or more of a
number of possible outcomes can occur, the theory of probability
enables us to quantify the chances, or likelihoods, associated with
the various outcomes.

* The essence of Probability...

Probability Density Function

— Total area under the
/ \ curve = 1.0 (something

/ \/ will happen!)
/ AN — The probability that the
/ outcome will occur between

/ \ A and B = area under curve
\ between A and B.
40 5’0 (;0 76 86 96 1(;0 1:;.0 léO 1?;0 11’10 léO 1(;0 17’0 150 150 2(;0 22;.0 22’0 23‘0 2?1;50 rObabiIity = “likelihood”
A B of an event
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Probability Distributions

* There are a large variety of probability distributions that are
typically used in cost analysis applications

* Some of the more commonly used distributions include the
following:
— Deterministic (no distribution)
— Discrete (few choices)
— Uniform (lowest, highest)
— Triangular (lowest, most likely, highest)

— Normal (¢, 0)
— Lognormal (u,0)
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Random Variables

 Arandom variable takes on values that represent
outcomes in the sample space

— It cannot be fully controlled or exactly predicted

e Discrete vs. Continuous

— A random variable is discrete if it consists of a finite or countably
infinite number of values

* e.g., number of circuits, number of test failures

* e.g, {1,2,3, ...} —the random variable can only have a positive integer
(natural number) value

— A random variable is continuous if it consists of an interval of
real numbers (finite or infinite length)
* e.g., time, height, weight
* e.g., [-3,3] —the random variable can take on any value in this interval
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Discrete Random Variables

* Deterministic 1.0
— One choice is to have no distribution at all 2
— Example: ;‘é
* Weight =120 lbs r
— If a deterministic value is used, then it is assumed that no uncertainty
exists
* Discrete
— A discrete distribution is one in which only certain outcomes, with
associated probabilities, are allowed
— Example: >2

* Weight = 120 lbs with probability 0.8, or
* Weight = 200 Ibs with probability 0.2

Probability

0.2

120 200
Weight (Ibs)
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The PMF of a Discrete Random Variable

* The Probability Mass Function (PMF) of a Discrete random
variable can be represented as a table of possible outcomes
with their associated probabilities

— For example, if the random variable X = the number that turns up on
the roll of a die, then the PMF of X is

X

1

2

3

4

S

6

P(X=x)

1/6

1/6

1/6

1/6

1/6

1/6

— Using the example from the previous slide, if X = the possible weights
of a component, then the PMF of Xis

X

120

200

P(X=X)

0.8

0.2




The CDF of a Discrete Random Variable

 The Cumulative Distribution Function (CDF) of a Discrete
random variable computes the cumulative probabilities across
the range of X, from left to right

— For example, if the random variable X = the number that turns up on
the roll of a die, then the CDF of X is

X 1 2 3 4 5 6
p(X<=x) | 1/6 2/6 3/6 416 5/6 6/6

— Using the example from the previous slide, if X = the possible weights
of a component, then the CDF of X'is

X 120 200
p(X<=x) 0.8 1.0




The Expected Value of a Discrete Random Variable

* The expected value of a discrete random variable X'is
defined as

E[X]:ixi p(X =X)

* For the die example, the expected value is

E[X]=®Y6)+(2)(Y/6)+--+(6)1/6)=35

* For the component weight example, the expected value is

E[X |=(120)(0.8)+ (200)(0.2) =136
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The Variance of a Discrete Random Variable

e The Variance of a discrete random variable is defined as

h Var[X |= E[XZ]—(E[X )

E[x?]= 3% p(x = x,)
=1
* Inthe die example, the variance of X is

Var[X ]= (1 Jy6)+ (2 J/6)+ -+ (6 ky/6)(3.5F
=2.91667
* Inthe component weight example, the variance of X is

Var[X ]=(120%)0.8)+(2002)0.2)— (136} =1024
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Standard Deviation of a Discrete Random Variable

 The variance of a random variable is expressed in squared
units

 To develop a measure that is in the same units as X, we take
the square root of the variance and call it the standard
deviation

* The standard deviation in the die example is

Std Dev[X |=yVar[X ] =+/2.91667 =1.7078

 The standard deviation in the component weight example is

Std Dev[X ]=Var[X] = V1024 =32
| [C) DAV e




Continuous Random Variables

e Continuous random variables are those that can take on
an infinite set of values within their domain

 Examples include: -

— Normal Fe()

; CEN
— Lognormal o
— Triangular

— Uniform

— Beta
— Exponential
— Etc.

fx (X) Finge) (X)

E(X) =100
Var(X) =500

E(In(X)) = 4.5808
Var(In(X)) = 0.0488

100 4.5808
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The PDF of a Continuous Random Variable

* The Probability Density Function (PDF) of a Continuous
random variable is a continuous function

— For example, if the random variable X has a uniform distribution across
the interval (L,H), then the PDF of Xis

1 .
f.(Xx)=—— 1IfL<x<H
(=

fx (x)




The CDF of a Continuous Random Variable

 The Cumulative Distribution Function (CDF) of a continuous
random variable computes the cumulative probabilities across
the range of X, from left to right

F (x)=P(X <x)= [ ,(y)y

— For example, if the random variable X has a uniform distribution
defined on the interval (L,H), then the CDF of X is:

Fx(x)zP(sz):_.'fY Jdy = IH—dy— ll__ L<x<H
L

f ()

P(X <x)




The Expected Value of a Continuous Random
Variable

* The expected value of a continuous random variable Xis
defined as

E[X]= _Txf (x)alx

— For example, if X is a uniform random variable defined on the
interval (L,H), the expected value of X is:

00 H
E[X]= J‘xf(x)dx:jx L ax-A*b
—00 L

H-L 2

x (%)

E[X]




The Variance of a Continuous Random Variable

* The Variance of a continuous random variable is defined as
Var[x]=E[x |- (E[x ]}
where

E[x?]= szfx(x)dx

 If Xis a uniform random variable defined on the interval
(L,H), the variance of X is:

H 2 2
Var[X]:jx2 . dx—(HH‘j _(H-L)
I oL 2 12
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The Uniform Distribution

* One might choose to model a random variable with a uniform
distribution if all that is known is the minimum possible and
maximum possible values of the random variable, with all
values in between being equally likely

* This distribution is most often used to model the input values
of cost models

— For example, structure weight may be as low as 100 lbs or as high as
200 Ibs, with all possibilities in between equally likely

weight
100 200
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The PDF of the Uniform Random Variable

e The PDF of a uniform random variable X is defined as:

1 .
f.(Xx)=—— 1IfL<x<H
(=

where -co < L < H < o0.
e How did we arrive at that?

— Recall that the area under the distribution is equal to 1.0.
f ()

So, the height (h) times the length
o T (H-L) has to be equal to 1.0

hx(H—L)=1 ~h=—>

C A Therefore, f, (x)= ﬁ VL<x<H




The CDF of the Uniform Random Variable

e The CDF of the uniform random variable is defined as

follows:
Fy (X):j fy (Y)dy’
L
:J-Ldy, L<x<H
JH-L
=X_L, L<x<H
H-L




Computing Probabilities from the Uniform
Distribution

* Computing probabilities from a uniform distribution is as

simple as calculating the area under the appropriate
rectangle

* For example, to compute P(a £ X < b) from the uniform

distribution below:
fy (%)

Ll P(a<x<b)=P(x<b)-P(x<a)
= F, (b)-F, (a)
. b-L a-L
. b TH-L H-L
_b-a
CH-L

29




The Expected Value of the Uniform Random
Variable

* For a continuous distribution, the expected value is
defined as follows:

E[X]= Txfx(x)dx

e So, for the uniform random variable, the expected value is
2

derived as follows:
H H 2 2
E[X]:jx L dx:(lj X :(EJH —L
JTH-L 2)JH-L| (2) H-L
(1)(H +L(H-L) H+L

2) (H-L) 2




The Variance of the Uniform Random Variable

 For a continuous distribution, the variance is defined as
follows:

Var[x]=E[x?]- (E[X )}
 So the variance of the uniform random variable is derived
as follows:

Var[X ]= E[XZ]—(E[X )

H 2 2
E[X]:H+L E[XZ]ZIXZ 1 dx:H +LH+L
J T OH-L 3
2 2 2 2
Var[X]:H +LH+L _(H+Lj _(H-L)
3 2 12




The Triangular Distribution

* One might choose to model a random variable with a
triangular distribution if all that is known is the lowest
possible (L), most likely (M), and highest possible (H) values of
the random variable

* This distribution is most often used to model the input values
of cost models

— For example, structure weight is most likely to be about 120 lbs, but
may be as low as 100 Ibs or as high as 200 |bs

/

100 120 200
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The Triangular Distribution

* The triangular PDF is illustrated below:

fx (X)




The Trianguzlar Distribution

. Why?

e The height of the mode is
ig ei T

It has to be chosen such that the area under the distribution is equal
to 1.0, with the height of both the left and right halves being equal.

fL () I(M-Lh+i(H-M)h=1
2 Eh(M = L)+(H =M )]=L
L | Ih(H-L)=1
h(H-L)=2
2
L \Y H




The Triangular Distribution

* After a little algebra, it can be shown that the PDF of a triangular
distribution is:

2(x—1L)

TEREY YN if L<x<M
o) (=DM
2H=X%) __ jtm <x<H
((H-L)(H-M)

where -co < < M < H < 0.

» After a little more algebra (and calculus!), it can be shown that the

mean and variance are:
fx (%)

E(X):(L+M +H)

Var(X):%(L2+I\/I2+H2—LM ~LH-MH)




The CDF of the Triangular Random Variable

Like the PDF, a separate CDF is defined for each “half” of the
triangular distribution

For the left “half” we have...

_x 2(y_L) _x X
E‘”_!(H—LXM—Lfy‘{u+ umﬂ udy!(H LXM oY

_1[ 2y’
2 J—

x* — L 2Lx—2L° (x+L)(x-L) 2L(x—-L)
(H LY(M - L) (H-L)(M - L) (H-L)(M-L) (H—L)(I\/I—L)

(x—L) [(x+L)-2L]= (x-L)(x-L)

X

B 2Ly
(H-L)(M-L)|,

T (H-D(M-L) (H-L)(M -L)
- (x=L)’ CL<x<M
(H-L)(M -L)




The CDF of the Triangular Random Variable

For the right “half” we can show, using similar calculus...

(H—xY
(H-LYH-M)’

M<x<H

|:x (X) =1-

* Therefore, the entire CDF of the Triangular Random Variable is

" (XL;(III/)IZ 0 L<x<M
F, (X) =1 B .
o H=X%"  cx<H
. (H-L)(H-M)




The Normal Distribution

* One might model a random variable with a normal
distribution having mean  and standard deviation oif one
expected the distribution to be symmetric, bell-shaped, and
if it is expected that almost all observations would fall
within £ 3o of the mean

llllllllllllllllll




The Normal Distribution

 The normal distribution is defined by the following PDF:

1 1 (x=p)?/ 52
fx (X) = € 2[ ]
27O
where -c0 < X <00, o> 0 and s unrestricted

* Also known as the Gaussian distribution, the normal PDF is
uniquely defined by the parameters yzand o

llllllllllllllllll

E(X) = u
Std Dev(X) = o

000000

uuuuu
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The Normal Distribution

* As with any probability distribution, the area under the curve,
fy(X), is defined as 1.0:

P(—o< X <o) = [ f, (x)dx=10

* The normal distribution is symmetric about its mean. It also
has well-defined probabilities associated with various
distances away from the mean, for example:

H+o
P(u—oc<X<u+o)= | f(x)dx=06826
H—o
H+2o
P(u—20<X <pu+20)= j f. (x)dx =0.9544
H-20

u+3o

P(u-3c <X <u+3o0)= f, (X)dx=0.9973
X

u-3o
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The CDF of the Normal Random Variable

* To calculate the CDF of the Normal Random Variable, one would
have to integrate the PDF across the range of X

Fx(x)—jJ—G SR

e Unfortunately, this integral does not have a closed form solution, so
it is necessary to standardize a normal random variable, then use a

standard set of tables in order to compute probabilities
* The standard normal random variable Z is defined as

, _R-u
o

and has a normal distribution with u=0and o=1

national Co: Eimcl ng
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The CDF of the Normal Random Variable

* The probabilities of the standard normal random variable Z
are tabulated in any probability/statistics textbook

— Probabilities are also readily available from Excel’s “normsdist()”
function

* To compute the probability that a £ x < b, when X is normally
distributed is done as follows

— Standardize X

— Obtain the probability from the standard normal random variable Z
— See example, next slide
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Normal Example

e Suppose X~ Normal (« =100, o= 10)

* Whatis P(X<120)?

X — £120—100j: P(Z <2)
o 10

* Now look up P(Z < 2) from a standard normal table, or
using the “normsdist” function in Excel, “=normsdist(2)

P(X <120) = P(

P(Z<2)=0.9773
* Therefore, P(X<120)=0.9773

* Alternatively, one could use the “normdist” function in
Excel, “=normdist(120, 100, 10, TRUE)”
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Normal Example Cont’d

* Again, suppose X~ Normal (¢ =100, o=10)
* What is the 80" percentile, X, ?

— If Z:ﬂ then Z, = Xp — H SO X, =u+2Z,0
o) o)

— And X, =u+2Z,4,0

— Z, g can be found using standard normal tables, or the
Excel function “=normsinv(0.8)”

— Z,,=0.8416
— Therefore, X, , = 100 + 0.8416*10 = $108.4M
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The Lognhormal Distribution

 The lognormal distribution is closely related to the normal
distribution

— If X is a non-negative random variable, and Y = In(X) follows a normal
distribution, then X is said to have a lognormal distribution

Probability Density Function

Likelihood

$200 5300 5400 S500 S600 3700 $800 $900 S$1.000 $1,100

FY11$M
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The Lognhormal Distribution

Caveat

— For cost estimating purposes, there is no special reason to
assert that cost distributions are lognormal

— However, cost distributions frequently have long right tails,
and appear to be lognormal, therefore we generally
assume they are lognormal

Probability Density Function

$500

Likelihood

$613

$200 $300 $400 $500 $600 $700 $800 $900 $1,000 $1,100
FY11$M




The Lognhormal Distribution

The PDF of a lognormally distributed random variable X is:
1 _%{(IH(X)—M )Z}
f, (X) = e L
V270, x

where 0 < X< o, 0y, >0, u, =E(In(X)) and o?, = Var(In(X))

The lognormal PDF and it’s related normal PDF are illustrated
below:

fx (X) finp) (X)

E(X) =100
Var(X) =500

E(In(X)) =4.5808
Var(In(X)) =0.0488

4.5808




The Lognhormal Distribution

 |f the mean and variance of the related normal distribution
are known, then the mean and variance of the lognormal
distribution can be calculated as follows:

E(X) =1, = eﬂY“L%O'\?

Var(X) = o2 =¥+ (eO’YZ —1)
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The Lognhormal Distribution

 However, when using the lognormal distribution to model
cost, we typically do not have values of 1, and 6,2, but they
can be calculated from E(X) = u, and Var(X) = 0%, as follows:

(44 )4
(:Ux )2 T G>2< )

(:ux )2 + G>2<

(44 )2

t, =E(InX)=2In

o¢ =Var(In X) =In
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Lognormal Example
Suppose X ~ Lognormal (x, = 50, o, = 10)

What is P(X < 60)? ooF

Recall, if X ~ Lognormal, then

Y =In(X) ~ Normal, and / N

M""-.
/...-

4 0 20 40 60 80 100
py =E(InX)=1%In (,u;.) - m
(4y) +oy

o2 = Var(in X) = In| ) 9
(4y)
Uy = 3.8924

So, solve for yy,and o, =) 2, - 00392
gy = 0.1980

50




Lognormal Example

* Now standardize the associated Normal distribution, and
substitute Y with In(X)

PDF

Y —puy  In(X) —uy
Oy Oy

/ =

h""-.
/...-

In(X) — py _ In(60) — py
Oy Oy

P(XS60)=P( <

In(60) — 3.8924
0.1980

P(X <60)=P (z < ) = P(Z < 1.020) =|0.8461

From Standard Normal Tables
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Lognormal Example

* Suppose also that we desire the 80t Percentile of this

Lognormal cost distribution

In(X) — In(X, —
7 — (X) — uy ‘ Zog = (Xo8) — Uy
Oy Oy

In(Xog) = uy + Zygoy

PDF

eln(Xo.s) — pMr+Zo80y ‘ Xog = eMy+Zog0y

3.8924+0.845X0.1980 _ $58M

Xog =€
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| 80% / 20% |-
E 71 4 g
0 20 4II.‘J ﬁII:I B0 1I£H}
&M
‘ Z0.8 - 084‘5

From Standard Normal Tables




Example Uses of Distributions

Normal Cost Factor

Lognormal CER

Deterministic Fixed Engineering Parameter
Discrete Limited Choices

Uniform Equally Likely Outcomes
Triangular Most Likely, With Low and High

Infernational Cost Estimating
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How Do We Arrive at Cost Distributions?

* Recall that typical cost models * And, typical cost estimates
are based on historical cost have probability distributions
data

CER Probability Distribution

CostDriver

 Thatis, when we “use” the CER on the left, we “slice” through a
“probability-shaped tunnel” that “floats” over the data/curve,
resulting in the distribution on the right
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A Typical Cost Estimating Relationship

Cost
Estimate

Combined Cost
Modeling and Cost
Driver Uncertainty

Cost Modeling
Uncertainty

-
-

-
-

Cost=a + bX¢

-
-
-
-
-
-
-
-
-
-

Cost Driver
Uncertainty

& Historical data point

- COSt estimating relationship

------ Standard percent error bounds

1€1LAA
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Rolling Up to a Probabilistic Estimate

* And recall that when developing a probabilistic cost estimate, we often
use MANY (20 — 100) CERs in a single estimate.

WBS Items

S~

>

S >

Total Cost Estimate

>0 D P

AN
[
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Monte Carlo Simulation

* Monte Carlo simulation
enables one to build a total
cost probability distribution
in a “statistically responsible”
fashion

* Preserves the underlying
elements’ distributional
characteristics

 Combines all underlying
distributions into their
convolved distribution

ttttttttttttttttt




How is Monte Carlo Simulation Done?

 The procedure takes a s

random sample from each of :ﬁ :
the underlying distributions | ~_ = ‘/\

Performs the mathematics : A
necessary to develop a single
point estimate based on the
random samples

Tallies thousands of these
point estimates to arrive at a
distribution of possible
outcomes




The Probability Integral Transform

 The basic procedure is to use
the probability integral
transform method

e The CDF of each of the
underlying distributions is
inverted

e Then arandom draw is taken
from a uniform(0,1)
distribution to arrive at a .
random draw from the
original distribution

= Inferational Cost Estimating
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Cumulative Probability

Probability Integral Transform

100%

90% /
_
70% /
60% /
50% /
40% /
30% /
20%
10% /
0%

$200  $300  $400  $500  $600  $700  $800  $900  $1,000
Cost

In this example, a random draw
from a uniform (0,1) is 0.77,
resulting in a point estimate of $580




The Probability Integral Transform

e This transform is
performed on every
underlying cost element,
then a total cost (point
estimate) is computed and
tallied

* After repeating this
thousands of times, a total
cost distribution is built up
as a histogram of all
observations

™~

AN

Humm

VAN

AN

LA\

» ‘/\
Total Cost Estimate

A
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[

Probability

Overlay Chart
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Why Not Just Do It Analytically?

* |n most realistic circumstances, it is not
possible to do this analytically

* Most cost estimates involve more than just
sums of random variables

— It is relatively easy to compute the mean and
variance of sums of random variables

— But, we would not be able to discern the shape of
the total cost distribution

— Moreover, most cost estimates contain more
complex math than simple sums




Monte Carlo Software Makes it Easy

 The use of Monte Carlo
software, such as @RISK or
Crystal Ball, enables one to
perform simulations without
having to do the complex
mathematics

This one does

g h a good job

* Performs the probability
integral transforms

automatically ORACLE

CRYSTAL BALL

This one
* Keeps track of thousands of does a good

iterations and provides useful job too
displays of the results

nnnnnnnnnnn | Cost Estimating
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Coding CERs is Easy

* Suppose you have the following CER for some cost element:

FY11$K = 24.5+ 232(Weight)*®’
SE =32.5%

* Then, if the independent variable is located in cell C3, coding
that CER into a spreadsheet is as simple as:

— 24,5+ 232*(C3)"0.87

e But...what about the uncertainty?

-"‘1'3 Infernational Cost Estimating
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Uncertainty is Used in Simulation

 The standard error of the CER represents the standard
deviation of the cost distribution at the point specified by the
independent variable

Cost=a+ bx®

Cost 1

$ 4

4 Historical data point

—— Cost estimating relationship

------ Standard percent emor bounds

I Cost Driver (Weight)

= Infernational Cost Estimating
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Uncertainty is Used in Simulation

* Even better is when we also account for uncertainty in the
input variable

‘ Combined Cost ‘ -

Modeling and Cost

Driver Uncertainty -
) + Cost =a + bX®
Cost Modeling e
Uncertainty - i

Cost 1
Esti

& Historical data point

— Cost estimating relationship

Cost Driver Uncertainty | | """ Standard percent error bounds

! Cost Driver (Weight)
sarbble

= Infernational Cost Estimating
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What We REALLY Want

 We really want to tell our spreadsheet that we have, say, a
lognormal distribution with a mean of:

— 24,5+ 232*(C3)"0.87

* And a standard deviation that is 32.5% of that value

e That’s where Monte Carlo simulation software comes into
play

5 Infernational Cost Estimating
e and Analysis Assoclation
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Correlation

Correlation is a very important aspect of combining cost
distributions

Often, if it becomes necessary to spend more money on a
particular WBS element in order to address problems, then it
is probably also necessary to spend more (or less) money on
other WBS elements as well

Therefore, if the cost of two WBS elements are correlated,
then their Monte Carlo samples should also be correlated

— That is, if one Monte Carlo sample is large, then the other should tend
to be large also
In the absence of correlation, then the cost of the first
element’s sample would have no effect on the cost of the
second element’s sample




Classical Definition of Correlation

e Pearson’s Product Moment Correlation measures the
strength of the linear relationship between two random
variables, X and Y

* The correlation coefficient defining this relationship is
dimensionless and defined by

Corr(X,Y)=p,, =

— X
Negative

_EXXY) =ty | Note: Py = R?
Oy Oy between X and Y
Y
A o .
Oo (@) (@) ©
(@) Q@
o/ © ° © ° (@)
(@) © Q@ ©
— » X » X
Positive No
Correlation Correlation

Correlgation

| Cost Estimatin
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The Correlation Matrix

e Correlation between multiple random variables can be described using a
correlation matrix

* The matrix relates each random variable to every other random variable in
terms of how they are correlated with each other

e Correlation values vary between -1 and +1

— Values near -1 indicate that as one random variable’s value changes, the other
tends to change in the opposite direction

— Values near zero indicate that changes to one random variable have little to no
impact on the other random variable

— Values near +1 indicate that as one random variable’s value changes, the other
tends to change in the same direction

RV1 RV2 RvV3 Rv4 +* Correlation matrix is symmetric

IEEAA

RvV1| 1.0 | 0.8 | 0.5 ] 0.3 Has 1.0’s on the main diagonal
Rv2| 08 1.0 | -0.2| 0.2 Correlation between RV1 and
Rv3| 05|-02] 1.0 | 0.7 RV2is 0.8

Rv4) 03| 0.2 ] 0.7 | 1.0 — Strong positive correlation

Correlation Matrix

Infernational Cost Siimating
and Analysis Association




Example Correlation Matrix

P~ =) —~
s @ /€ /8 s /& g

S s s X X ; S = IS O %) bS

o S g 3 - /5 /s & |8 [§ |o |8 /9 [~ /s 9

= S U:’ IS s O %) 3 S IS L% = Q o e 8

o > S o $ i S g 12 o o |v o [T /2 ~

< /& Jo = g [E |2 |3 & & & |~ [~ o [ [|e

Aperture dia. (m) 1.0
Payload wt. (kg) 0.2 1.0
Structure wt. (kg) 0.2 0.2 1.0
Thermal wt. (kg) 0.5 0.2 0.2 1.0
EPS wt. (kg) 0.2 0.2 0.2 0.2 1.0
TT&C wt. (kg) 0.2 0.2 0.2 0.2 0.2 1.0
ADCS wt. (kg) 0.2 0.2 0.2 0.2 0.2 0.2 1.0
1.1 Sensor 1.0
2.1 Structure 0.2 1.0
2.2 Thermal 0.5 0.2 1.0
2.3 EPS 0.2 0.5 02 | 10
24 TT&C 0.2 0.5 02 | 0.2] 1.0
2.5 ADCS 0.2 0.2 02 [ 02]02] 10
3. IA&T 0.5 0.2 02 [ 02]02] 02|10
4. Prog. Mgmt. 0.2 1.0
6. LOOS 0.2 0.2 02 [ 02]02]02|02] 02 1.0

Since a correlation matrix is symmetric, we usually just fill in either the
upper or lower half.

-"‘{% Infernational Cost Estimating
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Correlation

* Correlation is important because it affects the variance of
the total cost estimate

* Suppose X, X,, ..., X, are random variables representing
the costs of WBS elements

e If we are simply summing cost elements, then the mean of
the total cost estimate is:

MeanCost:E[iZ:l:Xj ZE Zy,

e And the variance of the total cost is:

Variance :Var(zn: Xij = anzn:pijo-i Zo- + Zznlz,ou
i=1

i=l j=1 i=2 j=1

5 Infernational Cos! Estimating
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Correlation

 When the correlation term, Py is zero, meaning WBS
elements are independent (uncorrelated), then the variance
equation reduces to:

Variance :Vartzn: Xij = Zn:af
=1 i=1

* But, most importantly, ignoring correlation is equivalent to
setting all p; equal to zero

— In other words, if you ignore correlation in your cost estimate, you are
not really ignoring it!

— Rather, you are implicitly saying that all correlations are zero!

5 Infernational Cost Estimating
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Correlation

* Therefore, accounting for correlation will typically widen the
total cost distribution, and ignoring correlation will lead to
total cost distributions that are narrower than they should be

* Inany case, your estimate and range will be closer to the truth

if you use reasonable non-zero correlations, than if you ignore
them

Cost distribution Area = 1.00

WITHOUT
correlation Cost distribution Area =1.00
WITH
correlation ‘-/
Hx

g lh.-to al Co 1E1nolg
%’g dAoIlA




Probability Density Function

* Describes the shape and moments of the cost distribution
* The mean is the weighted average cost
* The standard deviation measures the spread of the distribution

Mean = $1,107M

Std Dev = $221M

Likelihood

500 700 900 1100 1300 1500 1700 1900 2100
FY04$M




Cumulative Distribution Function

* Describes the quantiles (percentiles) of the cost distribution

 Canalso be represented in a table of percentiles

100%

90%

Cumulative Probability

Probability true cost will be...

O% T T T T
700 800 900 1000 1100 1200
FY04$M

1300

1400 1500 1600

...less than or equal to this number

= Inferational Cost Estimating
e and Analysls Association
S

Percentiles
- 5% $ 784
/ 10% | $ 842
15% | $ 884
80% / 20% |$ 919
25% | $ 950
0% / 30% |$ 978
0% 3% |[$ 1,006
40% |[$ 1,032
50% / 45% [$ 1,059
/ 50% |$ 1,086
40% 55% |$ 1,113
/ 60% |$ 1,141
30% 65% $ 1,172
/ 70% [$ 1,204
20% 75% |$ 1,241
/ 80% |[$ 1,282
10% 8% |$ 1,333
~ 90% |$ 1,399
: 9%5% |$ 1,503




Cumulative Distribution Function

* Since the probability distribution represents your cost estimating
uncertainty, you can compare anyone else’s estimate to yours

* Those that fall at the lower percentiles are unlikely to be successful!

Probability true cost will be...
Cumulative Probability

SEAA

100% -

80%

70%

Your mean:
$1,107M
700 8(;0 9CI>0 10IOO 1 1'00 1 2'00
FY04$SM

1300

1400

1500

...less than or equal to this number

Infernational Cost Estimating
and Analysis Association
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Someone else’s estimate:
$900M )

1600

Suppose someone
else gives an
estimate of $900M.

According to what you
know about the
system, there is only
about an 18% chance
that $900M will be
enough!



A “Good” Cost Distribution

* Consider the following cost distribution
— Mean = S500M
— Standard deviation = S150M
— CV=30%

Probability Density Function

e The CV is reasonable
— Between 20% and 50%

— Implies we have accounted
for uncertainty

$500

Likelihood

$613

$200 $300 $400 $500 $600 $700 $800 $900 $1,000 $1,100
FY11$M

= Inferational Cost Estimating
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A “Bad” Cost Distribution

* Now consider the following cost distribution
— Mean = S500M
— Standard deviation = S5M
— CV=1%

Probability Density Function

e The CVis unreasonable
R — At 1% it is much to narrow

— Implies almost NO
uncertainty — unrealistic!

$504

Likelihood

$490 $495 $500 $505 $510
FY11$M

= Inferational Cost Estimating
e and Analysls Association
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Hypothesis Testing

* Intro/Concepts
* Types of Hypothesis Tests
* Hypothesis Testing Steps

— Hypothesis: Null vs. Alternative
— 1 —tailed vs 2 tailed

— Statistical significance

— Test Statistic

— Critical Values

* Example
 Other Hypothesis Tests
* Confidence Intervals




Hypothesis Test

* Purpose: Determine if there is statistical evidence to

support a theory
— Example: Criminal trial: innocent vs. guilty

Reality

Truly not guilty Truly guilty
Null Hypothesis true Null Hypothesis false

Innocent: Right decisi Wrong decision
Accept Null Hypothesis s ecision Type Il Error

Guilty: Wrong decision

Reject Null Hypothesis Type | Error Right decision

Does the data
support the theory?

* Objective: Demonstrate reasonable proof that a given

theory is correct

— Reasonable proof demonstrated by statistical evidence




Examples of Hypothesis Tests

* Hypothesis tests often used to test for differences
between population/sample data sets

e Common Hypothesis tests:

— Do data sets have different means < T- Test

Ho: 1 =M, (means equal)
H,: u, # 1, (means different)

— Do the data sets have different variances <« F- Test

Ho,: o, =0, (std devs equal)

H,: 6,# o, (std devs different)

— Do the data sets have different distributions < Chi Squared
or K-S Test

Ho: f(x) = g(x) (distributions equal)
H,: f(x) = g(x) (distributions different)

Null Hypothesis generally involves equality



Define
Hypothesis

Significance
Level

Hypothesis Test Steps

e Determine hypothesis test theory
e Define Null Hypothesis & Alternative Hypothesis
e Define type of test: 1-tailed or 2-tailed test

e Define Statistical Significance
e Acceptable uncertainty level (o)

¢ Calculate Test-Statistic

e Look-up associated T-critical value
* Based on significance level (o)

e Compare T-Statistic to T-critical
e T-Statistic > T-Critical => Reject Null Hypothesis
e T-Statistic < T-Critical => Fail to reject Null Hypothesis

Infernational Cost Estimating
and Analysls Associalion




Define

=™ Null vs. Alternative Hypothesis
e Step 1: Define the hypothesis test

Two hypotheses in a test:
* Hy: Null Hypothesis

— A hypothesis associated with a contradiction to a theory one would like
to prove

— Assumed to be true unless data can support alternative

* H,: Alternative Hypothesis
— A hypothesis associated with a theory one would like to prove
— Only be accepted with statistical evidence

Reality

Truly not guilty Truly guilty
Null Hypothesis true Null Hypothesis false

Innocent: Right decisi Wrong decision
Accept Null Hypothesis '8 ecision Type Il Error

Guilty: Wrong decision

Right decision

5 Infernational Cost Estimating ReJeCt NU" Hypoth95|5 Type l Error
v, and Analysis Assoclation
S




One Tail vs. Two Tail tests

Hypothesis

* Hypothesis tests can One-tailed or Two-tailed

Student 't' Distribution
3 Degreen of freedom)

* Two-tailed: test of inequality

— Fighter jet S not equal to Bomber $ e ; —
Test against lower & upper limit
HO: HFJ — HB ": (2 regions of H, rejection)

Hit g # Hg °‘ \A\‘.

* One-tailed: test direction of difference RO
— Fighter jet S greater (or less then) |
Bomber S ::: Test against upper (or lower) limit
020 (1regionof H, rejection)
Ho' Hp = Mg \
Hit U >ug  OrHyt pg <pg . L

Two-tailed test most common test



Statistical Significance (o)

Step 2: Define level of significance

* Significance level (a): probability of incorrectly e PR

Null Hypothesis true Null Hypothesis false

rejecting null hypothesis g . mocen: R
Committing a type | error avoidance s I Right decision

— Typical significance levels: a = 0.05
* Level of acceptable uncertainty
* a=0.05-> 5% probability that H,is actually

true |
. . Student 't' Distribution
— 2-tailed vs 1-tailed
« 2-tailed: divide a by 2 i . |
. ) o e 2-tailed: o/2
— Uncertainty split between upper/lower limit w
. o 1-tailed: o

e 1-tailed: a |

0.1%

— Uncertainty in upper or lower limit 0.10 ' l /
0.0%
0 |
4 a 2 4 0 1 2 1 a
I @ AA Infernational Cost Estimating
( < ,I @ l' and Analysls Associotion




Test Statistics

Step 3: Calculate test statistic

* Test statistic: Standardized value calculated from sample data
— Used to determine whether to reject null hypothesis
— Compares data with what is expected under the null hypothesis

Types of Test Statistics:

— T-test: test for means (t-test) when n small (n < 30)

* One-Sample or Two-Sample t-test for mean: 1Sample Mean 2 Sample Mean Regression Coefficient
T X — 14, T X =Y — (1 — 12,) ;- _ Estimated Coefficient -0

* Regression coefficient t-test s/vn T 1 Standard Error
S \/+
* Z-Test: similar to t-test when n large (n > 30) Yn m
— F-Test: test for variance (ANOVA)
Variance F-Statistic Regression F-Statistic
* Test to determine if variances of two data sets equal e _ s? - _ Meanof Squares of the Regression
s2 M ean Squared Error

* Test statistical significance of regression model x

— Kolmogorov-Smirnov (K-S) & Chi-Square test : test of distributions

T-test most common hypothesis test




Critical Value

Step 4: Determine T-Critical Value

* T-Critical Value: Point on the test distribution, when compared to
the T-Statistic, determines whether to reject the null hypothesis

— Point on distribution where probability of ol
getting a test statistic greater than o - | 2-tailed Test |
e T-Critical value is the associated deviation of :::
corresponding a on t-distribution 020
oo RejectH, sz?a"c:?ﬂo Reject Hy
* o =.05 - Confidence =95% —> =2 Std Dev. i — >
* If T-Statistic > abs(T-Critical) - Reject H, 43 2gpt 0 dgpr 3 4

Student 't Distribution
[#* Degrees of freedom)
045

0.40
0.35
0.30
0.25

Selecting a in advance keeps us honest! [
0.10 Fail to

Reject H,
0.05 Reject Hy
<
& Infernational Cost Estimating o " '
v, and Analysis Assoclation -4 -3 2 St [ 1 g 2 3 4
S




Student T-Distribution Revisited
e o, T-Statistic, T-Critical - What do these mean????

* o =inverse of confidence level

— Probability of value falling outside given standard Sttt Distribution

(== Degrees of freedom)

deviation oo
— o = .05: probability of value falling outside 1.96 ::: < >
std devs 0.30 ) | R
e T-Statistic = Std deviation of sample 025 ) | !
— For a given confidence level and sample size 020

— Smaller samples produce flatter wider i

distributions o
e T-Critical = Std deviation of normal 0l | |
. . . -4 -3 -2 -1 0 1 2 3
d Istri butlon Standard Deviations
— for a given confidence level
— Assumes n = oo

0.10

Recall the properties of a standard normal distribution

Standard 9 Confidence 9 Statistical
Deviations Level Significance

P(Lsi pe) =P(p-0 < X< p+o) 0.6826 o=1-P(lg4pe)= 03174
P(ZStd Dev) = P(M_ZG <Xs< “+26) 0.9544 o=1- P(2Std Dev) = 0.0456
PBaype) =P(u-30<X<p+3c6) = 09973 o =1-PBgype,)= 0.0027




Hypothesis Test Steps

e Determine hypothesis test theory
e Define Null Hypothesis & Alternative Hypothesis
 Define type of test: 1-tailed or 2-tailed test
* Determine type of test needed: mean test, F test, etc

Define
Hypothesis

e Define Statistical Significance

QN © Acceptable uncertainty level (o)
Level

¢ Calculate Test-Statistic

e Look-up associated T-critical value
* Based on significance level (o)

e Compare T-Statistic to T-critical
e T-Statistic > T-Critical => Reject Null Hypothesis

IENEIAEREN o T-Statistic < T-Critical => Fail to reject Null Hypothesis
Crit

-""{? Infernational Cost Estimating
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S




Hypothesis testing example

Solving the biggest question of the twentieth century!!!

* You have some historical sales data for Van Halen record sales from either
when David Lee Roth was the front-man or Sammy Hagar

* You want to see if the average Van Halen sales for David Lee Roth differs
from Sammy Hagar

. .. . Van Halen Sales (SMs)
— After plotting the data the two front-men look similar in sales Davidlee Sammy

— Lets run a hypotheses test to be sure TS i 5 =y
2 [s 0788 164
3 |$ o049]s 202
4 |$ 151|Ss 108
David Lee Roth vs. Sammy Hagar 5|5 15215 160
Sales $Ms 6 |$ 175]|S 115
52.50 7 |$ 123]s 115
- . 8 |$ o088|Ss 145
$ = e — 9o s o093|s 11
siso oT o8 e o ° 1(1) z 132 2 (1).3(9)
------ Pra—- - . [ Np— - - . .
$1.00 ESsEsve s "'73';'t8“"££9'° 12]$ 09[Ss 115
® e e ° T 13[s 126|38  125
$0.50 ® 14 |$ 110]$ 135
15| 076|% 184
s 6| 18]S 122
o 2 4 6 8 10 12 14 16 18 20 1715 1225 14
3 [#) David Lee Roth . Sammy Hagar = we w iy DIR = - e Ave SH 18 $ 0.93 $ 1.05
=) 19 129
' 20| 121
I @EAA Inferational Cost Estimating X S 1.19 S 1.32
= and Analysis Association s $ 0.34 $ 0.30




Hypothesis testing example

Step 1 & 2 — Define Hypotheses & Significance

la) What's the null and alternative hypotheses?

Ho: Mean sales of David Lee Roth is same as Sammy Hagar: Hy: Upir = Koy
H,: Mean sales for the front-men are different: H;: tpir # My

1b) Is this a one-tailed or two-tailed test?

The test is two-tailed since we are only testing if the two are the same
* Testing if one is greater or less then would require a one-tailed test

1c) What type of hypothesis test is needed?

Two mean T-Test
* Since we are testing if the mean of two different groups are equivalent

2) Significance Level?

Use the standard significance level: .05
*  Sinceit’s a two-tailed test: .05/2 = .025

& Infernational Cost Estimating
e and Analysls Association
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Hypothesis testing example

Step 3 — Calculate T-Stat

3a. We need to derive the pooled variance (S ), or combine variance of samples:

Variance David Lee Variance Sammy Variance $ _ Std Dev $
Roth Hagar David Lee Roth + Sammy Hagar David Lee Roth + Sammy Hagar
O L O () RS 5.1 25 7 A S 15
X n-1 Y m-—1 P n+m-—2 P n+m-2

1007 = 2224148 = |3205- 222148

Van Halen Sales (SMs)

3b. We use the following formula to calculate a two mean t-test T-
1 1 . 1 [$ 150] 009 [$ 1.26 | 0.00
StatIStIC * 2 |$ 078|017 |$ 164 010
[ (1 1921 319) (0) 3 |5 049 049 [ 202] 049
X —Y — — . —1. = 4 [s 151 010 [$ 108| 006
T = g:ux 1 'uY) = -1.248 = 1 1 5 |[$ 152] 011 |$ 160| 008
’ 6 | 175] 031 [s 115] 003
S Pl = + — 3205, [ —+— 7 [$ 123 000 [$ 115] 003
n m 20 18 8 [$ o0s83] 010 [$ 145] o002
*Values rounded 9 |s 093] 007 [s 111] 004
10 [$ 144] 006 [$ 109 005
11 [$ 126 000 [$ o090 018
> X: $1.19 (avg David Lee Roth sales) 12 [$ 09 005 [$ 115 003
. 13 [$ 126] 000 [$  125] 0.00
> y: $1.32 (a\{g Sammy Ha-gar sales) T el oa T 1o 000
> U= 1,=0 (if Ho: gt = w4y is true) 15 [$ o076 019 [$ 184 027
> n=20 (David Lee Roth sample size) 615 180103715 12} 001
) 17 |$ 124] 000 [$  144] o001
> n = 18 (Sammy Hagar sample size) 18 |$ 093] 007 |$  105| 007
_ 19 [$ 1.29] 001
»  Sp =.3205 (pooled Std Dev) o T T o000

3 s 2384 222 [§ 2375] 148

ﬁ Infernational Cost Estimating % $ 1.192 $ 1319

and Analysis Association 52 s 012 $ 0.09

— s $0.3414 $ 0.2953




Hypothesis testing example

Step 4 & 5 — Determine T-Critical & Compare to T-Statistic

4. Determine T-Critical:

— OQur significance value (a): .05
* Since this is a two-tailed test the significance level of either side is actually .05/2

ERRREEEEN

=.025 - =
— Our degrees of freedom (DF): 20+18-2= 36 (n+m-2) . s |
— We look up our T-Critical value using a t-table: 2.028 L B
* Interpolated from DF 30 & 40 3 F-
— Or using =T.Inv.2t(a, DF) in Excel: =T.Inv.2t(.05,36)=2.028 A b
5. Finally, we compare the T-Statistic to the T-Critical : AEHEE
T-Statistic: -1.248 vs.  T-Critical: +/- 2.028 - e
The T-Statistic is within T-Critical bounds = Fail to Reject Hy: tp,r = Hsy :______'_-:__.': R P
Avg David Lee Roth Sales = Avg Sammy Hagar Sales! g
*Test implies statistical equality ::: Fail to
0:'* T-Critical Reject Hy T-Critical
0.30 -2.028 | 4 > 2.028
’ ) S ioul B e

%: Infernational Cost Estimating
and Analysis Assoclation
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Hypothesis Tests

One Sample T-Test: Test if mean of sample is equal to a

given constant (m)
e Usually m, is set to zero

Two Sample T-Test: Test if mean of two different sample

are equal to each other
*  Sample size does not have to be equal

Regression Coefficient T-Test: Test if regressed coefficient

is statistically different then zero
*  Degrees of freedom equal = n-1-k
* krepresent # of estimated variables (intercept, coefficients)

Variance F-Test: Test if variance of one group equal to a

second group
*  Fdistribution degrees of freedom: (m-1) & (n-1)
* m:sample size of 1%t group, n: sample size of 2" group

Regression Variance F-Test: Test the statistical

significance of a regression model

*  Each b, is an estimated coefficient in the regression model

* Testsif any of the b, in the regression is statistically significant
*  Derived from ANOVA statistics of regression model

e

Ho: m=m,
Hy:m#mg (Hy: m>mg; Hy: m>mp)
T-Statistic:. + _ X~ 4%
s/~/n
Hyo: m=m,

Hi:m#mg(Hy: m >mg; Hy:m > mo)

T-Statistic: T — X =Y =t — )
s, \/1+i
n m
Ho: b;=0
Hi:b,20
T-Statistic: T _ Estimated Coefficient (b;)
Standard Error
Ho:s2=s?

Hi:s?#s2 (Hiis2>s2 Hyirs2<s?)
F-Statistic: sZ
F =

Ho: b;=b,=..=b =0
H;: b, #0 (at least one)

F-Statistic: £ _ Mean of Squares of Regression (MSR)

Mean Squared Error (MSE)



Confidence Intervals

Confidence Intervals: measures range
of a given estimated value based on a
desired confidence level

— Confidence level: the inverse of a oy (S}
i . 035 | |Llypy =X ta/Z,n—l \/ﬁ
significance level (o) 030/ e

0.25 | -a/2

Student 't' Distribution
{#= Degrees of freedom)
0.45; A

- s ‘
Clypres = X+ta/2,n—l[\/ﬁ] ‘

T-Critical
a/f2

* Implies the degree of confidence (% =
probability) that a given value is contained | o5/

within a calculated range 00|
* The range is calculated using the T-Critical e
values for the associated o | = 3 a2 1 0 1 2 3

* Can be though of like the inverse of a T-Statistic (solving for )

Confidence Interval

T-Statistic
1 Sample Mean
r— - S
— VLCIULBdJ: X+ta/2,n—1[T}
T _ X 4
al2,n-1 S/\/n
- S
Cl X-t , | —
[@EAA ==z ) 1(\5 j




S

Confidence Interval Example

118 1.50
* Returning to our Van Halen example... AT
* Say you want to measure with 90% certainty what range the average of e
David Lee Roth’s Van Halen Sales fall within ¢ i LIS
- . S .
— X (Avg David Lee Roth sales) = $1.19 o Te oo
— s (standard deviation of sales) = 0.34 = z o
— n (David Lee Roth sample size) = 20 1; z 2;’:
— Our desired confidence level is 90%, thus oo = 0.1 14 z 110
15 0.76
— Thusty, o4 (T-Critical value ) = t( 5,19 = 2.093 165 180
Lookup the T-Critical value using a T-table or =Tinv(a/2, n-1) function in Excel ;73 2 ;'gg
19 | $ 1:29
20 | $ 1.21
_ s — S
— ¥ > Clypeg =X+t 04 — % .
Clures =X ta/Z,n—l(\/ﬁj L % 1[\/ﬁj s s o3
34 34 e
$1_03=1_19_2.093 S $1_35=1.19+2.093 o Van Halen - David Lee Roth Sales
/20 /20 200 = -
$150 @ ®0 o
] ] TR AP T DARATT oY DRI L P
We're 90% certain the true David Lee Roth’s 5148 W oS —
Van Halen ave sales is between $1.03 & $1.35 s050 o
5
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Confidence Intervals

Mean around a normal distribution ClI
— S
Cl = X+/_(tal2,n—1 G \/ﬁj

Difference of two independent means Cli o —
* Where Sp is pooled variance Cl = (x— y)+/—£ta,2 nem2 ¥ 9, —+—J
| n m
Variance around a normal distribution ClI (n—1)s?
Cl =+/-|
X1-al2n1

Regression Coefficient Cl:

2

Cl=b +/— tona ™ rla —
(n— Z)Z (X —x)°
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Summary

* Hypothesis testing is used to draw conclusions about a data set

— aka: Inferential statistic

e 5 steps are required to
perform a hypothesis test

* Determine hypothesis test theory
* Oefine Null Hypothesis & Alternative Hypothesis
* Define type of test v lec tes

* Determine type of test needed: mean test, F test, etc

» Define Statistical Significance
* Acceptable uncertainty level (a)

« Cakulate Test-Statistic

* Hypothesis tests can be
used to test means,
variances or distributions

* Look-up associated T-critical value
* Based on significance level {a)

* Compare T-5tatistic to T-criticat
» T-Statistic > T-Critical => Rejoct Null Hypothesis

« T-Statistlc < T-Crizical »> Fail 1o reject Null Hypothesis

* Confidence Intervals measure what range in which the true value
in a data set falls within

— Can be thought of as a hypothesis test where you are solving for
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Summary

* What we have covered today:
— Definition of probability and statistics
— Discussion of probability as it applies to cost estimating
— Measures of Central Tendency and Dispersion
— Definitions of Random Variables, PDFs, and CDFs
— Important distributions used in Cost Analysis
— Covariance and Correlation
— Monte Carlo Simulation
— Hypothesis Testing
— Confidence Intervals




