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Objectives

B Explain the importance of using the predicted residual sum of
squares (PRESS) and predicted R? statistics in regression analysis

B Recommend using PRESS and Predicted R? for cross-validation
when deriving nonlinear CERs

m Develop an algorithm to generate PRESS and Predicted R? by a

single regression for nonlinear equations
e Avoid the downside of running nonlinear regression multiple times

e Validate the single regression approach for three error terms: Additive,
MUPE, and Log-Error
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Definition — PRESS

B Leave-one-out statistic: PRESS is defined as the sum of the
squares of all residuals such that the predicted value is calculated
for the omitted observation in each refitted regression model:

PRESS = z wi(yi = 9i i)
i=1
B Each residual in PRESS is termed

PRESS Residual i = Yi — j\’i,— i

n =sample size
w; = weighting factor for the it" data point
y; =it observation

y; _; =it predicted value from the equation fitted without the it" observation

The smaller the PRESS, the better the model’s predictive capability
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Definition — Predicted R?2

m Predicted R2 = 1 — PRESS/SST; SST =% w;(y; — ¥,,)*
e SST is the total sum of squares for the dependent variable

e Yy, isthe weighted average of the dependent variable

m PRESS is an absolute measure; Predicted R? puts PRESS in
perspective

B Predicted R? is a more useful measure than Adjusted R? for
assessing the model’s predictive power as it is calculated using
observations not included in the curve fitting process

PRESS and Predicted R?> are commonly used to determine

(1) how well the model predicts new observations

(2) if there are excessive independent variables
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Error Terms and Models (1/3)
Additive Error Term:y = f(x) + ¢

Additive Error Term: y = aX"b + ¢ For additive-error
T models: curve fitting
Is done in unit space

Additive Error Term: y =f(x) + ¢

T
X
Note: This requires non-linear regression.

Cost variation is
iIndependent of the |
scale of the project

X
Note: Error distribution is independent of the scale of the project. (OLS)
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Error Terms and Models /3

Multiplicative Error Term: y = f(x)*¢

Multiplicative Error Term: y =ax"b * ¢

=== UpperBound
f(x) -

----- LowerBound N

Multiplicative error assumption is
appropriate when

» Errors in the dependent variable are
believed to be proportional to the
magnitude of the function (the value
of the variable)

» Dependent variable ranges over
more than one order of magnitude

Note: This equation is linear in log space.

Cost variance is
proportional to the
scale of the project
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Multiplicative Error Term: y = (a+ bx) * ¢
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Error Terms and Models (3/3)
Multiplicative Error Model: y = f(x)*¢

.,

.t
K

(e

P

If f(x) is linear in log space, it is termed a log-linear

L Error = I—Og (y) - I—Og f(X) or LOLS (log space ordinary least squares) CER

.

o
------

S
~.
\\
§

variance of error term Note: E((y-f(x))/f(x)) =0

e Minimize the sum of squared (%) errors V((y-f(x))/f(x)) = 2

iteratively (i.e., minimize Z; {(y-f(x)))/fi.1(x;)}%, k is the iteration number)

e MUPE, an iterative, weighted least squares (WLS) has zero sample bias
m ZMPE: E(¢) =1, V() =0? = Least squares in weighted space

e Error = (y-f(x))/f(x)

e Minimize the sum of squared (percentage) errors with a constraint:
Zi(y; - f(x;))/f(x;) = 0
e ZMPE is a constrained minimization process

e Average sample bias is eliminated by the constraint

We will focus on additive-error, MUPE, and log-error equations in this paper
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Calculate PRESS for Linear Models (1/2)
Hat Matrix and Leverage Value

m Hat Matrix: H=XX'V1X)"1Xv1 (H=XX'X)"X' ifv=1I

m Leverage value (denoted by h;) is the test statistic for an extreme

value of the predictors: X = the design matrix
V = the variance/covariance matrix of the errors

hi' — WiXi(X'WX) 1X§ fori=1,...,n § W = the .welghtlng matrix = V ‘
X; = the i"" driver vector; X; = (1, X1, Xip, -, Xy if

| . h . ntercept is included. (k + 1= p)
L hii is the I dlagonal element of H p = the total number of estimated parameters
n =the sample size

—~

° ?zl h;; = Trace(H) = p (0<h;<1) B = the vector of estimated parameters
§ :this equation assumes data points uncorrelated

e Ifh;>2p/nor3p/n, data point i is flagged as a leverage point, which has an
unusual value of the predictors (note: average of h;;’s is p/n)

e The hat matrix is very useful for outlier analysis (e.g., standardized residual)

e The predicted value (¥) can be expressed using H: hol, (=%

~ ~ S Z?:l(xj _Y)z
VY =XB=XXV1'X)7'X'V'Y = HY if p=2,V =1

yvi=howy+. thy+. +thy Sfori=l...n

The hat matrix only depends

on the independent variables
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Calculate PRESS for Linear Models (2/2)
Single Regression Method

m Use a single regression to calculate the PRESS residual and PRESS:

PRESS Residual(i) =YVi— yi,—l' = (yl — 5\’1)/(1 — hl'i) fori= 1,..,n

e y;_; =i predicted value from the equation fitted without data point i
e y; =itpredicted value from the equation fitted using all data points
e See Montgomery and Peck (1992) for a proof of the formula

e Note: the proof is based upon a useful identity found in matrix inverse operation
(see Morrison, 1976 or Bartlett, 1951):

Z = p-by-p nonsingular matrix

(Z+cbb')t=Z"- N b = p-by-1 vector
1+cb'Z™b c = scalar

B This single regression method takes only one iteration instead of
refitting multiple regression equations to compute PRESS for linear
models
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Use of PRESS and Predicted R? (1/2)

Example: Cost = a + b*Weight

B A hypothetical data set to predict the cost of a black box using

[P);tr?t C;(:zt VI\:]eII%Zt WF Cost vs. Weight

Obs 1 538.84 6.83 1.00 o
Obs 2 363.77 5.16 1.00 .

Obs 3 405.83 9.17 1.00 T oo s R R e A
Obs 4 549.91 8.53 1.00

Obs 5 619.03 10.06 1.00 400 -
Obs 6 660.29 11.15 0.85

Obs 7 470.80 5.92 1.00 1200 e
Obs 8 668.95 11.10 1.00

Obs 9 385.21 4.33 1.00 1 S e S s e
Obs 10 583.21 7.62 1.00 @

Obs 11 337.02 4.37 1.00 S
Obs 12 555.82 13.94 0.75 &

Obs 13 542.05 9.92 1.00 o _._____‘____._f_f ____________________________________________________________________
Obs 14 707.17 14.02 1.00 s 2 ¢

Obs 15 660.15 9.18 1.00 e — .' __________ e oot
Obs 16 315.45 2.32 1.00 % e

Obs 17 656.81 10.59 0.62 N
Obs 18 1701.28 25.12 1.00

WF is the weighting factor for each 5 . . . | wé'ght (1bs) |
observation; the factors are assigned 0 5 10 15 20 25 30
arbitrarily for demonstration purposes

TECOLOTE RESEARCH PRT-204 29 March 2016
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Use of PRESS and Predicted R? 22
Example: Cost = 78 + 55.5*(Weight) + ¢

u OUt“er ana|y5|5 ta blEZ Goodness-of-Fit statistics table:
Predicted Y Std. Cook's Std Error R2

Obs # Cost Value Residual Residual Leverage Distance (SE) R? Adjusted
1 538.84 4571922 |  81.647777 0.719363 0.072174 0.020127
2 363.77 364.4906 -0.720644 -0.006438 0.097687 0.000002 Tl 20 §2.7a8 ki
3 405.83 587.0855 | -181.255453 -1.584996 0.058111 0.077497 Pearson's R2
4 549.91 5515591 |  -1.649100 |  -0.014431 0.059443 0.000007 Corr Coef PRESS Predicted
5 619.03 636.4893 | -17.459289 -0.152779 0.059406 0.000737 0.9258 5094808 | i 61.46%}
6 660.29 696.9951 | -36.705110 -0.295601 0.056084 0.002596 e
7 470.80 406.6782 |  64.121811 0.568733 0.084478 0.014923 | Hooc _ : (Residual.)’
8 668.95 694.2196 | -25.269613 -0.221850 0.065559 0.001727 - Z_l:Wi (1— Leveragei)z
9 385.21 318.4174 |  66.792596 0.602606 0.115163 0.023631
10 583.21 501.0451 |  82.164934 0.720981 0.064596 0.017948 Z”:W (y, — 9i)2
11 337.02 320.6378 |  16.382199 0.147725 0.114248 0.001407 T (1— h--)2
12 555.82 851.8678 | -296.047807 -2.269557 0.080871 0.226605 =1 .
13 542.05 628.7179 |  -86.667899 -0.758213 0.058960 0.018010 =599,480.8
14 707.17 856.3086 | -149.138601 -1.341295 0.109559 0.110678
15 660.15 587.6406 72.509448 0.634060 0.058105 0.012401 | | Predicted R2 =1 — PRESS/SST
16 315.45 206.8425 | 108.607550 1.012128 0.170678 0.105413 | | =1 —599,480.8/1,555,385
17 656.81 665.9096 -9.099550 -0.062009 0.038389 0.000077 | | _ 51 46%
18 1701.28 |  1472.4688 | 228.811204 3.220733 0.636488 9.081357

m The predicted R? (61%) is much smaller than the adjusted R? (85%) for this CER, which
indicates that the model does not predict new observations as well as it fits existing data

B Alog-linear model using this data set also delivers the same message
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		Obs #

		Cost

		Predicted Y Value

		Residual

		Std. Residual

		Leverage

		Cook's Distance



		1

		538.84

		457.1922

		81.647777

		0.719363

		0.072174

		0.020127



		2

		363.77

		364.4906

		-0.720644

		-0.006438

		0.097687

		0.000002



		3

		405.83

		587.0855

		-181.255453

		-1.584996

		0.058111

		0.077497



		4

		549.91

		551.5591

		-1.649100

		-0.014431

		0.059443

		0.000007



		5

		619.03

		636.4893

		-17.459289

		-0.152779

		0.059406

		0.000737



		6

		660.29

		696.9951

		-36.705110

		-0.295601

		0.056084

		0.002596



		7

		470.80

		406.6782

		64.121811

		0.568733

		0.084478

		0.014923



		8

		668.95

		694.2196

		-25.269613

		-0.221850

		0.065559

		0.001727



		9

		385.21

		318.4174

		66.792596

		0.602606

		0.115163

		0.023631



		10

		583.21

		501.0451

		82.164934

		0.720981

		0.064596

		0.017948



		11

		337.02

		320.6378

		16.382199

		0.147725

		0.114248

		0.001407



		12

		555.82

		851.8678

		-296.047807

		-2.269557

		0.080871

		0.226605



		13

		542.05

		628.7179

		-86.667899

		-0.758213

		0.058960

		0.018010



		14

		707.17

		856.3086

		-149.138601

		-1.341295

		0.109559

		0.110678



		15

		660.15

		587.6406

		72.509448

		0.634060

		0.058105

		0.012401



		16

		315.45

		206.8425

		108.607550

		1.012128

		0.170678

		0.105413



		17

		656.81

		665.9096

		-9.099550

		-0.062009

		0.038389

		0.000077



		18

		1701.28

		1472.4688

		228.811204

		3.220733

		0.636488

		9.081357








		Std Error (SE)

		R2

		R2                                    Adjusted



		117.8320

		85.72%

		84.82%



		

		

		



		Pearson's Corr Coef

		PRESS

		R2   Predicted



		0.9258

		599,480.8

		61.46%
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Algorithm
Partial Derivative Matrix (1/2)

m Given a nonlinear model, f(x,0), with an additive error term €:
yi=f&x;,0)+e,=fi+e (fori=1,..,n)
m Taylor series expansion of the nonlinear function f at a given point 6°

f(x.,0)= f(xi,0°)+g—2 (0-0°) =f° +5—fi (0-0°)
0=0" 0=0"
y; = the observed dep variable value of the it" data point (i = 1,...,n); n is the sample size
fi = f(x;,0) = the value of the hypothesized equation for the it" data point
e; = the error term for the it data point with a mean of 0 and a variance o}
X; = (xi1,Xi2, -, Xix), @ Set of k predictor variables for the it" data point
0 = (64,05, ...,08,)", avector of unknown parameters; 8° = (09,69, ...,98)’, a given point of 0
(0f;100)|4_g0 is the partial derivatives of f(x;, 0) with respect to (w.r.t.) 8, evaluated at g°

m The model can be further simplified using matrix notations:
y=f0+7Zy(0-0°)+e =>y—f0=27,(0-0° +¢

o O =1L ... £2), an n x 1 vector of the hypothesized CER, evaluated at 6°

e Z,isan nxp matrix of the partial derivatives of f(8) w.r.t. @ evaluated at 6°

TECOLOTE RESEARCH PRT-204 29 March 2016 13



Presented at the 2016 ICEAA Professional Development & Training Workshop - www.iceaaonline.com/atlanta2016

Algorithm
Partial Derivative Matrix (2/2)

m Given:y=f0+7Z,(0-0°)+e >y—f0=2,(0-0°) +e¢

of, of of,
a_l 8_492 o0, % z, Note: z; is the i row vector of Z,
L i B i ......... ﬂ ......... i _ a_fl _ Z L, i _ afl afl o afi
0 00 0-0° 661 ........... 892 ............................. agp """ 00 ! I 00 0=0 881 a92 aHp 0-0°
A A
06, 06, 00, )| o @

e Z (an n-by-p partial derivative matrix) is used as a proxy for OLS’s design matrix X

m Nonlinear (NL) PRESS residual for data point I can be estimated by

¥ —§ )= (y. -9 (-9 (1.1 H. =wz (Z,WZ,) 'z, for NL
A T (1-wz,(Z,WZ,) "z @-H,) h, _Wx(X WX)™x;"  forWLS |

e Just as h;; for OLS, H; is used to estimate the NL leverage value for the ith data point

m PRESS for a nonlinear model is then approximated by

Nonlinear PRESS = Zw(y )2 ~Z (Y. Y) Use partial derivative matrix
) Lo '(1-H,)? to approximate the “design

matrix” for nonlinear CER

Note: w; is weighting factor for the i""data point
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Examples for Validation (15
Data Set

B A hypothetical data set of generic satellite electronic units:

point | oK | Cimips | WP

Obs 1 3106.64 77.05 1.00
Obs 2 29166.32 | 1236.77 0.62
Obs 3 4820.48 232.14 1.00
Obs 4 34111.22 863.36 1.00
Obs 5 6387.04 224.40 1.00
Obs 6 20871.60 720.44 0.75
Obs 7 28621.92 959.33 1.00
Obs 8 19796.80 332.50 1.00
Obs 9 7526.40 269.42 0.50
Obs 10 6002.24 123.84 1.00
Obs 11 11668.48 316.15 1.00
Obs 12 6329.12 59.77 1.00
Obs 13 4683.20 59.17 1.00
Obs 14 21068.72 369.12 1.00

WEF is the weighting factor for each
observation; the factors are assigned
arbitrarily for demonstration purposes

Cost $K

Cost vs. Weight

ADODD

BB000 === o

BOO00 === ===

DBO00 === = =

20000 |- R

ABO0D

L . s

5000 1--g-------- e

Weight (Ibs)

0 200 400 600 800 1000 1200 1400
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Examples for Validation (/s

Additive Error: y = 225.6x(Weight?-798%) + g

Adj. R? = 82.4%

m Comparison of PRESS Residuals between Single Regression and Direct Approach:

Single Regression Approx:
Yi = Yi—i = (i=¥)/(A = H;)

Y1—Y1-1= (1—91)/(1 — Hy)
= (—1,800.1)/(1-0.08381) = —1,964.77

n
PRESS = Z Wi()’i - yi’_i)z

=1

Single Regression Approximation:
Predicted R2 = 1 - PRESS/SST
=1-332,790,557/1,375,549,914
=75.81%

Data WF Residual H, Vi~ Yi-i Yi—Yi-i %
Point (W) i —¥i) Single Regr | LOO Def | Difference
Obs 1 1.00 -1,800.10 0.08381 -1,964.77 -1,956.66 0.41%
Obs 2 0.62 -5,936.22 0.38303 -9,621.64 -9,688.84 -0.69%
Obs 3 1.00 -5,902.66 0.12094 -6,714.77 -6,660.69 0.81%
Obs 4 1.00 6,903.81 0.22278 8,882.69 8,868.27 0.16%
Obs 5 1.00 -4,081.41 0.12077 -4,642.04 -4,606.37 0.77%
Obs 6 0.75 -3,060.16 0.11428 -3,455.01 -3,454.69 0.01%
Obs 7 1.00 -696.20 0.29367 -985.66 -979.13 0.67%
Obs 8 1.00 5,963.23 0.11769 6,758.65 6,742.03 0.25%
Obs 9 0.50 -4,390.71 0.06033 -4,672.61 -4,656.59 0.34%
Obs 10 1.00 -866.56 0.10543 -968.69 -962.24 0.67%
Obs 11 1.00 -1,679.36 0.11862 -1,905.38 -1,893.06 0.65%
Obs 12 1.00 2,230.74 0.07178 2,403.23 2,385.89 0.73%
Obs 13 1.00 614.02 0.07131 661.17 657.43 0.57%
Obs 14 1.00 6,171.70 0.11555 6,977.99 6,968.17 0.14%
PRESS 332,790,557 | 331,656,343 0.34%
Pred R? 75.81% 75.89% 0.1%

LOO Definition:

Predicted RZ2 =1 - PRESS/SST
=1 -331,656,343/1,375,549,914
= 75.89%

B The last column of the table illustrates the percent differences of the PRESS residuals calculated by a single
regression and their definition. The percent differences are all within 1%.

m The percent difference between the two PRESS statistics is 0.34%, which is well within 1%. The respective
Predicted R? measures are 75.81% and 75.89%. They are about the same.
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		Residual
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LOO Def

		% Difference
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		-1,800.10

		0.08381
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		1.00

		-696.20

		0.29367

		-985.66

		-979.13

		0.67%



		Obs 8

		1.00

		5,963.23

		0.11769

		6,758.65

		6,742.03

		0.25%



		Obs 9

		0.50

		-4,390.71

		0.06033

		-4,672.61
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		Obs 10

		1.00

		-866.56
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		6,977.99

		6,968.17

		0.14%



		PRESS

		

		

		

		332,790,557

		331,656,343

		0.34%



		Pred R2

		

		

		

		75.81%

		75.89%

		0.1%
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Examples for Validation (3/5)
MUPE Error Term

m MUPE’s PRESS statistic is the sum of all percentage errors:

MUPE 's PRESS = Y wi(y, - ¥, _)" =), (Yjﬂ.‘ .V...?,,a-i) = (% Error )’
i=1

=1 (y"l)z i=1

m For the MUPE CER, the weighting factor (w;) for each data point is the
square of the reciprocal of its predicted value

B The predicted values (circled in the equation) are derived from the
leave-one-out model to match the definition

m For the single regression method, the predicted value, y; _;, is
calculated as the actual cost minus the “approximated” PRESS
residual: y; _; = Actual — PRESS Residual =y; — (y; — ¥; —i)

e where (y; —¥;_;) is computed using a single regression approximation

e This mod is made to match the leave-one-out definition
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MUPE Error: y = 241.06x(Weight%9115) x ¢  Adj. R?=68.7%

m  Comparison of MUPE’s PRESS Residuals & % Errors between Single Regression and Direct Approach (Def):

Data Residual e =4V ¢ g = _4 % Error % Error , ,

. H; Vi~ Vi-i Vi~ Vi-i . Single Regression Approx:
Point — . ! i Single Regr | LOO Def - =z :
Obs 1 -1,748.13 0.19334 2,167.11 -2,139.71 41% 41%
Obs 2 -3,898.10 0.24316 -5,150.50 -5,049.08 15% 15% N =07 — D)

O y1—Y1,-1 21—V — My
Obs 3 -5,583.84 0.07352 -6,026.96 -6,026.13 56% 56% — (-1,748.13)/(1-0.19334) = 2,167 11
Obs 4 8,319.85 0.17099 10,035.90 0,947.85 -42% -41% 0 91-1=y1— (31— $1_1) = 3106.64 —
Obs 5 -3,776.26 0.07447 -4,080.09 -4,079.19 39% 39% (—2167.11) = 5274.41
Obs 6 -1,887.45 0.14205 | -2,199.96 | -2,185.35 10% 90 | | © %Error=2167.11/5274.41=41%
Obs 7 881.53 0.19013 1,088.48 1,075.85 -4% -4%
n
540, _B540,
Obs 8 6,459.69 0.07424 6,977.74 6,975.68 54% 54% TP EREES Z (% Ermr@)z
Obs 9 -4,005.93 0.07145 -4,314.18 -4,314.19 36% 36% -
Obs 10 -736.93 0.11922 -836.68 -833.13 12% 12%
Obs 11 -1,211.84 0.07296 -1,307.22 -1,307.06 10% 10% Single Regression Approximation:
Obs 12 225586 | 024700 299583 |  2,956.66 -90% -88% ffid'0592125;5:5%3&62355%3@3T
Obs 13 638.25 0.24933 850.24 835.49 -22% -22% o ' o
_510, _510,

Obs 14 6,732.88 0.07812 7,303.42 7,298.36 53% 53% {00 Defirition
PRESS 242.9% 237.9% Predicted R? = 1 — PRESS/SST
Pred R? 56.4% 57.3% =1-2.379/5.56962 = 57.3%

[ | The individual PRESS percentage error approximated by the single regression method closely follows its definition except for observation
12, which is off by 2% (blue columns). The individual PRESS residuals derived by the single regression are also very close to those
calculated directly (orange columns); the differences are all within 2%.

[ ] The percentage difference between the two MUPE’s PRESS statistics is 2.1%, which is still reasonably good. The respective Predicted R?

measures are calculated to be 56.4% and 57.3%. The difference is less than 1%.
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LOO Def
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		% Error LOO Def
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		9%



		Obs 7

		881.53

		0.19013

		1,088.48

		1,075.85

		-4%

		-4%



		Obs 8

		6,459.69

		0.07424

		6,977.74

		6,975.68

		-54%

		-54%



		Obs 9

		-4,005.93

		0.07145

		-4,314.18

		-4,314.19

		36%

		36%



		Obs 10

		-736.93

		0.11922

		-836.68

		-833.13

		12%

		12%



		Obs 11

		-1,211.84

		0.07296

		-1,307.22

		-1,307.06

		10%

		10%



		Obs 12

		2,255.86

		0.24700

		2,995.83

		2,956.66

		-90%

		-88%



		Obs 13

		638.25

		0.24933

		850.24

		835.49

		-22%

		-22%



		Obs 14

		6,732.88

		0.07812

		7,303.42

		7,298.36

		-53%

		-53%



		PRESS

		

		

		

		

		242.9%

		237.9%



		Pred R2

		

		

		

		

		56.4%

		57.3%








Presented at the 2016 ICEAA Professional Development & Training Workshop - www.iceaaonline.com/atlanta2016

Examples for Validation /s

Log Error: y = 200.1x(Weight?7167) x ¢ adj. R2=76.7%

B Comparison of PRESS Residuals between Single Regression and Direct Approach:

Data WF Residual H, In(yi)— In(i-i) | In(yi)- In(i-i) % Diff Single Regression Approximation:
Point (w) In(yi)- In(¥i) Single Regr LOO Def In(y;) — n(@;-) = (In(y) — n(3))/(A = Hy)
Obs 1 1.00 -0.3711| 0.19835 -0.4629 -0.4629 0%

Obs 2 0.62 -0.1210 |  0.17465 -0.1466 -0.1466 0% In(y1) — (91 _1)

Obs 3 1.00 -0.7222 |  0.07859 -0.7838 -0.7838 0% = El_no(ygy)lz) /lg(_ﬁol)l)g/g (315)—_H1()) 462
Obs 4 1.00 0.2932 | 0.19893 0.3660 0.3660 0% ' ‘ '

Obs 5 1.00 -0.4165 |  0.07927 -0.4523 -0.4523 0%

Obs 6 0.75 -0.0683 |  0.12403 -0.0780 -0.0780 0% n

Obs 7 1.00 0.0422 | 0.22098 0.0542 0.0542 0% | | PRESS = Z wi(In(;) — In(¥;_0))°
Obs 8 1.00 0.4330 | 0.08311 0.4722 0.4722 0% i=1

Obs 9 0.50 -0.3834 |  0.03893 -0.3989 -0.3989 0%

Obs 10 1.00 -0.0526 0.12212 -0.0599 -0.0599 0% Single Regression Approx:

Obs 11 1.00 -0.0595 | 0.08118 -0.0648 -0.0648 0% Predicted R = 1 — PRESS/SST
Obs12 | 1.00 0.5225 | 0.25448 0.7009 0.7009 0% =1-2.2969/7.9017 = 70.93%

Obs 13 1.00 0.2286 | 0.25693 0.3076 0.3076 0%

Obs 14 1.00 0.4203 | 0.08843 0.4611 0.4611 0% LOO Definition:

PRESS 2.2069 2.2969 0% Predicted RZ =1 - PRESS/SST
Pred R 20.93% 20.93% 0% =1-2.2969/7.9017 = 70.93%

B This case shows there is no difference between the two PRESS statistics as well as their respective
predicted R? measures. This is because the power-form equation becomes linear in log space and the
single regression method (based upon the partial derivative matrix Z,) precisely estimates the
leverage values for the log-linear CER.
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Conclusions

m PRESS and Predicted R? are useful statistics for cross-validation
m Use PRESS and Predicted R? for all regression equations

B Apply a single regression algorithm to approximate PRESS and
Predicted R? for nonlinear equations, including MUPE

e The algorithm has been validated for three error terms using a sample data

e Recommend this simple, effective approach to generate PRESS for nonlinear CERs

m Future study: Develop PRESS and Predicted R? for ZMPE CERs
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