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This article explores and discusses concepts surrounding the multi-step retrograde analysis pro-
cess for learning curve production breaks that was popularized by George Anderlohr, in his 1969
Industrial Engineering article “What Production Breaks Cost.” Mr. Anderlohr based much of his
analysis using the cumulative average curve method, but the basic principles have been widely
accepted and used to calculate the equivalent calculation using the unit theory learning curves.
Because Mr. Anderlohr’s method is considered the standard for such calculations and because the
method is relatively simple to perform, not much has been written to either simplify the process or to
explain what appear to be anomalies in his methodology and other designated official sources such
as that published by the Government Accountability Office (GAO). The article will briefly explore
and answer the more vexing of the anomaly issues and then introduce a single closed-form equation
to bypass the multi-step method which can save the cost analyst time and minimizes opportunities for
trivial mathematical errors.

Introduction

George Anderlohr (1969), in an Industrial Engineering article, “What Production Breaks
Cost,” proposed a methodology for calculating the impact of a break in production of mul-
tiple units of a manufactured item. Anderlohr defined a production break as “the time lapse
between the completion of a contract for the manufacture of certain units of equipment and
the commencement of a follow-on order for identical units.” In general, a production break
occurs whenever a production line stops active manufacturing for a period of time long
enough for the manufacturing knowledge to begin to diminish. Production breaks result in
an increase in the cost of manufacturing, and it is important for cost estimators to be able to
easily use the quantitative tools laid out by Anderlohr, in particular his retrograde method,
to determine their impact.

The Anderlohr method, considered a “best practice” by the Government
Accountability Office (GAO, 2009), examines the various factors that contribute to loss
of learning and applies them to calculate a lost learning factor (LLF). Specific details of
the work stoppage are immaterial to the calculation but could be due to an extended labor
dispute, delays and changes in contract order quantities, or long delays in modernization
efforts for a production line. Calculating the LLF is described in detail in Anderlohr (1969)
and will not be repeated in this discussion. The LLF can then be employed, via retrograde
analysis, to determine the starting point on the learning curve for future production.
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120 B. Gillespie and D. Hamilton

When taught in most instructional settings, the retrograde method is taught using a
five-step method that will work for either the Cum Average or the Unit Learning Curve
Theories. Anderlohr demonstrated the application of the retrograde method by using the
cumulative average learning curve theory. However, unlike the Cum Average Theory, each
step in the unit learning curve theory is a simple closed-form solution. This article takes
advantage of that formula simplicity to combine the five-step process into a single closed-
form calculation that bypasses the multi-step retrograde analysis process. Use of the single
equation in the unit learning curve theory case will save the cost analyst time and minimize
opportunities for trivial mathematical errors on the part of the cost analyst.

Complexities of Cum Average Theory

While the steps in applying the retrograde method to the Cum Average Theory are the
same as the Unit Theory, the math gets more complicated. In the Cum Average Theory,
the calculations are applied to the item-value curve, not directly to the cumulative aver-
age curve. As can be seen in the formulas depicted in Figure 1, the item-value curve of
YX = Y1(Xb + 1 − (X − 1)b + 1) is a complex curve that does not lend itself to a simple
formula-based solution when solving for the item (X) when the item-value (YX) is known.
As will be shown in more detail later in Step 4, this is the most mathematically complex step
in the retrograde process. It can easily be solved using Goal Seeker or Solver in ExcelTM,
but it is not a simple exercise to derive a closed-form solution.

Applying the retrograde method to Unit Theory-based learning curves is significantly
easier. In the unit learning curve theory, the item-value curve is the learning curve of
YX = AXb. Solving for X when YX is known is a simple rearrangement of the formula to
X = (YX/Y1)1/b. Therefore, it is possible to describe the whole retrograde method in Unit
Theory using a series of simple mathematical formulas. The complexity in Cumulative
Average Theory of solving for X when YX is known may be the main reason that most
instructional examples on calculating the retrograde analysis have avoided using the
cumulative average learning curve theory.

Comments on Sensitivity and Mathematical Rigor

It should be noted that calculation of the LLF as well as the entire retrograde calculation is
an approximation technique that is useful for calculating the ballpark impact of a work stop-
page. The LLF, while not discussed in detail in this article, consists of a series of estimates
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FIGURE 1 Anderlohr Cumulative Average Curve vs. Item-Value Curve.
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FIGURE 2 Differences in solutions provided by Anderlohr and GAO methodologies.

based on expert judgments. Each of the five or more estimates are only rough estimates
which, in the aggregate, point to an order-of-magnitude value that is believable, but not
necessarily accurate enough to claim more than a significant digit or two. This, coupled
with the uncertainty usually surrounding the accuracy of the learning curve slope, leaves us
with an estimate that is not as mathematically rigorous as the decimal values would often
suggest. Efforts to use the calculated values beyond the nearest whole number are neither
prudent nor justifiable in the long term. As such, for this article, we will retain significant
digits for the calculations, but always round the final answer to the nearest whole number.

Another source of difference can arise from noting that the GAO method differs
slightly from the original method proposed by Anderlohr. It was pointed out by one of
this journal’s anonymous referees that Anderlohr based his calculations on the last item to
be produced, while GAO bases their calculations on the next unit to be produced. If we
analyze the results in detail, the two methods produce results that differ by up to one unit as
shown in Figure 2. While one unit would normally be considered significant in most large-
cost, small-volume cost calculations, it should be noted that the methods used to calculate
the LLF are based on approximations of hard-to-measure input parameters. Reasonable
uncertainty bounds of at least one percentage point per estimation will produce differences
greater than the difference in results produced by the two methods. The difference between
the methods is actually dwarfed by any reasonable error term that could be applied to the
calculation of the LLF. Therefore, for the purposes of this article, we will ignore the slight
differences in the two methods. For simplicity purposes, we will use the GAO method of
referencing our calculations from the next item to be produced.

Traditional Anderlohr Retrograde Method

In the Anderlohr method, the impact of a production break is determined through a series
of estimates that allows an analyst to calculate a percentage of learning lost, known as the
LLF. The LLF is then used to calculate an equivalent number of production items where the
knowledge gained to more efficiently produce those units was “lost.” The cost of the next
item to be produced is based on the cost of a theoretical, previously produced item that had
the same calculated, equivalent amount of learned knowledge. In effect, the Learning Curve
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FIGURE 3 Diagram of lost learning.

is reset to a higher cost to restart production at the next unit in the production sequence as
if all units that were “lost” had never been produced.

For the purpose of this discussion, we will take as an example the production of a
fictitious component, the X5. The first X5 component costs 10,000 labor hours to build and
15 units of the X5 have so far been produced. Production followed a 90% learning curve
trend before a labor dispute resulted in a six-month production break. The break resulted
in an estimated 29% lost learning factor due to management changes and assembly crew
losses. Figure 3 illustrates the X5 example. This factor will first be applied by a method
described in Anderlohr’s paper that has become known as the Retrograde Method.

The typical instructional steps are as follows:

Step 1. Find the amount of learning achieved to date.

In order to find the learning achieved (LA), one subtracts the cost of the last unit pro-
duced (YF−1) from the cost of the first unit (Y1). For notation purposes, the number of the
last unit produced before the production break (F − 1) is always one unit less than the first
unit after the production break (F):

LA = Y1 − YF−1. (1)

Since 15 units were produced before the break, Equation (1) becomes:

LA = Y1 − Y15.

Additionally,

b = ln (slope)

ln (2)
= ln (0.90)

ln (2)
= −0.1520,

Y15 = Y1 × Xb = 10,000 × 15−0.1520 = 6,625.7.

Therefore,

LA = 10,000 − 6,625.7 = 3,374.3.
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Closed-Form Solution for Production-Break Retrograde Method 123

Step 2. Estimate the amount of learning lost.

The amount of learning lost (LL), in this case measured in hours, is calculated by
multiplying the learning achieved (LA) by the lost learning factor (LLF):

LL = LA × LLF, (2)

LL = LA × LLF = 3,374.3 × 0.29 = 978.6.

Step 3. Estimate the cost of the first unit after the break.

The Anderlohr Retrograde Method asserts that the cost of the first unit after a produc-
tion break is equal to the combined cost of the learning lost (LL) and the cost of the first
unit after the break in production as if no break in production had occurred.

The new cost associated with the first unit after the production break (F) is indicated
by an accent mark in order to distinguish it from the value it would have if there were no
break in production:

Y ′
F = YF + LL. (3)

Since the first unit post-production break is the 16th unit, Equation (3) becomes:

Y ′
16 = Y16 + LL,

where Y16 is calculated the same way as Y15:

Y16 = Y1 × Xb = 10,000 × 16−0.1520 = 6,561.0.

Therefore,

Y ′
16 = Y16 + LL = 6,561.0 + 978.6 = 7,539.6.

Step 4. Find the unit whose cost is equal to Y ′
F.

Rearranging the basic learning curve formula, YX = Y1 × Xb, it is possible to directly
calculate the unit X whose value most closely matches the cost of the first new unit.

X =
(

YX

Y1

)1/b

.

For this example,

X =
(

7539.6

10,000

)1/−0.1520

= 6.4 ∼ 6.

Step 5. Find the number of units of retrograde.

The number of units of retrograde is illustrated in Figure 3 and is defined as the number
of units (m) in the learning curve lost due to the production break. It can be calculated by
subtracting the X value from the number of the next unit to be produced calculated in Step 4:
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124 B. Gillespie and D. Hamilton

m = F − X. (4)

In this example:

m = 16 − 6 = 10.

Unit Theory Closed-Form Method

It can be observed that with the application of a bit of algebra, many of the values in the
above five-step process cancel out, leaving a simple one-step formulation for the same
process. This derivation makes use of Equations (1), (2), (3), and (4) and will result in a
final equation dependent only on the unit number of the first unit after the production break
F, the lost learning factor LLF, and the learning curve slope b.

The derivation starts with the recognition that the cost of the first unit after the produc-
tion break is equal to the cost of the same unit as if no break had occurred, plus the lost
learning, i.e., Equation (3).

Using Equation (4), the cost of the first new unit after the production break is:

Y ′
F = Y1 × (F − m)b .

Plugging this back into Equation (3) along with the value for YF gives:

Y1 × (F − m)b = Y1 × Fb + LL. (5)

What remains is to substitute a value for the Learning Lost LL. Equation (2) gives the
value of LL to be:

LL = LA × LLF, (2)

where the Learning Achieved LA is given by Equation (1):

LA = Y1 − YL, (1)

LA = Y1 − Y1 × (F − 1)b,

LA = Y1 × (
1 − (F − 1)b

)
.

Giving an equivalent structure for Equation (2) as:

LL = LLF × Y1 × (
1 − (F − 1)b

)
. (6)

Substituting Equation (6) for LL into Equation (5) gives:

Y1 × (F − m)b = Y1 × Fb + LLF × Y1 × (
1 − (F − 1)b

)
. (7)

By dividing both sides of the equation by Y1 and solving Equation (7) for the units of
retrograde (m) gives:
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Closed-Form Solution for Production-Break Retrograde Method 125

m = F − (
Fb + LLF × (

1 − (F − 1)b
))1/b

. (8)

Equation (8) represents the closed-form solution to the Anderlohr Retrograde Method.
It is interesting from a mathematical perspective to observe that knowing the cost of any
unit (including the first unit) is not necessary in order to find the number of units needed
for the retrograde calculation.

Repeating the same example using the fictitious component X5 gives:

m = F − (
Fb + LLF × (

1 − (F − 1)b
))1/b

,

m = 16 − (
16−0.1520 + 0.29 × (

1 − (16 − 1)−0.1520
))1/(−0.1520) ,

m = 16 − (0.6561 + 0.29 × (1 − 0.6626))−6.5789 ,

m = 16 − (0.6561 + 0.0978)−6.5789 ,

m = 16 − 6.4 ∼= 10.

Conclusion

This article has introduced a single closed-form equation, derived from the Anderlohr
Retrograde Method, which has as its output the number of units of production retrograde in
the learning curve due to a production break. This method provides the exact same answer
in a single calculation step as the Anderlohr Retrograde Method provides in five. The use-
fulness of this method as opposed to the traditional method will most likely be based on
the application and tools being used.
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