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 Explain the importance of using the predicted residual sum of 
squares (PRESS) and predicted R2 statistics in regression analysis

 Recommend using PRESS and Predicted R2 for cross-validation 
when deriving nonlinear CERs

 Develop an algorithm to generate PRESS and Predicted R2 by a
single regression for nonlinear equations
• Avoid the downside of running nonlinear regression multiple times
• Validate the single regression approach for three error terms: Additive, 

MUPE, and Log-Error

Objectives
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Definition – PRESS

 Leave-one-out statistic: PRESS is defined as the sum of the 
squares of all residuals such that the predicted value is calculated 
for the omitted observation in each refitted regression model:

𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏𝐏 = �
𝒊𝒊=𝟏𝟏

𝒏𝒏

𝒘𝒘𝒊𝒊 𝒚𝒚𝒊𝒊 − �𝒚𝒚𝒊𝒊,−𝒊𝒊
𝟐𝟐

 Each residual in PRESS is termed

PRESS Residual 𝒊𝒊 = 𝒚𝒚𝒊𝒊 − �𝒚𝒚𝒊𝒊,−𝒊𝒊
n = sample size
𝑤𝑤𝑖𝑖 = weighting factor for the ith data point
𝑦𝑦𝑖𝑖 = ith observation
�𝑦𝑦𝑖𝑖,−𝑖𝑖 = ith predicted value from the equation fitted without the ith observation

29 March 2016PRT-204 4

The smaller the PRESS, the better the model’s predictive capability

Presented at the 2016 ICEAA Professional Development & Training Workshop - www.iceaaonline.com/atlanta2016



Definition – Predicted R2

 Predicted R2 = 1 – PRESS/SST;  SST = Σi 𝒘𝒘𝒊𝒊 𝒚𝒚𝒊𝒊 − �𝒚𝒚𝒘𝒘 𝟐𝟐

• SST is the total sum of squares for the dependent variable

• �𝒚𝒚𝒘𝒘 is the weighted average of the dependent variable

 PRESS is an absolute measure; Predicted R2 puts PRESS in 
perspective

 Predicted R2 is a more useful measure than Adjusted R2 for
assessing the model’s predictive power as it is calculated using 
observations not included in the curve fitting process

PRESS and Predicted R2 are commonly used to determine
(1) how well the model predicts new observations

(2) if there are excessive independent variables
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Cost variation is 
independent of the 
scale of the project

Additive Error Term :  y = aX^b + ε

X
Note: This requires non-linear regression.

Y

Additive Error Term :  y = f(x) + ε

X
Note: Error distribution is independent of the scale of the project. (OLS)

Y

Error Terms and Models (1/3)

Additive Error Term: y = f(x) + ε

For additive-error 
models: curve fitting 
is done in unit space
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Multiplicative Error Term :  y = ax^b * ε

X
Note: This equation is linear in log space.

Y

UpperBound
f(x)
LowerBound

Cost variance is 
proportional to the 
scale of the project

Multiplicative Error Term :  y = (a + bx) * ε

X
Note: This requires non-linear regression.

Y

UpperBound
f(x)
LowerBound

Error Terms and Models (2/3)

Multiplicative Error Term: y = f(x)*ε

Multiplicative error assumption is 
appropriate when
 Errors in the dependent variable are 

believed to be proportional to the 
magnitude of the function (the value 
of the variable)

 Dependent variable ranges over 
more than one order of magnitude

29 March 2016PRT-204 7

Presented at the 2016 ICEAA Professional Development & Training Workshop - www.iceaaonline.com/atlanta2016


Sheet: Chart7

Sheet: Sheet1

Sheet: Sheet2

Sheet: Sheet3

Sheet: Sheet4

Sheet: Sheet5

Sheet: Sheet6

Sheet: Sheet7

Sheet: Sheet8

Sheet: Sheet9

Sheet: Sheet10

Sheet: Sheet11

Sheet: Sheet12

Sheet: Sheet13

Sheet: Sheet14

Sheet: Sheet15

Sheet: Sheet16

10.0

10.0

10.0

50.0

50.0

50.0

90.0

90.0

90.0

130.0

130.0

130.0

170.0

170.0

170.0

210.0

210.0

210.0

250.0

250.0

250.0

290.0

290.0

290.0

330.0

330.0

330.0

370.0

370.0

370.0

410.0

410.0

410.0

450.0

450.0

450.0

490.0

490.0

490.0

151.1136768533629

111.93605692841697

72.75843700347104

265.4258851616545

196.61176678641073

127.79764841116697

326.05333833050884

241.5209913559325

156.98864438135612

370.8377574628196

274.69463515764414

178.5515128524687

407.34359817413264

301.73599864750565

196.12839912087867

438.61201677206725

324.8977902015313

211.18356363099534

466.21127869326904

345.34168792094005

224.47209714861106

491.06962536151065

363.75527804556344

236.44093072961624

513.78763928387

380.58343650657037

247.37923372927074

534.7790387237587

396.1326212768583

257.4862038299579

554.3424318185255

410.62402356927817

266.90561532003085

572.701278523366

424.2231692765674

275.7450600297688

590.0276998907791

437.05755547465117

284.08741105852323

FstUnit

110.0

0.0

8.595468385880118

Exponent

-0.496142467422571

1.6094379124341003

1.7486492241317424

mean

2.931802924120262

2.302585092994046

0.39591507900717926

SSx

15.95309895854802

2.995732273553991

0.004086961719019822

tval

2.365

3.4011973816621555

0.22033115677104853

sse

0.3

3.6888794541139363

0.5731648722672629

3.912023005428146

0.9608314077992348

Quantity

Fitted Line

Lot Avg Cost

95% UpperBound

95% LowerBound

4.0943445622221

1.351503060320506

1.0

110.0

82.0

273.6429095096595

44.21821132395496

4.382026634673881

2.103148810651908

5.0

49.499861359568776

65.0

108.4045873374928

22.6026991550485

2.931802924120262

15.95309895854802

10.0

35.09540170393426

52.0

74.75789713092149

16.475680403415986

32.0

68.301

20.0

24.882639808089387

32.0

52.5694547954885

11.777671391643382

81.06

46.937

30.0

20.348392266478534

31.0

43.185910931202706

9.587781267138185

40.0

17.641791623935372

16.0

37.71826748887256

8.251513985741113

271.52

32.911

50.0

15.792886533664724

20.0

34.03673675035135

7.327825428582952

402.7

30.452

60.0

14.427010116933284

15.0

31.342291306434333

6.640823380751556

80.0

12.508030261370184

8.0

27.587811531159247

5.671012390477141

Delta

20.0

Delta1

40.0

Intercept

50.0

Slope

1.0

Slope1

0.35

Elpslon

100.0

Elps1

0.35

X

f(x)+e

f(x)

f(x)-e

X

f(x)+e

f(x)

f(x)-e

60.0

210.0

110.0

10.0

10.0

211.93605692841697

111.93605692841697

11.936056928416974

80.0

230.0

130.0

30.0

50.0

296.6117667864107

196.61176678641073

96.61176678641073

100.0

250.0

150.0

50.0

90.0

341.5209913559325

241.5209913559325

141.5209913559325

120.0

270.0

170.0

70.0

130.0

374.69463515764414

274.69463515764414

174.69463515764414

140.0

290.0

190.0

90.0

170.0

401.73599864750565

301.73599864750565

201.73599864750565

160.0

310.0

210.0

110.0

210.0

424.8977902015313

324.8977902015313

224.89779020153128

180.0

330.0

230.0

130.0

250.0

445.34168792094005

345.34168792094005

245.34168792094005

200.0

350.0

250.0

150.0

290.0

463.75527804556344

363.75527804556344

263.75527804556344

220.0

370.0

270.0

170.0

330.0

480.58343650657037

380.58343650657037

280.58343650657037

240.0

390.0

290.0

190.0

370.0

496.1326212768583

396.1326212768583

296.1326212768583

260.0

410.0

310.0

210.0

410.0

510.62402356927817

410.62402356927817

310.62402356927817

280.0

430.0

330.0

230.0

450.0

524.2231692765674

424.2231692765674

324.2231692765674

300.0

450.0

350.0

250.0

490.0

537.0575554746512

437.05755547465117

337.05755547465117

320.0

470.0

370.0

270.0

530.0

549.2277321528848

449.22773215288476

349.22773215288476

340.0

490.0

390.0

290.0

570.0

560.8145718030428

460.8145718030427

360.8145718030427

360.0

510.0

410.0

310.0

610.0

571.8842112944296

471.88421129442963

371.88421129442963

380.0

530.0

430.0

330.0

650.0

582.4915137008186

482.49151370081853

382.49151370081853

400.0

550.0

450.0

350.0

690.0

592.6825562826348

492.6825562826347

392.6825562826347

420.0

570.0

470.0

370.0

730.0

602.4964586159749

502.4964586159749

402.4964586159749

440.0

590.0

490.0

390.0

770.0

611.966752099257

511.96675209925695

411.96675209925695

X

UpperBound

f(x)

LowerBound

X

UpperBound

f(x)

LowerBound

60.0

148.5

110.0

71.5

10.0

151.1136768533629

111.93605692841697

72.75843700347104

80.0

175.5

130.0

84.5

50.0

265.4258851616545

196.61176678641073

127.79764841116697

100.0

202.5

150.0

97.5

90.0

326.05333833050884

241.5209913559325

156.98864438135612

120.0

229.5

170.0

110.5

130.0

370.8377574628196

274.69463515764414

178.5515128524687

140.0

256.5

190.0

123.5

170.0

407.34359817413264

301.73599864750565

196.12839912087867

160.0

283.5

210.0

136.5

210.0

438.61201677206725

324.8977902015313

211.18356363099534

180.0

310.5

230.0

149.5

250.0

466.21127869326904

345.34168792094005

224.47209714861106

200.0

337.5

250.0

162.5

290.0

491.06962536151065

363.75527804556344

236.44093072961624

220.0

364.5

270.0

175.5

330.0

513.78763928387

380.58343650657037

247.37923372927074

240.0

391.5

290.0

188.5

370.0

534.7790387237587

396.1326212768583

257.4862038299579

260.0

418.5

310.0

201.5

410.0

554.3424318185255

410.62402356927817

266.90561532003085

280.0

445.5

330.0

214.5

450.0

572.701278523366

424.2231692765674

275.7450600297688

300.0

472.5

350.0

227.5

490.0

590.0276998907791

437.05755547465117

284.08741105852323

320.0

499.5

370.0

240.5

530.0

606.4574384063944

449.22773215288476

291.9980258993751

340.0

526.5

390.0

253.5

570.0

622.0996719341076

460.8145718030427

299.5294716719778

360.0

553.5

410.0

266.5

610.0

637.04368524748

471.88421129442963

306.7247373413793

380.0

580.5

430.0

279.5

650.0

651.363543496105

482.49151370081853

313.6194839055321

400.0

607.5

450.0

292.5

690.0

665.1214509815569

492.6825562826347

320.24366158371254

420.0

634.5

470.0

305.5

730.0

678.3702191315662

502.4964586159749

326.6226981003837

440.0

661.5

490.0

318.5

770.0

691.1551153339968

511.96675209925695

332.77838886451707



 Log-Error:  ε ~ LN(0, σ2)   Least squares in log space
• Error = Log (y) - Log f(x)
• Minimize the sum of squared errors; process is done in log space

 MUPE: E(ε) = 1, V(ε) = σ2 Least squares in weighted space
• Error = (y-f(x))/f(x)
• Minimize the sum of squared (%) errors

iteratively (i.e., minimize Σi {(yi-f(xi))/fk-1(xi)}2, k is the iteration number)
• MUPE, an iterative, weighted least squares (WLS) has zero sample bias

 ZMPE: E(ε) = 1, V(ε) = σ2  Least squares in weighted space
• Error = (y-f(x))/f(x)
• Minimize the sum of squared (percentage) errors with a constraint:

• ZMPE is a constrained minimization process
• Average sample bias is eliminated by the constraint

Note: E((y-f(x))/f(x)) = 0
V((y-f(x))/f(x)) = σ2

Error Terms and Models (3/3)

Multiplicative Error Model: y = f(x)*ε

If f(x) is linear in log space, it is termed a log-linear 
or LOLS (log space ordinary least squares) CER

Σi(yi - f(xi))/f(xi) = 0

variance of error term

We will focus on additive-error, MUPE, and log-error equations in this paper
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Calculate PRESS for Linear Models (1/2) 

Hat Matrix and Leverage Value
 Hat Matrix:  𝑯𝑯 = 𝑿𝑿(𝑿𝑿′𝑽𝑽−𝟏𝟏𝑿𝑿)−𝟏𝟏𝑿𝑿𝑿𝑿𝑿−𝟏𝟏 (𝑯𝑯 = 𝑿𝑿(𝑿𝑿′𝑿𝑿)−𝟏𝟏𝑿𝑿′ if 𝑽𝑽 = 𝑰𝑰)

 Leverage value (denoted by hii) is the test statistic for an extreme 
value of the predictors:

ℎ𝑖𝑖𝑖𝑖 = 𝑤𝑤𝑖𝑖𝐱𝐱𝑖𝑖 𝑿𝑿′𝑾𝑾𝑾𝑾 −1𝐱𝐱𝑖𝑖′ for i = 1,…, n §

 hii is the ith diagonal element of H

• ∑𝒊𝒊=𝟏𝟏𝒏𝒏 𝒉𝒉𝒊𝒊𝒊𝒊 = 𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻𝑻 𝑯𝑯 = 𝒑𝒑 (0 < hii <1)

• If hii > 2p/n or 3p/n, data point i is flagged as a leverage point, which has an 
unusual value of the predictors (note: average of hii’s is p/n)

• The hat matrix is very useful for outlier analysis (e.g., standardized residual)

• The predicted value ( �𝑌𝑌) can be expressed using H:
�𝑌𝑌 = 𝑿𝑿�𝜷𝜷 = 𝑿𝑿(𝑿𝑿′𝑽𝑽−𝟏𝟏𝑿𝑿)−𝟏𝟏𝑿𝑿′𝑽𝑽−𝟏𝟏𝑌𝑌 = 𝑯𝑯𝑌𝑌

X = the design matrix
V = the variance/covariance matrix of the errors
W = the weighting matrix = 𝑽𝑽−1
𝐱𝐱𝒊𝒊 = the ith driver vector; 𝐱𝐱𝒊𝒊 = (1, xi1, xi2, ..., xik) if 

intercept is included. (k + 1 = p) 
p = the total number of estimated parameters
n = the sample size
�𝜷𝜷 = the vector of estimated parameters
§ : this equation assumes data points uncorrelated

The hat matrix only depends
on the independent variables

IV ==

−

−
+=

∑ =

,2

)(
)(1

1
2

2

pif

xx
xx

n
h n

j j

i
ii
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 Use a single regression to calculate the PRESS residual and PRESS:

𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷𝑷 𝑹𝑹𝑹𝑹𝑹𝑹𝑹𝑹𝑹𝑹𝑹𝑹𝑹𝑹𝑹𝑹 𝒊𝒊 = 𝒚𝒚𝒊𝒊 − �𝒚𝒚𝒊𝒊,−𝒊𝒊 = 𝒚𝒚𝒊𝒊 − �𝒚𝒚𝒊𝒊 /(𝟏𝟏 − 𝒉𝒉𝒊𝒊𝒊𝒊) for i = 1,…, n

• �𝒚𝒚𝒊𝒊,−𝒊𝒊 = ith predicted value from the equation fitted without data point i

• �𝒚𝒚𝒊𝒊 = ith predicted value from the equation fitted using all data points

• See Montgomery and Peck (1992) for a proof of the formula

• Note: the proof is based upon a useful identity found in matrix inverse operation 
(see Morrison, 1976 or Bartlett, 1951):

 This single regression method takes only one iteration instead of 
refitting multiple regression equations  to compute PRESS for linear 
models

Calculate PRESS for Linear Models (2/2)

Single Regression Method

11
1

11

1
)( −−
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−−
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i
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Z = p-by-p nonsingular matrix
b = p-by-1 vector
c = scalar
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 A hypothetical data set to predict the cost of a black box using 
weight

Use of PRESS and Predicted R2 (1/2)

Example: Cost = a + b*Weight

Data 
Point

Cost   
$K

Weight 
in lbs WF

Obs 1 538.84 6.83 1.00
Obs 2 363.77 5.16 1.00
Obs 3 405.83 9.17 1.00
Obs 4 549.91 8.53 1.00
Obs 5 619.03 10.06 1.00
Obs 6 660.29 11.15 0.85
Obs 7 470.80 5.92 1.00
Obs 8 668.95 11.10 1.00
Obs 9 385.21 4.33 1.00
Obs 10 583.21 7.62 1.00
Obs 11 337.02 4.37 1.00
Obs 12 555.82 13.94 0.75
Obs 13 542.05 9.92 1.00
Obs 14 707.17 14.02 1.00
Obs 15 660.15 9.18 1.00
Obs 16 315.45 2.32 1.00
Obs 17 656.81 10.59 0.62
Obs 18 1701.28 25.12 1.00

WF is the weighting factor for each 
observation; the factors are assigned 
arbitrarily for demonstration purposes

29 March 2016PRT-204 11

Presented at the 2016 ICEAA Professional Development & Training Workshop - www.iceaaonline.com/atlanta2016



 Outlier analysis table:

 The predicted R2 (61%) is much smaller than the adjusted R2 (85%) for this CER, which 
indicates that the model does not predict new observations as well as it fits existing data

 A log-linear model using this data set also delivers the same message

Use of PRESS and Predicted R2 (2/2)

Example: Cost = 78 + 55.5*(Weight) + ε

Goodness-of-Fit statistics table:

 

Obs # Cost 
Predicted Y 

Value Residual 
Std. 

Residual Leverage 
Cook's 

Distance 
1 538.84 457.1922 81.647777 0.719363 0.072174 0.020127 
2 363.77 364.4906 -0.720644 -0.006438 0.097687 0.000002 
3 405.83 587.0855 -181.255453 -1.584996 0.058111 0.077497 
4 549.91 551.5591 -1.649100 -0.014431 0.059443 0.000007 
5 619.03 636.4893 -17.459289 -0.152779 0.059406 0.000737 
6 660.29 696.9951 -36.705110 -0.295601 0.056084 0.002596 
7 470.80 406.6782 64.121811 0.568733 0.084478 0.014923 
8 668.95 694.2196 -25.269613 -0.221850 0.065559 0.001727 
9 385.21 318.4174 66.792596 0.602606 0.115163 0.023631 
10 583.21 501.0451 82.164934 0.720981 0.064596 0.017948 
11 337.02 320.6378 16.382199 0.147725 0.114248 0.001407 
12 555.82 851.8678 -296.047807 -2.269557 0.080871 0.226605 
13 542.05 628.7179 -86.667899 -0.758213 0.058960 0.018010 
14 707.17 856.3086 -149.138601 -1.341295 0.109559 0.110678 
15 660.15 587.6406 72.509448 0.634060 0.058105 0.012401 
16 315.45 206.8425 108.607550 1.012128 0.170678 0.105413 
17 656.81 665.9096 -9.099550 -0.062009 0.038389 0.000077 
18 1701.28 1472.4688 228.811204 3.220733 0.636488 9.081357 

Std Error 
(SE) R2 

R2                                    
Adjusted 

117.8320 85.72% 84.82% 
   

Pearson's 
Corr Coef PRESS 

R2   
Predicted 

0.9258 599,480.8 61.46% 
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Predicted R2 = 1 – PRESS/SST 
= 1 – 599,480.8/1,555,385 
= 61.46%
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		Obs #

		Cost

		Predicted Y Value

		Residual

		Std. Residual

		Leverage

		Cook's Distance



		1

		538.84

		457.1922

		81.647777

		0.719363

		0.072174

		0.020127



		2

		363.77

		364.4906

		-0.720644

		-0.006438

		0.097687

		0.000002



		3

		405.83

		587.0855

		-181.255453

		-1.584996

		0.058111

		0.077497



		4

		549.91

		551.5591

		-1.649100

		-0.014431

		0.059443

		0.000007



		5

		619.03

		636.4893

		-17.459289

		-0.152779

		0.059406

		0.000737



		6

		660.29

		696.9951

		-36.705110

		-0.295601

		0.056084

		0.002596



		7

		470.80

		406.6782

		64.121811

		0.568733

		0.084478

		0.014923



		8

		668.95

		694.2196

		-25.269613

		-0.221850

		0.065559

		0.001727



		9

		385.21

		318.4174

		66.792596

		0.602606

		0.115163

		0.023631



		10

		583.21

		501.0451

		82.164934

		0.720981

		0.064596

		0.017948



		11

		337.02

		320.6378

		16.382199

		0.147725

		0.114248

		0.001407



		12

		555.82

		851.8678

		-296.047807

		-2.269557

		0.080871

		0.226605



		13

		542.05

		628.7179

		-86.667899

		-0.758213

		0.058960

		0.018010



		14

		707.17

		856.3086

		-149.138601

		-1.341295

		0.109559

		0.110678



		15

		660.15

		587.6406

		72.509448

		0.634060

		0.058105

		0.012401



		16

		315.45

		206.8425

		108.607550

		1.012128

		0.170678

		0.105413



		17

		656.81

		665.9096

		-9.099550

		-0.062009

		0.038389

		0.000077



		18

		1701.28

		1472.4688

		228.811204

		3.220733

		0.636488

		9.081357








		Std Error (SE)

		R2

		R2                                    Adjusted



		117.8320

		85.72%

		84.82%



		

		

		



		Pearson's Corr Coef

		PRESS

		R2   Predicted



		0.9258

		599,480.8

		61.46%









Algorithm
Partial Derivative Matrix (1/2)

 Given a nonlinear model, f(x,θ), with an additive error term 𝝐𝝐:
𝑦𝑦𝑖𝑖 = 𝑓𝑓 𝐱𝐱𝑖𝑖 ,𝛉𝛉 + 𝜖𝜖𝑖𝑖 = 𝑓𝑓i + 𝜖𝜖𝑖𝑖 (𝑓𝑓𝑓𝑓𝑓𝑓 𝑖𝑖 = 1, … , 𝑛𝑛)

 Taylor series expansion of the nonlinear function f at a given point 𝛉𝛉𝟎𝟎

 The model can be further simplified using matrix notations:
𝒚𝒚 ≅ 𝒇𝒇𝟎𝟎 + 𝒁𝒁𝟎𝟎 𝛉𝛉 − 𝛉𝛉𝟎𝟎 + 𝝐𝝐 ⇒ 𝒚𝒚 − 𝒇𝒇𝟎𝟎 ≅ 𝒁𝒁𝟎𝟎 𝛉𝛉 − 𝛉𝛉𝟎𝟎 + 𝝐𝝐

• 𝒇𝒇𝟎𝟎 = (𝑓𝑓10, 𝑓𝑓20, … , 𝑓𝑓n0)′, an n x 1 vector of the hypothesized CER, evaluated at 𝛉𝛉𝟎𝟎

• Zo is an n x p matrix of the partial derivatives of f(𝛉𝛉) w.r.t. 𝛉𝛉 evaluated at 𝛉𝛉0
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𝑦𝑦𝑖𝑖 = the observed dep variable value of the ith data point (i = 1,…,n); n is the sample size
𝑓𝑓𝑖𝑖 = 𝑓𝑓 𝐱𝐱𝐢𝐢,𝛉𝛉 = the value of the hypothesized equation for the ith data point
𝜖𝜖𝑖𝑖 = the error term for the ith data point with a mean of 0 and a variance 𝜎𝜎𝑖𝑖2

𝐱𝐱𝐢𝐢 = (𝑥𝑥𝑖𝑖𝑖, 𝑥𝑥𝑖𝑖𝑖, … , 𝑥𝑥𝑖𝑖𝑖𝑖), a set of k predictor variables for the ith data point
𝛉𝛉 = (θ1,θ2, … ,θp)′, a vector of unknown parameters; 𝛉𝛉𝟎𝟎 = (θ10,θ20, … ,θp0)′, a given point of 𝛉𝛉
(𝜕𝜕𝑓𝑓𝑖𝑖/𝜕𝜕𝛉𝛉)|𝛉𝛉=𝛉𝛉𝟎𝟎 is the partial derivatives of 𝑓𝑓 𝐱𝐱𝑖𝑖 ,𝛉𝛉 with respect to (w.r.t.) 𝛉𝛉, evaluated at 𝛉𝛉𝟎𝟎
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Algorithm
Partial Derivative Matrix (2/2)

 Given: 𝒚𝒚 ≅ 𝒇𝒇𝟎𝟎 + 𝒁𝒁𝟎𝟎 𝛉𝛉 − 𝛉𝛉𝟎𝟎 + 𝝐𝝐 ⇒ 𝒚𝒚 − 𝒇𝒇𝟎𝟎 ≅ 𝒁𝒁𝟎𝟎 𝛉𝛉 − 𝛉𝛉𝟎𝟎 + 𝝐𝝐

• Zo (an n-by-p partial derivative matrix) is used as a proxy for OLS’s design matrix X

 Nonlinear (NL) PRESS residual for data point i can be estimated by

• Just as hii for OLS, Hi is used to estimate the NL leverage value for the ith data point

 PRESS for a nonlinear model is then approximated by
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matrix” for nonlinear CER𝑵𝑵𝑵𝑵𝑵𝑵𝑵𝑵:𝑤𝑤𝒊𝒊 is weighting factor for the ithdata point
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 A hypothetical data set of generic satellite electronic units:

Examples for Validation (1/5)

Data Set

Data 
Point Cost $K Weight   

in lbs WF

Obs 1 3106.64 77.05 1.00

Obs 2 29166.32 1236.77 0.62

Obs 3 4820.48 232.14 1.00

Obs 4 34111.22 863.36 1.00

Obs 5 6387.04 224.40 1.00

Obs 6 20871.60 720.44 0.75

Obs 7 28621.92 959.33 1.00

Obs 8 19796.80 332.50 1.00

Obs 9 7526.40 269.42 0.50

Obs 10 6002.24 123.84 1.00

Obs 11 11668.48 316.15 1.00

Obs 12 6329.12 59.77 1.00

Obs 13 4683.20 59.17 1.00

Obs 14 21068.72 369.12 1.00

WF is the weighting factor for each 
observation; the factors are assigned 
arbitrarily for demonstration purposes
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 Comparison of PRESS Residuals between Single Regression and Direct Approach:

 The last column of the table illustrates the percent differences of the PRESS residuals calculated by a single 
regression and their definition. The percent differences are all within 1%.

 The percent difference between the two PRESS statistics is 0.34%, which is well within 1%. The respective 
Predicted R2 measures are 75.81% and 75.89%. They are about the same.

Examples for Validation (2/5)
Additive Error: y = 225.6x(Weight0.7089) + ε     Adj. R2 = 82.4%

LOO Definition: 
Predicted R2 = 1 – PRESS/SST 
= 1 – 331,656,343/1,375,549,914 
= 75.89%

Data 
Point 

WF 
(w) 

Residual 
(𝒚𝒚𝒊𝒊 − 𝒚𝒚�𝒊𝒊) Hi 𝒚𝒚𝒊𝒊 − 𝒚𝒚�𝒊𝒊,−𝒊𝒊  

Single Regr 
𝒚𝒚𝒊𝒊 − 𝒚𝒚�𝒊𝒊,−𝒊𝒊  
LOO Def 

% 
Difference 

Obs 1 1.00 -1,800.10 0.08381 -1,964.77 -1,956.66 0.41% 
Obs 2 0.62 -5,936.22 0.38303 -9,621.64 -9,688.84 -0.69% 
Obs 3 1.00 -5,902.66 0.12094 -6,714.77 -6,660.69 0.81% 
Obs 4 1.00 6,903.81 0.22278 8,882.69 8,868.27 0.16% 
Obs 5 1.00 -4,081.41 0.12077 -4,642.04 -4,606.37 0.77% 
Obs 6 0.75 -3,060.16 0.11428 -3,455.01 -3,454.69 0.01% 
Obs 7 1.00 -696.20 0.29367 -985.66 -979.13 0.67% 
Obs 8 1.00 5,963.23 0.11769 6,758.65 6,742.03 0.25% 
Obs 9 0.50 -4,390.71 0.06033 -4,672.61 -4,656.59 0.34% 
Obs 10 1.00 -866.56 0.10543 -968.69 -962.24 0.67% 
Obs 11 1.00 -1,679.36 0.11862 -1,905.38 -1,893.06 0.65% 
Obs 12 1.00 2,230.74 0.07178 2,403.23 2,385.89 0.73% 
Obs 13 1.00 614.02 0.07131 661.17 657.43 0.57% 
Obs 14 1.00 6,171.70 0.11555 6,977.99 6,968.17 0.14% 
PRESS    332,790,557 331,656,343 0.34% 
Pred R2    75.81% 75.89% 0.1% 

 

𝑦𝑦1 − �𝑦𝑦1,−1 ≅ (𝑦𝑦1−�𝑦𝑦1)/(1 −𝐻𝐻1)
= (−1,800.1)/(1−0.08381) = −1,964.77

𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴:
𝑦𝑦𝑖𝑖 − �𝑦𝑦𝑖𝑖,−𝑖𝑖 ≅ (𝑦𝑦𝑖𝑖−�𝑦𝑦𝑖𝑖)/(1 − 𝐻𝐻𝑖𝑖)

Single Regression Approximation: 
Predicted R2 = 1 – PRESS/SST 
= 1 – 332,790,557/1,375,549,914 
= 75.81%

𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 = �
𝑖𝑖=1

𝑛𝑛

𝑤𝑤𝑖𝑖 𝑦𝑦𝑖𝑖 − �𝑦𝑦𝑖𝑖,−𝑖𝑖
2
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		Data Point

		WF (w)

		Residual



		Hi

		 

Single Regr

		 

LOO Def

		% Difference



		Obs 1

		1.00

		-1,800.10

		0.08381

		-1,964.77

		-1,956.66

		0.41%



		Obs 2

		0.62

		-5,936.22

		0.38303

		-9,621.64

		-9,688.84

		-0.69%



		Obs 3

		1.00

		-5,902.66

		0.12094

		-6,714.77

		-6,660.69

		0.81%



		Obs 4

		1.00

		6,903.81

		0.22278

		8,882.69

		8,868.27

		0.16%



		Obs 5

		1.00

		-4,081.41

		0.12077

		-4,642.04

		-4,606.37

		0.77%



		Obs 6

		0.75

		-3,060.16

		0.11428

		-3,455.01

		-3,454.69

		0.01%



		Obs 7

		1.00

		-696.20

		0.29367

		-985.66

		-979.13

		0.67%



		Obs 8

		1.00

		5,963.23

		0.11769

		6,758.65

		6,742.03

		0.25%



		Obs 9

		0.50

		-4,390.71

		0.06033

		-4,672.61

		-4,656.59

		0.34%



		Obs 10

		1.00

		-866.56

		0.10543

		-968.69

		-962.24

		0.67%



		Obs 11

		1.00

		-1,679.36

		0.11862

		-1,905.38

		-1,893.06

		0.65%



		Obs 12

		1.00

		2,230.74

		0.07178

		2,403.23

		2,385.89

		0.73%



		Obs 13

		1.00

		614.02

		0.07131

		661.17

		657.43

		0.57%



		Obs 14

		1.00

		6,171.70

		0.11555

		6,977.99

		6,968.17

		0.14%



		PRESS

		

		

		

		332,790,557

		331,656,343

		0.34%



		Pred R2

		

		

		

		75.81%

		75.89%

		0.1%









Examples for Validation (3/5)
MUPE Error Term

 MUPE’s PRESS statistic is the sum of all percentage errors:

 For the MUPE CER, the weighting factor (wi) for each data point is the 
square of the reciprocal of its predicted value

 The predicted values (circled in the equation) are derived from the 
leave-one-out model to match the definition

 For the single regression method, the predicted value, �𝑦𝑦𝑖𝑖,−𝑖𝑖, is 
calculated as the actual cost minus the “approximated” PRESS 
residual: �𝑦𝑦𝑖𝑖,−𝑖𝑖 ≅ 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴 − 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 = 𝑦𝑦𝑖𝑖 − (𝑦𝑦𝑖𝑖 − �𝑦𝑦𝑖𝑖,−𝑖𝑖)
• where (𝒚𝒚𝒊𝒊 − �𝒚𝒚𝒊𝒊,−𝒊𝒊) is computed using a single regression approximation

• This mod is made to match the leave-one-out definition
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 Comparison of MUPE’s PRESS Residuals & % Errors between Single Regression and Direct Approach (Def):

 The individual PRESS percentage error approximated by the single regression method closely follows its definition except for observation 
12, which is off by 2% (blue columns). The individual PRESS residuals derived by the single regression are also very close to those 
calculated directly (orange columns); the differences are all within 2%.

 The percentage difference between the two MUPE’s PRESS statistics is 2.1%, which is still reasonably good. The respective Predicted R2

measures are calculated to be 56.4% and 57.3%. The difference is less than 1%.

Examples for Validation (4/5)
MUPE Error: y = 241.06x(Weight0.69115) x ε Adj. R2 = 68.7%

LOO Definition: 
Predicted R2 = 1 – PRESS/SST 
= 1 – 2.379/5.56962 = 57.3%

o 𝑦𝑦1 − �𝑦𝑦1,−1 ≅ (𝑦𝑦1−�𝑦𝑦1)/(1 −𝐻𝐻1)
= (−1,748.13)/(1−0.19334) = −2,167.11
o �𝑦𝑦1,−1 = 𝑦𝑦1 − 𝑦𝑦1 − �𝑦𝑦1,−1 = 3106.64 −

−2167.11 = 5274.41
o %Error = 2167.11/5274.41 = 41%

𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴:
𝑦𝑦𝑖𝑖 − �𝑦𝑦𝑖𝑖,−𝑖𝑖 ≅ (𝑦𝑦𝑖𝑖−�𝑦𝑦𝑖𝑖)/(1 − 𝐻𝐻𝑖𝑖)

Single Regression Approximation: 
Predicted R2 = 1 – PRESS/SST 
= 1 – 2.429/5.56962 = 56.4%

Data 
Point 

Residual  
(𝒚𝒚𝒊𝒊 − 𝒚𝒚�𝒊𝒊) 

Hi 𝒚𝒚𝒊𝒊 − 𝒚𝒚�𝒊𝒊,−𝒊𝒊  
Single Regr 

𝒚𝒚𝒊𝒊 − 𝒚𝒚�𝒊𝒊,−𝒊𝒊  
LOO Def 

% Error 
Single Regr 

% Error 
LOO Def 

Obs 1 -1,748.13 0.19334 -2,167.11 -2,139.71 41% 41% 
Obs 2 -3,898.10 0.24316 -5,150.50 -5,049.08 15% 15% 
Obs 3 -5,583.84 0.07352 -6,026.96 -6,026.13 56% 56% 
Obs 4 8,319.85 0.17099 10,035.90 9,947.85 -42% -41% 
Obs 5 -3,776.26 0.07447 -4,080.09 -4,079.19 39% 39% 
Obs 6 -1,887.45 0.14205 -2,199.96 -2,185.35 10% 9% 
Obs 7 881.53 0.19013 1,088.48 1,075.85 -4% -4% 
Obs 8 6,459.69 0.07424 6,977.74 6,975.68 -54% -54% 
Obs 9 -4,005.93 0.07145 -4,314.18 -4,314.19 36% 36% 
Obs 10 -736.93 0.11922 -836.68 -833.13 12% 12% 
Obs 11 -1,211.84 0.07296 -1,307.22 -1,307.06 10% 10% 
Obs 12 2,255.86 0.24700 2,995.83 2,956.66 -90% -88% 
Obs 13 638.25 0.24933 850.24 835.49 -22% -22% 
Obs 14 6,732.88 0.07812 7,303.42 7,298.36 -53% -53% 
PRESS     242.9% 237.9% 
Pred R2     56.4% 57.3% 

 

𝑀𝑀𝑀𝑀𝑀𝑀𝐸𝐸′𝑠𝑠 𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 = �
𝑖𝑖=1

𝑛𝑛

% 𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝐸𝑟𝑟(𝑖𝑖)
2
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		Data Point

		Residual 



		Hi

		 

Single Regr

		 

LOO Def

		% Error Single Regr

		% Error LOO Def



		Obs 1

		-1,748.13

		0.19334

		-2,167.11

		-2,139.71

		41%

		41%



		Obs 2

		-3,898.10

		0.24316

		-5,150.50

		-5,049.08

		15%

		15%



		Obs 3

		-5,583.84

		0.07352

		-6,026.96

		-6,026.13

		56%

		56%



		Obs 4

		8,319.85

		0.17099

		10,035.90

		9,947.85

		-42%

		-41%



		Obs 5

		-3,776.26

		0.07447

		-4,080.09

		-4,079.19

		39%

		39%



		Obs 6

		-1,887.45

		0.14205

		-2,199.96

		-2,185.35

		10%

		9%



		Obs 7

		881.53

		0.19013

		1,088.48

		1,075.85

		-4%

		-4%



		Obs 8

		6,459.69

		0.07424

		6,977.74

		6,975.68

		-54%

		-54%



		Obs 9

		-4,005.93

		0.07145

		-4,314.18

		-4,314.19

		36%

		36%



		Obs 10

		-736.93

		0.11922

		-836.68

		-833.13

		12%

		12%



		Obs 11

		-1,211.84

		0.07296

		-1,307.22

		-1,307.06

		10%

		10%



		Obs 12

		2,255.86

		0.24700

		2,995.83

		2,956.66

		-90%

		-88%



		Obs 13

		638.25

		0.24933

		850.24

		835.49

		-22%

		-22%



		Obs 14

		6,732.88

		0.07812

		7,303.42

		7,298.36

		-53%

		-53%



		PRESS

		

		

		

		

		242.9%

		237.9%



		Pred R2

		

		

		

		

		56.4%

		57.3%









 Comparison of PRESS Residuals between Single Regression and Direct Approach:

 This case shows there is no difference between the two PRESS statistics as well as their respective 
predicted R2 measures. This is because the power-form equation becomes linear in log space and the 
single regression method (based upon the partial derivative matrix Zo) precisely estimates the 
leverage values for the log-linear CER.

Examples for Validation (5/5)
Log Error: y = 200.1x(Weight0.7167) x ε Adj. R2 = 76.7%

LOO Definition: 
Predicted R2 = 1 – PRESS/SST 
= 1 – 2.2969/7.9017 = 70.93%

𝑙𝑙𝑙𝑙(𝑦𝑦1) − 𝑙𝑙𝑙𝑙( �𝑦𝑦1,−1)
≅ (𝑙𝑙𝑙𝑙(𝑦𝑦1) − 𝑙𝑙𝑙𝑙( �𝑦𝑦1))/(1 −𝐻𝐻1)
= (−0.3711)/(1−0.19835) = −0.4629

𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆𝑆 𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅𝑅 𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴𝐴:
𝑙𝑙𝑙𝑙(𝑦𝑦𝑖𝑖) − 𝑙𝑙𝑙𝑙( �𝑦𝑦𝑖𝑖,−𝑖𝑖) ≅ (𝑙𝑙𝑙𝑙(𝑦𝑦𝑖𝑖) − 𝑙𝑙𝑙𝑙( �𝑦𝑦𝑖𝑖))/(1 − 𝐻𝐻𝑖𝑖)

Single Regression Approx: 
Predicted R2 = 1 – PRESS/SST 
= 1 – 2.2969/7.9017 = 70.93%

𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃𝑃 = �
𝑖𝑖=1

𝑛𝑛

𝑤𝑤𝑖𝑖 ln(𝑦𝑦𝑖𝑖) − ln( �𝑦𝑦𝑖𝑖,−𝑖𝑖)
2

Data 
Point 

WF 
(w) 

Residual 
ln(yi)– ln(ŷi) 

Hi ln(yi)– ln(ŷi,-i) 
Single Regr 

ln(yi)– ln(ŷi,-i) 
LOO Def % Diff 

Obs 1 1.00 -0.3711 0.19835 -0.4629 -0.4629 0% 
Obs 2 0.62 -0.1210 0.17465 -0.1466 -0.1466 0% 
Obs 3 1.00 -0.7222 0.07859 -0.7838 -0.7838 0% 
Obs 4 1.00 0.2932 0.19893 0.3660 0.3660 0% 
Obs 5 1.00 -0.4165 0.07927 -0.4523 -0.4523 0% 
Obs 6 0.75 -0.0683 0.12403 -0.0780 -0.0780 0% 
Obs 7 1.00 0.0422 0.22098 0.0542 0.0542 0% 
Obs 8 1.00 0.4330 0.08311 0.4722 0.4722 0% 
Obs 9 0.50 -0.3834 0.03893 -0.3989 -0.3989 0% 
Obs 10 1.00 -0.0526 0.12212 -0.0599 -0.0599 0% 
Obs 11 1.00 -0.0595 0.08118 -0.0648 -0.0648 0% 
Obs 12 1.00 0.5225 0.25448 0.7009 0.7009 0% 
Obs 13 1.00 0.2286 0.25693 0.3076 0.3076 0% 
Obs 14 1.00 0.4203 0.08843 0.4611 0.4611 0% 
PRESS    2.2969 2.2969 0% 
Pred R2    70.93% 70.93% 0% 
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		Data Point

		WF (w)

		Residual

ln(yi)– ln(ŷi)

		Hi

		ln(yi)– ln(ŷi,-i)

Single Regr

		ln(yi)– ln(ŷi,-i)

LOO Def

		% Diff
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		0%



		Obs 3

		1.00

		-0.7222

		0.07859

		-0.7838

		-0.7838

		0%



		Obs 4

		1.00

		0.2932

		0.19893

		0.3660

		0.3660
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		0%
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		0.22098
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		0.0542

		0%



		Obs 8

		1.00

		0.4330

		0.08311

		0.4722

		0.4722

		0%



		Obs 9

		0.50

		-0.3834

		0.03893

		-0.3989

		-0.3989

		0%



		Obs 10

		1.00

		-0.0526

		0.12212

		-0.0599

		-0.0599

		0%



		Obs 11

		1.00

		-0.0595

		0.08118

		-0.0648

		-0.0648

		0%



		Obs 12

		1.00

		0.5225

		0.25448

		0.7009

		0.7009

		0%



		Obs 13

		1.00

		0.2286

		0.25693

		0.3076

		0.3076

		0%



		Obs 14

		1.00

		0.4203

		0.08843

		0.4611

		0.4611

		0%



		PRESS

		

		

		

		2.2969

		2.2969

		0%



		Pred R2

		

		

		

		70.93%

		70.93%

		0%









 PRESS and Predicted R2 are useful statistics for cross-validation

 Use PRESS and Predicted R2 for all regression equations

 Apply a single regression algorithm to approximate PRESS and 
Predicted R2 for nonlinear equations, including MUPE
• The algorithm has been validated for three error terms using a sample data
• Recommend this simple, effective approach to generate PRESS for nonlinear CERs

 Future study: Develop PRESS and Predicted R2 for ZMPE CERs

Conclusions
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